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1. Introduction

The aim of this paper is to investigate the existence and
uniqueness of solutions for fractional Impulsive neutral func-
tional differential equation involving the Caputo fractional
derivative of a function x with respect to another function y.

= f(t,x:),t € (tg,00),t0 > 0,1 # 11

(1.1)

where €DV is the Caputo fractional derivative of order
0 < o0 < 1 with respect to another function .

8 ([to,0) x C([—r,0],R")) — R" are given functions satis-
fying certain assumptions, which will be specified later, a > 0
and ¢ € C([—r,0],R"). If x € C([to — 1,0 +a],R"), then for
any t € [fo, o +al, define x, by x,(0) = x(¢ +0) for 6 € [—r,0].
Let y € C'[ty,) be a continuous increasing function such
that ¥/ (x) # 0,Vx € [fp,0).

Let I : R" — R" Ax(1) = x(t;") — x(t; ) with
(") = limy_or x(te + ),
x(tk_) - limh%O’x(tk 7h)7 k= 1327 ce,m
fortg <t; <th < -+ <ty

Fractional calculus is a branch of mathematical analysis
that studies the several different properties of defining real
number powers or complex number powers of the differenti-
ation operator and the integration operator. The concept of
fractional derivative appeared for the first time in a famous
correspondence between G.A de L'Hospital and G.W. Leibniz,
in 1695[2]. Fractional calculus is a branch of Mathematics,
where in the differential equations, ordinary and partial deriva-
tives are replaced by Fractional operators. For more than two
centuries this subject was relevant only in pure mathemat-
ics, and Euler, Fourier, Abel, Liouville, Riemann, Hadamard,
among others, have studied fractional operators, by presenting
new definitions and studying their most important properties.
Nowadays Fractional calculus has tremendous applications.
Viscoelasticity, electrical circuits, electro magnetism, sound
propagation, Fluid Mechanics, edge detection , lateral and
longitudinal control, Cardiac tissue electrode interface, Earth
system dynamics are some of them[12—-14]. Many authors
discussed about Neutral differential equations, as it have im-
portance in many areas of applied Mathematics[3-5]. Ricardo
Almeida has many studies on the topic Fractional derivative
of function with respect to another function, which will be
very useful in applied mathematics[6, 7, 9].

Motivated by the paper of Ricardo Almeida[6, 7, 9] and
[3], we started studying about fractional differential equation
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of function with respect to another function and fractional Im-
pulsive neutral functional differential equations. Through this
paper we are discussing the initial Value Problem for a class
of fractional neutral functional differential equations with
bounded delay of a function with respect to another function.
In the preliminary section we present essential definitions
and results. Then based on many assumptions and Krasnosel-
skii’s fixed point theorem, we prove that IV P(1.1) has at least
one solution, by deducing IVP(1.1) into equivalent integral
equation. Also we prove the uniqueness of the solution using
Banach fixed point theorem.

We know that there are plenty of Fractional operators,
y-Caputo fractional operators are general operators, from
which choosing special kernels and different differential op-
erators, we can obtain classical fractional derivatives and
integrals[6]. For example to get the Riemann-Liouville frac-
tional derivative, it enough to take the kernel as k(x,#) = x —¢
and differential operator as d/dx. Choosing k(x,t) = In(x/t)
and differential xd /dx we obtain Hadamard fractional deriva-
tive. Throughout our study we are considering kernel as
k(x,t) = w(x) — y(¢) and derivative operator as 1/y’(x)d /dx.
If we consider y(x) = x or y(x) = In(x), we obtain Riemann-
Liouville and Hadamard Fractional derivatives respectively.
Existence and uniqueness results for boundary value problem
with mixed boundary conditions and initial value problem of
nonlinear fractional differential equations involving Caputo-
type fractional derivative with respect to another function
were already discussed [7, 9]

2. Preliminaries

In this section we introduce some definitions and prelimi-
nary facts which are used through the paper. Let J C R, define
C(J,R") be the Banach space of all continuous functions from
J to R" with the norm

[Ix[| = sup |x(z)]
teJ

where | - | denotes a suitable norm on R”
Also consider the Banach space PC(J,R") = {x:J — R":
x € C((tx, 1], R"),k=0,1,--- ,m and there exist x(t,j) and
x(t, ), k=1,2,--- ;mwith x(t, ) = x(¢)}

Definition 2.1. [I, 3] The Riemann-Liouville fractional inte-
gral of order o with lower limit ty for a function f is defined
as

A
I(a) /lo (t—s)l=

a>0

I%f(r) = ds, t>1,
Definition 2.2. [/, 3] Riemann-Liouville derivative of order
o with lower limit to for a function f : [ty,o0) — R can be
written as

Lot f(s)
Df()= —— /————d
) I'(n— o) dx® Jyy (1 —s)%t1n >
t>t, n—l<a<n
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Definition 2.3. [I, 3] Caputo derivative of order o with the
lower limit ty for a function
£t [to,o°) — R can be written as

Cno _ 1 ! f(n)(s) _ n—a ¢(n)
D f(t)_r(n*a)/[‘ (tfs)OH»l*ndS_I f (t)7

0

t>tp,n—1l<a<n

Obviously Caputo derivative of a constant is equal to zero.
Here we deal with fractional derivatives and fractional
integrals with respect to another function.

Definition 2.4. [1, 6] Let o > 0,1 = [a, b] be a finite or infinite
interval, f an integrable function defined on I and y € C'(I),
an increasing function such that W' (x) # 0,Vx € I. Fractional
integrals and fractional derivatives of a function f with re-
spect to another function y are defined as

A0 = g [ WO 0 - v s

and

1 d

DY f(r) = L//’(t)dt

} 1Y £ ()

AT v — e S
_F(n—a) |:W’(t)dt:| /RV/()W/([) v(s)] f(s)d

where n = o] + 1

Considering fractional derivatives and fractional integrals
with respect to another function y and for different choices
for y we can obtain e.g, the Riemann Lioville, the Hadamard
and the Erdélyi-Kober fractional derivatives and fractional
integrals. For different kernels and differential operators we
obtain different operators.

Definition 2.5. [6, 7, 9] Let a > 0,n € N, I is the interval
—w<a<b<oo flye c (I) be two functions such that
v is increasing and y'(t) #0 Vx € I. Then y—Caputo
fractional derivative of f of order o is given by

L d
(1) dt
where n=[a]+ 1 for a ¢ Nand n= o for a € N

D) —1y e |

RC

To simplify the notation, we are using the abbreviated
symbol

A0 = | ] 10

From the definition it is clear that, given ¢ =m € N,

CDEVE() = (1)
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and if @ ¢ N, then

eI AL

In particular if 0 < o < 1

e L O = v s

Remark 2.6. [6, 7, 9] Given a function f € C"[a,b] and
a>0

DYV f(r) v Ay (s)ds

DIV f(r) =

we have
n—1 f[k] (Cl)
D&Y f(1) = DIV | )~ ¥ 2 - w(a)]"]
k=0
where n = [o] + 1
1Y 1) i ~ ()
In particular if 0 < o0 < 1, we have
IEVEDEV () = f(1) — f(a) @1
Also.
DIVIY(1) = f(t) 22)

Lemma 2.7. (Kranoselskii’s Fixed Point Theorem)

Let X be a Banach space, let E be a bounded closed convex
subset of X and let S,U be maps of E into X such that Sx +
Uy € E for every pair x,y € E. If S is a contraction and U is
completely continuous, then the equation Sx+Ux = x has a
solution on E.

Note that

) =30~ Fg5 [ VO wla) -
1 t
T ) ¥ ) -

solves the Cauchy Problems

w(s)* 'h(s)ds

w(5)* h(s)ds

CDWx() ht, ted=
£0) =50~ g5 [ VO w

One can obtain the following result immediately

[O T] T>0
w(s)* 'h(s)ds

Lemma 2.8. Let o € (0,1) and h: J — R be continuous. A
Junction x € C(J,R) is a solution of the fractional integral
equation

() =30 Fg5 [ V) vla) -

+%a) [ v - i) his

w(s)*h(s)ds

if and only if x is a solution of the following fractional Cauchy
problems

telJ
a>0

:h(t)a

= X0,

(2.3)

{prx(t)
x(a)

3. Main Results
Let Iy = [t9,t0 + 6]

A(S,y) ={xeC([to—rto+6],R")|x;, = ¢,
sup  [x(1) —¢(0)[ <7}
19<t<ty+6

where 8,y are positive constants. Before starting and proving
the main results, we introduce the following hypotheses.

(H1) f(t,¢) is measurable with respect to ¢ on Io.
(H2) f(z,¢) is continuous with respect to ¢ on C([—r,0],R").

(H3) There exist o € (0, o) and a real valued function m(t) €
L"‘I (Ip) such that for any x € A(6,7),|f(t,x)| < m(r),

M=|m| 1+ forté€l.
L (Iy)

(H4) For anyxeA(aa’}/)vg(taxf) :gl(t’xl)+g2(t’xl)'

(H5) g is continuous and for any x’,x” € A(8,7),t € Iy,
lg1(t,x;) — g1 (t,x)| < I[]x" —x"||, where I € (0,1)

(H6) g, is completely continuous and for any bounded set A
inA(8,7),
the set {r — g»(t,x;) : x € A} is equicontinuous in
C(Ip,R").

(H7) The functions I, : R” — R” are continuous and there
exist a constant 0 < L < 1 such that
[15(0) =L < g llx—=yllxy €RY,
m>0,k=1,2,---.,m

Lemma 3.1. Ifthere exist § € (0,a) and 'y € (0,0) such that

(H1) — (H3) are satisfied, then for t € (ty,to+ 6], IVP(1.1)
is equivalent to the following equation.
x(1) =
9(0) —g(t0,9) +8(t,3) +1"Y f(t,3) 1 € [to,11]
¢(0) —g(t0, ) +g(t, r)+11( (1) + 1y ¥ (1, x1),
t € (11,1]
¢(0) —glt0,¢) +g(t,x1) + 11 (x(11—)) + I (x(r2—))
+I Y f(tx0), € (12,13]
0(0) —g(to,9) + (¢, xt)+Zzo<z<tk i(x(ti—))
+I,0 V1t x),t € (tm,to+ 9]
3.D
-xlO = ¢
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Proof. Assume x satisfies IVP(1.1).
If £ € [t9,11], then “Dy ¥ (x(t) — g(t,x:))
Integrating from £y to ¢ by virtue of definition (2.5), we can
obtain

—8(to,9) +g(t,x) +1, ,wf(tvxt)

Ift € (11,12],

then CDgYW(x(t) —g(t,x)) = f(t,x),t € (t1,12]
with x(r1+) = x(t1 =) + L (u(t1 —))

By lemma (2.8), one obtain
x(t) =x(t1+) —g(tr,xy ) +8(t,x)
~ a7 L YO0~ v ) s
+It(§’wf(t,xt)

=x(t—)+ 1L (x(t1—)) _g(tlvxll)

" T(a) t: v (s)(w(t) —w(s)* f(s,x,)ds

+Itg7wf(t?xt)
—g(t0, ) +g(t,x) + 1 (x(r1 =)+ IV f(t,x)

If ¢ € (t2,13], then

x(t) = x(t2+) — g(t2,x1,) +8(t, %)

- F(% "W )W) — W) fs,x)ds
Ia VEt,x)

=x(t2—) +h(x(t2—)) — 8(t2,x1,)

~ et L VO =y ) s
Ia Yi,x)

x(t) = ¢(0) —g(t0,9) +g(t,x)

+h(x(t1=) + B (x(t =) + 1o Y £ (1,5)

If t € (tm,t0 + 6], then again by lemma (2.8), we get
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= f(t,x),t € (t0,11].

—8(t0,0) +g(t,x) + Ty I (x(ti—=) + 1y Y £ (1,31)

Conversely, assume that x satisfies equation (6). If ¢ €
(to,11] and using equation(3), we get
DY (x(t) = g(t,3) = f(t,%).

If # € (tg,tx+1],k = 1,2,--- ,m and using the fact of y—
Caputo fractional derivative of a constant is equal to zero,
we obtain CD%’W(x(t) —g(t,x)) = f(t,x),t € (tx—1,%] and
u(tpt) —ulte—=) = Le(u(te—)),k = 1,2,--- . m
This completes the proof. O

Theorem 3.2. Assume that there exist § € (0,a) and y €
(0,00) such that (H1) — (H7) are satisfied, then IVP(1.1) has
at least one solution

x(1) =0(0) —g(t0,9) +2(t, xl)+2t0<t1‘<t e (x(te—))
ey Jio V)W) — w(s)] " fs,x,)ds

3.2)
on [ty,to + M) for some positive number 1.

Proof. According to (H4), equation (3.1) is equivalent to the
following equation

x(1) =0(0)—g1(t0,9) —g2(t0,9)
+81(t,%:) +82(t, %) + Loy <<l (X(t—))
iy Jio W) = w(s)] % fls,x5)ds,

tely

Let ¢ € A(S,7) be defined as

0 =9, 6(to+1)=9(0)

If x is a solution of the IVP(1.1),
letx(to+1) = (to+1)+y(t), t€[-r]
Then we have, x4 = $[0+[ +y, t€][0,0].
Thus

vt €[0,6].

_gZ(t07¢) +g1(t0+t7yt +(‘5t()+t)

Y hx(n—

ty <t <t

S V) e 0) =yl 0]

f(to+ 5,55+ Pyt5)ds,t € [0, 8]
(3.3)

y(t) = —gi(t0,9)
+gZ(t0+t7yl+$l0+t) +

Since g1, g2 are continuous and x; is continuous in t, there
exist &’ >0 when0 <t < &'

81010+ 1,31+ 1)~ 1 (0,9)] < ¥ G4)
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[82(to 1,30+ Fer) — 2(10,0)| < 7 (35)
Choose
o (e D)\
n =min< 8,6, T , (3.6)

Define E(7n,7) as follows

E(n.7) = {ye PC([=rn].R")/y(s) =0

for s €[—r0] and ||y|| < r}.

Then E(n,7) is a closed bounded and convex subset of
PC([—VvT?]aR”)-

On E(n,7), we define the operators S and U as follows

Sy(r) = 0 ifr € [—r,0]
Y B _gl(t07¢)+g1(t0+t7yt+$to+t) ift e [0717]
0 ift € [-1,0]
_gZ(t07¢) +g2(t0 'H»)’z + ¢Ft()+t)
Uy(t) = +Zto<zk<tlk(x(lk_)>

+ iy Jo W (s +10) (w(t +10) — w(s +10) !

f(to 48, y5+ Gy 5)dss ifr €[0,n]
It is easy to see that if the operator equation
y=8y+Uy 3.7

has a solution y € E(n,7) if and only if y is a solution of
(3.3).

Thus x(ty +1¢) = y(t) + ¢ (to +¢) is a solution of IVP(1.1) on
[0,7m]. Therefore the existence of a solution of the IVP(1.1)
is equivalent that equation (3.7) has a fixed point in E(1n,7).
Now we show that S+ U has a fixed point in E(1,7). The
proof is divided in to three steps.

Step I: Sz+Uy € E(n,7) for every pair z,y € E(n,7).

In fact, for every pairz,y € E(1,7), Sz+Uy € PC([—r,n],R").

Also it is obvious that (Sz+Uy)(t) = 0,z € [—r,0].
Moreover, for ¢ € [0,1], by (3.4),(3.5),(3.6) and the condi-
tion (H3) and if (y(t +19) — w(t9)) < 6, we have,
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|S2(1)=Uy(1)] < | = g1(t0,9) +g1(t0 +1,2 + P41
+|_gZ(t()?(p)+gz(t0+tayl+(§lo+l)‘
+ ), kx(m))]
to <ty <t

+ ey ) W0 e 0) = w0

f(fo +8,ys + $t0+s) |d5

Y a
< L4 _
Y M a
<ty 7
=2 st TH
<v

Therefore

[Sz+Uyl|[ = sup [(S2)(t) +(Uy)(®)| <7,
t€[0,n]

which means that Sz+ Uy € E(n,v), for any z,y € E(1,7).

Step II: S is a contraction on E(1, 7).

FOI’ any ylay// € E(n>’V)a y; +(5to+ta y;/"i'q;to-ﬁ-t EA(&Y)
Also by (H5), we get that
|8y (1) = Sy" ()]

= |g1(to+t,yf+¢7,0+;) —gi(to +t,y;/+@0+t)|
<1y =yl

which implies that

[1Sy" = 8y"|| < 1][y" = y"||

In view of 0 < < 1,§ is a contraction on E(7, 7).

Step I11: Now we show that U is a completely continuous
operator.

0 te [_ra()]v
U = ~
(1) {—gz(to,dJ) +ea(to+1,y 4 Giyre) 1 € 0,7,
and
0 t€ =10
Y Lx(ne—)+
Uzy(t) —_ o<t <t

%a) [+ W+ 0) — wis+ )

f(tO +8,ys + q;to-FS)ds re [07 TI]
Clearly U = U, + U,
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Since g, is completely continuous, Uj is continuous and
{Uyy:y € E(n,7)} is uniformly bounded, from the condition
that the set {r — g2(7,x;) : x € A} be equicontinuous for any
bounded set A in A(8,7), we can conclude that Uj is a com-
pletely continuous operator.

On the other hand for any 7 € [0, 7], we have

Ny <Y Ih(x(6i—-))]

o<t <t

a—1

b [ VG40 [p0+10) — wls-+10)

(@) Jo

f(fo +8,ys + ¢Ft0+s) |dS

<Ly+(y(t+10) — w(to)“%

<Ly+ ai
sLy+n I(a)
Hence {U>(y) : y € E(1,7)} is uniformly bounded.

Now we will prove that {U,y : y € E(1,7)} is equicontinuous.
Forany0<# <, <nandy€E(,Y),

and if [y(x) —y(y)| S N|[x—y[[,0<N <1 Vx,y€[0,n]
we get that,
[U2y(t2) — Uay(t1)] <

a0 [(wle2+0) = ws+10)° )

flto+s,y5+ q;tOJrs) |ds

+ ﬁ /011 W/ (s+10) [w(ty +10) — w(s +10)]* "
Fto+5,y5+ Govs)lds
+I <t; t Le(x(te—))
<07kM2 |
“T'(a+1)
[(w(r2+10) — w(t0))* — (w(t1 +10) — w(t))*]
+t <r; t Le(x(tc—))

which converges to zero as t; — t>

Hence {U,y : y € E(n,7)} is equicontinuous. Moreover
,it is clear that U, is continuous. So U, is completely continu-
ous operator. Then U = U + U, is a completely continuous
operator.

Therefore, Krasnoselskii’s fixed point theorem shows that
S+ U has a fixed point on E(1,7) and hence the IVP(1.1)
has a solution x(r) = ¢(0) + y(t — to) for all ¢ € [rp,70 + 7.
This completes the proof. O

In the case where g; = 0, we get the following result.

Corollary 3.3. Assume that there exist 6 € (0,a) and y €
(0,00) such that (H1) — (H3) hold and (H5)' g is continuous
and for any X' ,x" € A(8,7),t € Iy.
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18(t,x1) —g(t,x7))| < 1]l =x"||,1 € (0,1)

Then IVP(1.1) has at least one solution on [ty,ty + 1| for
some positive number 1.

In the case where gy = 0, we have the following result

Corollary 3.4. Assume that there exist 6 € (0,a) and y €
(0,00) such that (H1) — (H3) hold and (H6)' g is completely
continuous and for any bounded set A in A(8,7),the set
{t = g(t,x:) : x € A} is equicontinuous on C(Ip,R"). Then
IVP(1.1) has at least one solution on [ty,ty + 1| for some
positive number 1.

Theorem 3.5. Assume that the function f is Lipschitz contin-
uous with respect to the second variable. i.e, there exist a pos-
itive constant Ly such that ||f(t,x1,) — f(t,x2,)|| < Li||x1 —
x2||Vt € [a,b],x1,x2 € C([to — 1,10+ a)) with H5 and H', then
there is a constant h € R such that there exist a unique so-
lution to the IVP(1.1) on the interval [ty,t9 + h] C [a,b] if
(rresqy (Wlo+h) = w(t))* +L+1) < 1.

Proof. Define the function F by F(x,t) by

F(x,1)

= 0(0)—g(i0,9)+g(t,x)+ Y, Lxti—)+Iy " f(t,%).

ty <t <ty

Let U = {x € C([to — r,to +a],R") : D7V x(r) exists and is
continuous in [fo, % + 4]}

It is enough to prove that F' : U — U is a contraction. Let us
see that F' is well defined. i.e., F(U) C U. Given the function
x €U, we see that DZ’W(F(x)(t) —g(t,x;)) = f(t,x) is con-
tinuous and

F(x)(t) = ¢(0) +g(t0,9) +8(1,x:)+

a,
Z Ii(x(tl +It0 Wf(taxl)v
o<t <ty
which satisfies the required conditions.
Now let x1,x, € U be arbitrary, then by assumptions, we
have

P10 = Fxa) |
<Y (en) = Flem)|
+ Y NI (=) = L (=)
+lglt.,) = g(0.33)|
iy W0+ 1)~ W)+ Lt 1 11—

which proves that F is a contraction. Using the Banach
fixed point theorem, IV P(1.1) has a unique solution O
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4. Conclusion

In this paper, an approach has been developed for some re-
sults on existence and uniqueness of solutions for y-Caputo
Neutral fractional differential equation (1.1), with impulsive
conditions. In many papers the existence and uniqueness re-
sults have been established. y-Caputo fractional operators are
general operators, from which choosing special kernels and
some form of differential operators, we obtain classical frac-
tional operators. To prove the existence we used Krasnosel-
skii’s fixed point theorem and Banach fixed point theorem for
uniqueness.
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