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1. Introduction
The aim of this paper is to investigate the existence and

uniqueness of solutions for fractional Impulsive neutral func-
tional differential equation involving the Caputo fractional
derivative of a function x with respect to another function ψ .

CDα,ψ
t0 (x(t)−g(t,xt)) = f (t,xt), t ∈ (t0,∞), t0 ≥ 0, t 6= tk

∆x(tk) = Ik(x(tk−))
xt0 = φ

(1.1)

where CDα,ψ is the Caputo fractional derivative of order
0 < α < 1 with respect to another function ψ .
f ,g : ([t0,∞)×C([−r,0],Rn))→Rn are given functions satis-
fying certain assumptions, which will be specified later, a > 0
and φ ∈C([−r,0],Rn). If x ∈C([t0− r, t0 + a],Rn), then for
any t ∈ [t0, t0+a], define xt by xt(θ) = x(t+θ) for θ ∈ [−r,0].
Let ψ ∈C1[t0,∞) be a continuous increasing function such
that ψ ′(x) 6= 0,∀x ∈ [t0,∞).

Let Ik : Rn→ Rn,∆x(tk) = x(t+k )− x(t−k ) with
x(t+k ) = limh→0+x(tk +h),
x(t−k ) = limh→0−x(tk−h), k = 1,2, · · · ,m
for t0 < t1 < t2 < · · ·< tm.

Fractional calculus is a branch of mathematical analysis
that studies the several different properties of defining real
number powers or complex number powers of the differenti-
ation operator and the integration operator. The concept of
fractional derivative appeared for the first time in a famous
correspondence between G.A de L’Hospital and G.W. Leibniz,
in 1695[2]. Fractional calculus is a branch of Mathematics,
where in the differential equations, ordinary and partial deriva-
tives are replaced by Fractional operators. For more than two
centuries this subject was relevant only in pure mathemat-
ics, and Euler, Fourier, Abel, Liouville, Riemann, Hadamard,
among others, have studied fractional operators, by presenting
new definitions and studying their most important properties.
Nowadays Fractional calculus has tremendous applications.
Viscoelasticity, electrical circuits, electro magnetism, sound
propagation, Fluid Mechanics, edge detection , lateral and
longitudinal control, Cardiac tissue electrode interface, Earth
system dynamics are some of them[12–14]. Many authors
discussed about Neutral differential equations, as it have im-
portance in many areas of applied Mathematics[3–5]. Ricardo
Almeida has many studies on the topic Fractional derivative
of function with respect to another function, which will be
very useful in applied mathematics[6, 7, 9].

Motivated by the paper of Ricardo Almeida[6, 7, 9] and
[3], we started studying about fractional differential equation
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of function with respect to another function and fractional Im-
pulsive neutral functional differential equations. Through this
paper we are discussing the initial Value Problem for a class
of fractional neutral functional differential equations with
bounded delay of a function with respect to another function.
In the preliminary section we present essential definitions
and results. Then based on many assumptions and Krasnosel-
skii’s fixed point theorem, we prove that IV P(1.1) has at least
one solution, by deducing IV P(1.1) into equivalent integral
equation. Also we prove the uniqueness of the solution using
Banach fixed point theorem.

We know that there are plenty of Fractional operators,
ψ-Caputo fractional operators are general operators, from
which choosing special kernels and different differential op-
erators, we can obtain classical fractional derivatives and
integrals[6]. For example to get the Riemann-Liouville frac-
tional derivative, it enough to take the kernel as k(x, t) = x− t
and differential operator as d/dx. Choosing k(x, t) = ln(x/t)
and differential xd/dx we obtain Hadamard fractional deriva-
tive. Throughout our study we are considering kernel as
k(x, t) = ψ(x)−ψ(t) and derivative operator as 1/ψ ′(x)d/dx.
If we consider ψ(x) = x or ψ(x) = ln(x), we obtain Riemann-
Liouville and Hadamard Fractional derivatives respectively.
Existence and uniqueness results for boundary value problem
with mixed boundary conditions and initial value problem of
nonlinear fractional differential equations involving Caputo-
type fractional derivative with respect to another function
were already discussed [7, 9]

2. Preliminaries
In this section we introduce some definitions and prelimi-

nary facts which are used through the paper. Let J ⊂R, define
C(J,Rn) be the Banach space of all continuous functions from
J to Rn with the norm

||x||= sup
t∈J
|x(t)|

where | · | denotes a suitable norm on Rn

Also consider the Banach space PC(J,Rn) = {x : J → Rn :
x ∈C((tk, tk+1],Rn),k = 0,1, · · · ,m and there exist x(t+k ) and
x(t−k ),k = 1,2, · · · ,m with x(t−k ) = x(k)}

Definition 2.1. [1, 3] The Riemann-Liouville fractional inte-
gral of order α with lower limit t0 for a function f is defined
as

Iα f (t) =
1

Γ(α)

∫ t

t0

f (s)
(t− s)1−α

ds, t > t0, α > 0

Definition 2.2. [1, 3] Riemann-Liouville derivative of order
α with lower limit t0 for a function f : [t0,∞) −→ R can be
written as

Dα f (t) =
1

Γ(n−α)

dn

dxn

∫ t

t0

f (s)
(t− s)α+1−n ds,

t > t0, n−1 < α < n

Definition 2.3. [1, 3] Caputo derivative of order α with the
lower limit t0 for a function
f : [t0,∞)→ R can be written as

CDα f (t) =
1

Γ(n−α)

∫ t

t0

f (n)(s)
(t− s)α+1−n ds = In−α f (n)(t),

t > t0,n−1 < α < n

Obviously Caputo derivative of a constant is equal to zero.
Here we deal with fractional derivatives and fractional

integrals with respect to another function.

Definition 2.4. [1, 6] Let α > 0, I = [a,b] be a finite or infinite
interval, f an integrable function defined on I and ψ ∈C1(I),
an increasing function such that ψ ′(x) 6= 0,∀x ∈ I. Fractional
integrals and fractional derivatives of a function f with re-
spect to another function ψ are defined as

Iα,ψ
a f (t) =

1
Γ(α)

∫ t

a
ψ
′(s) [ψ(t)−ψ(s)]α−1 f (s)ds

and

Dα,ψ
a f (t) =

[
1

ψ ′(t)
d
dt

]n

In−α,ψ
a+ f (t)

=
1

Γ(n−α)

[
1

ψ ′(t)
d
dt

]n ∫ t

a
ψ
′(s) [ψ(t)−ψ(s)]n−α−1 f (s)ds

where n = [α]+1

Considering fractional derivatives and fractional integrals
with respect to another function ψ and for different choices
for ψ we can obtain e.g, the Riemann Lioville, the Hadamard
and the Erdélyi-Kober fractional derivatives and fractional
integrals. For different kernels and differential operators we
obtain different operators.

Definition 2.5. [6, 7, 9] Let α > 0,n ∈ N, I is the interval
−∞ ≤ a < b ≤ ∞, f ,ψ ∈C(n)(I) be two functions such that
ψ is increasing and ψ ′(t) 6= 0 ∀x ∈ I. Then ψ−Caputo
fractional derivative of f of order α is given by

CDα,ψ f (t) = In−α,ψ
a

[
1

ψ ′(t)
d
dt

]n

f (t)

where n = [α]+1 for α /∈ N and n = α for α ∈ N

To simplify the notation, we are using the abbreviated
symbol

f [n]ψ f (t) =
[

1
ψ ′(t)

d
dt

]n

f (t)

From the definition it is clear that, given α = m ∈ N,

CDα,ψ
a f (t) = f [m]

ψ (t)
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and if α /∈ N, then

CDα,ψ
a f (t)=

1
Γ(n−α)

∫ t

a
ψ
′(s) [ψ(t)−ψ(s)]n−α−1 f [n]ψ (s)ds

In particular if 0 < α < 1

CDα,ψ
a f (t) =

1
Γ(1−α)

∫ t

a
[ψ(t)−ψ(s)]−α f ′(s)ds

Remark 2.6. [6, 7, 9] Given a function f ∈ Cn[a,b] and
α > 0
we have

CDα,ψ
a f (t) = Dα,ψ

a

[
f (t)−

n−1

∑
k=0

f [k]ψ (a)
k!

[ψ(t)−ψ(a)]k
]

where n = [α]+1

Iα,ψ
a f (t) = f (t)−

n−1

∑
k=0

f [k]ψ (a)
k!

[ψ(x)−ψ(a)]k

In particular if 0 < α < 1, we have

Iα,ψ
a

CDα,ψ
a f (t) = f (t)− f (a) (2.1)

Also.

CDα,ψ
a Iα,ψ

a f (t) = f (t) (2.2)

Lemma 2.7. (Kranoselskii’s Fixed Point Theorem)
Let X be a Banach space, let E be a bounded closed convex
subset of X and let S,U be maps of E into X such that Sx+
Uy ∈ E for every pair x,y ∈ E. If S is a contraction and U is
completely continuous, then the equation Sx+Ux = x has a
solution on E.

Note that

x(t) = x0−
1

Γ(α)

∫ a

0
ψ
′(s)(ψ(a)−ψ(s))α−1h(s)ds

+
1

Γ(α)

∫ t

0
ψ
′(s)(ψ(t)−ψ(s))α−1 h(s)ds

solves the Cauchy Problems


CDα,ψ x(t) = h(t), t ∈ J = [0,T ],T ≥ 0

x(0) = x0−
1

Γ(α)

∫ a

0
ψ
′(s)(ψ(a)−ψ(s))α−1h(s)ds

One can obtain the following result immediately

Lemma 2.8. Let α ∈ (0,1) and h : J→ R be continuous. A
function x ∈ C(J,R) is a solution of the fractional integral
equation

x(t) = x0−
1

Γ(α)

∫ a

0
ψ
′(s)(ψ(a)−ψ(s))α−1h(s)ds

+
1

Γ(α)

∫ t

0
ψ
′(s)(ψ(t)−ψ(s))α−1h(s)ds

if and only if x is a solution of the following fractional Cauchy
problems

{
CDα,ψ x(t) = h(t), t ∈ J
x(a) = x0, a > 0

(2.3)

3. Main Results
Let I0 = [t0, t0 +δ ]

A(δ ,γ) = {x ∈C([t0− r, t0 +δ ],Rn)|xt0 = φ ,

sup
t0≤t≤t0+δ

|x(t)−φ(0)| ≤ γ}

where δ ,γ are positive constants. Before starting and proving
the main results, we introduce the following hypotheses.

(H1) f (t,φ) is measurable with respect to t on I0.

(H2) f (t,φ) is continuous with respect to φ on C([−r,0],Rn).

(H3) There exist α1 ∈ (0,α) and a real valued function m(t)∈
L

1
α1 (I0) such that for any x ∈ A(δ ,γ), | f (t,xt)| ≤ m(t),

M = ||m||
L

1
α1 (I0)

for t ∈ I0.

(H4) For any x ∈ A(δ ,γ),g(t,xt) = g1(t,xt)+g2(t,xt).

(H5) g1 is continuous and for any x′,x′′ ∈ A(δ ,γ), t ∈ I0,
|g1(t,x′t)−g1(t,x′′t )| ≤ l||x′− x′′||, where l ∈ (0,1)

(H6) g2 is completely continuous and for any bounded set Λ

in A(δ ,γ),
the set {t → g2(t,xt) : x ∈ Λ} is equicontinuous in
C(I0,Rn).

(H7) The functions Ik : Rn → Rn are continuous and there
exist a constant 0 < L < 1 such that
||Ik(x)− Ik(y)|| ≤ L

m ||x− y||,x,y ∈ Rn,
m > 0, k = 1,2, · · · ,m.

Lemma 3.1. If there exist δ ∈ (0,a) and γ ∈ (0,∞) such that
(H1)− (H3) are satisfied, then for t ∈ (t0, t0 + δ ], IV P(1.1)
is equivalent to the following equation.

x(t) =

φ(0)−g(t0,φ)+g(t,xt)+ Iα,ψ
t0 f (t,xt), t ∈ [t0, t1]

φ(0)−g(t0,φ)+g(t,xt)+ I1(x(t1−))+ Iα,ψ
t0 f (t,xt),

t ∈ (t1, t2]
φ(0)−g(t0,φ)+g(t,xt)+ I1(x(t1−))+ I2(x(t2−))

+Iα,ψ
t0 f (t,xt), t ∈ (t2, t3]

...
φ(0)−g(t0,φ)+g(t,xt)+∑t0<t<tk Ii(x(ti−))

+Iα,ψ
t0 f (t,xt), t ∈ (tm, t0 +δ ]

(3.1)

xt0 = φ

495



Fractional impulsive neutral functional differential equations involving ψ-Caputo fractional derivative — 496/499

Proof. Assume x satisfies IV P(1.1).
If t ∈ [t0, t1], then CDα,ψ

t0 (x(t)−g(t,xt)) = f (t,xt), t ∈ (t0, t1].
Integrating from t0 to t by virtue of definition (2.5), we can
obtain

x(t) = φ(0)−g(t0,φ)+g(t,xt)+ Iα,ψ
t0 f (t,xt)

If t ∈ (t1, t2],

then CDα,ψ
t0 (x(t)−g(t,xt)) = f (t,xt), t ∈ (t1, t2]

with x(t1+) = x(t1−)+ I1(u(t1−))

By lemma (2.8), one obtain

x(t) = x(t1+)−g(t1,xt1)+g(t,xt)

− 1
Γ(α)

∫ t1

t0
ψ
′(s)(ψ(t1)−ψ(s))α−1 f (s,xs)ds

+ Iα,ψ
t0 f (t,xt)

= x(t1−)+ I1(x(t1−))−g(t1,xt1)

− 1
Γ(α)

∫ t1

t0
ψ
′(s)(ψ(t1)−ψ(s))α−1 f (s,xs)ds

+ Iα,ψ
t0 f (t,xt)

x(t) = φ(0)−g(t0,φ)+g(t,xt)+ I1(x(t1−)+ Iα,ψ
t0 f (t,xt)

If t ∈ (t2, t3], then

x(t) = x(t2+)−g(t2,xt2)+g(t,xt)

− 1
Γ(α)

∫ t2

t0
ψ
′(s)(ψ(t2)−ψ(s))α−1 f (s,xs)ds

+ Iα,ψ
t0 f (t,xt)

= x(t2−)+ I2(x(t2−))−g(t2,xt2)

− 1
Γ(α)

∫ t2

t0
ψ
′(s)(ψ(t2)−ψ(s))α−1 f (s,xs)ds

+ Iα,ψ
t0 f (t,xt)

x(t) = φ(0)−g(t0,φ)+g(t,xt)

+ I1(x(t1−)+ I2(x(t2−)+ Iα,ψ
t0 f (t,xt)

If t ∈ (tm, t0 +δ ], then again by lemma (2.8), we get

x(t) = φ(0)−g(t0,φ)+g(t,xt)+Σ
m
i=1Ii(x(ti−)+ Iα,ψ

t0 f (t,xt)

Conversely, assume that x satisfies equation (6). If t ∈
(t0, t1] and using equation(3), we get
CDα,ψ

t0 (x(t)−g(t,xt) = f (t,xt).

If t ∈ (tk, tk+1],k = 1,2, · · · ,m and using the fact of ψ−
Caputo fractional derivative of a constant is equal to zero,
we obtain CDα,ψ

t0 (x(t)− g(t,xt)) = f (t,xt), t ∈ (tk−1, tk] and
u(tk+)−u(tk−) = Ik(u(tk−)),k = 1,2, · · · ,m
This completes the proof.

Theorem 3.2. Assume that there exist δ ∈ (0,a) and γ ∈
(0,∞) such that (H1)− (H7) are satisfied, then IV P(1.1) has
at least one solution


x(t) = φ(0)−g(t0,φ)+g(t,xt)+∑t0<tk<t Ik(x(tk−))

+ 1
Γ(α)

∫ t
t0 ψ ′(s)[ψ(t)−ψ(s)]α−1 f (s,xs)ds

xt0 = φ

(3.2)

on [t0, t0 +η ] for some positive number η .

Proof. According to (H4), equation (3.1) is equivalent to the
following equation

x(t) = φ(0)−g1(t0,φ)−g2(t0,φ)
+g1(t,xt)+g2(t,xt)+Σt0<tk<t Ik(x(tk−))
+ 1

Γ(α)

∫ t
t0 ψ ′(s)[ψ(t)−ψ(s)]α−1 f (s,xs)ds,

t ∈ I0

xt0 = φ

Let φ̃ ∈ A(δ ,γ) be defined as

φ̃t0 = φ , φ̃(t0 + t) = φ(0) ∀t ∈ [0,δ ].

If x is a solution of the IV P(1.1),
let x(t0 + t) = φ̃(t0 + t)+ y(t), t ∈ [−r,δ ]
Then we have, xt0+t = φ̃t0+t + yt , t ∈ [0,δ ].
Thus

y(t) =−g1(t0,φ)−g2(t0,φ)+g1(t0 + t,yt + φ̃t0+t)

+g2(t0 + t,yt + φ̃t0+t)+ ∑
t0<tk<t

Ik(x(tk−))

+
1

Γ(α)

∫ t

0
ψ
′(s+ t0) [ψ(t + t0)−ψ(s+ t0)]

α−1

f (t0 + s,ys + φ̃t0+s)ds, t ∈ [0,δ ]
(3.3)

Since g1,g2 are continuous and xt is continuous in t, there
exist δ ′ > 0 when 0 < t < δ ′

|g1(t0 + t,yt + φ̃t0+t)−g1(t0,φ)|<
γ

4
(3.4)
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|g2(t0 + t,yt + φ̃t0+t)−g2(t0,φ)|<
γ

4
(3.5)

Choose

η = min

{
δ ,δ ′,

(
γΓ(α +1)

4M

)1/α
}
, (3.6)

Define E(η ,γ) as follows

E(η ,γ) =
{

y ∈ PC([−r,η ],Rn)/y(s) = 0

f or s ∈ [−r,0] and ||y|| ≤ r
}
.

Then E(η ,γ) is a closed bounded and convex subset of
PC([−r,η ],Rn).

On E(η ,γ), we define the operators S and U as follows

Sy(t)=

{
0 if t ∈ [−r,0]
−g1(t0,φ)+g1(t0 + t,yt + φ̃t0+t) if t ∈ [0,η ]

Uy(t) =



0 if t ∈ [−r,0]
−g2(t0,φ)+g2(t0 + t,yt + φ̃t0+t)

+∑t0<tk<t Ik(x(tk−))
+ 1

Γ(α)

∫ t
0 ψ ′(s+ t0)(ψ(t + t0)−ψ(s+ t0))

α−1

f (t0 + s,ys + φ̃t0+s)ds if t ∈ [0,η ]

It is easy to see that if the operator equation

y = Sy+Uy (3.7)

has a solution y ∈ E(η ,γ) if and only if y is a solution of
(3.3).
Thus x(t0 + t) = y(t)+ φ̃(t0 + t) is a solution of IV P(1.1) on
[0,η ]. Therefore the existence of a solution of the IV P(1.1)
is equivalent that equation (3.7) has a fixed point in E(η ,γ).
Now we show that S+U has a fixed point in E(η ,γ). The
proof is divided in to three steps.

Step I: Sz+Uy ∈ E(η ,γ) for every pair z,y ∈ E(η ,γ).
In fact, for every pair z,y∈E(η ,γ), Sz+Uy∈PC([−r,η ],Rn).
Also it is obvious that (Sz+Uy)(t) = 0, t ∈ [−r,0].
Moreover, for t ∈ [0,η ], by (3.4),(3.5),(3.6) and the condi-
tion (H3) and if (ψ(t + t0)−ψ(t0))< δ , we have,

|Sz(t)−Uy(t)| ≤ |−g1(t0,φ)+g1(t0 + t,zt + φ̃t0+t)|
+ |−g2(t0,φ)+g2(t0 + t,yt + φ̃t0+t)|
+ ∑

t0<tk<t
|Ik(x(tk−))|

+
1

Γ(α)

∫ t

0
|ψ ′(s+ t0) [ψ(t + t0)−ψ(s+ t0)]

α−1

f (t0 + s,ys + φ̃t0+s)|ds

≤ γ

2
+

M
Γ(α +1)

(ψ(t + t0)−ψ(t0))α +Lγ

≤ γ

2
+

M
Γ(α +1)

η
α +Lγ

≤ γ

Therefore

||Sz+Uy||= sup
t∈[0,η ]

|(Sz)(t)+(Uy)(t)| ≤ γ,

which means that Sz+Uy ∈ E(η ,γ), for any z,y ∈ E(η ,γ).

Step II: S is a contraction on E(η ,γ).

For any y′,y′′ ∈ E(η ,γ), y′t + φ̃t0+t , y′′t + φ̃t0+t ∈ A(δ ,γ).

Also by (H5), we get that

|Sy′(t)−Sy′′(t)|

= |g1(t0 + t,y′t + φ̃t0+t)−g1(t0 + t,y′′t + φ̃t0+t)|

≤ l||y′− y′′||

which implies that

||Sy′−Sy′′|| ≤ l||y′− y′′||

In view of 0 < l < 1,S is a contraction on E(η ,γ).

Step III: Now we show that U is a completely continuous
operator.

U1y(t)=

{
0 t ∈ [−r,0],
−g2(t0,φ)+g2(t0 + t,yt + φ̃t0+t) t ∈ [0,η ].

and

U2y(t)=



0 t ∈ [−r,0]

∑
t0<tk<t

Ik(x(tk−))+

1
Γ(α)

∫ t

0
ψ
′(s+ t0) [ψ(t + t0)−ψ(s+ t0)]

α−1

f (t0 + s,ys + φ̃t0+s)ds t ∈ [0,η ]

Clearly U =U1 +U2
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Since g2 is completely continuous, U1 is continuous and
{U1y : y ∈ E(η ,γ)} is uniformly bounded, from the condition
that the set {t→ g2(t,xt) : x ∈ Λ} be equicontinuous for any
bounded set Λ in A(δ ,γ), we can conclude that U1 is a com-
pletely continuous operator.

On the other hand for any t ∈ [0,η ], we have

||U2y(t)|| ≤ ∑
t0<tk<t

|Ii(x(ti−))|

+
1

Γ(α)

∫ t

0
|ψ ′(s+ t0) [ψ(t + t0)−ψ(s+ t0)]

α−1

f (t0 + s,ys + φ̃t0+s)|ds

≤ Lγ +(ψ(t + t0)−ψ(t0)α M
Γ(α +1)

≤ Lγ +η
α M

Γ(α)

Hence {U2(y) : y ∈ E(η ,γ)} is uniformly bounded.
Now we will prove that {U2y : y∈ E(η ,γ)} is equicontinuous.
For any 0≤ t1 < t2 ≤ η and y ∈ E(η ,γ),
and if |ψ(x)−ψ(y)| ≤ N||x− y||,0 < N < 1 ∀x,y ∈ [0,η ]
we get that,

|U2y(t2)−U2y(t1)| ≤
1

Γ(α)

∫ t2

0
|ψ ′(s+ t0)

[
(ψ(t2 + t0)−ψ(s+ t0))α−1]
f (t0 + s,ys + φ̃t0+s)|ds

+
1

Γ(α)

∫ t1

0
|ψ ′(s+ t0) [ψ(t1 + t0)−ψ(s+ t0)]

α−1

f (t0 + s,ys + φ̃t0+s)|ds

+ ∑
t0<tk<t2−t1

Ik(x(tk−))

≤ M
Γ(α +1)

[(ψ(t2 + t0)−ψ(t0))α − (ψ(t1 + t0)−ψ(t0))α ]

+ ∑
t0<tk<t2−t1

Ik(x(tk−))

which converges to zero as t1→ t2
Hence {U2y : y ∈ E(η ,γ)} is equicontinuous. Moreover

,it is clear that U2 is continuous. So U2 is completely continu-
ous operator. Then U =U1 +U2 is a completely continuous
operator.

Therefore, Krasnoselskii’s fixed point theorem shows that
S+U has a fixed point on E(η ,γ) and hence the IV P(1.1)
has a solution x(t) = φ(0)+ y(t − t0) for all t ∈ [t0, t0 +η ].
This completes the proof.

In the case where g1 ≡ 0, we get the following result.

Corollary 3.3. Assume that there exist δ ∈ (0,a) and γ ∈
(0,∞) such that (H1)− (H3) hold and (H5)′ g is continuous
and for any x′,x′′ ∈ A(δ ,γ), t ∈ I0.

|g(t,x′t)−g(t,x′′t ))| ≤ l||x′− x′′||, l ∈ (0,1)

Then IV P(1.1) has at least one solution on [t0, t0 + η ] for
some positive number η .

In the case where g2 ≡ 0, we have the following result

Corollary 3.4. Assume that there exist δ ∈ (0,a) and γ ∈
(0,∞) such that (H1)− (H3) hold and (H6)′ g is completely
continuous and for any bounded set Λ in A(δ ,γ),the set
{t → g(t,xt) : x ∈ Λ} is equicontinuous on C(I0,Rn). Then
IV P(1.1) has at least one solution on [t0, t0 +η ] for some
positive number η .

Theorem 3.5. Assume that the function f is Lipschitz contin-
uous with respect to the second variable. i.e, there exist a pos-
itive constant L1 such that || f (t,x1t )− f (t,x2t )|| ≤ L1||x1−
x2||∀t ∈ [a,b],x1,x2 ∈C([t0−r, t0+a)) with H5 and H7, then
there is a constant h ∈ R+ such that there exist a unique so-
lution to the IV P(1.1) on the interval [t0, t0 + h] ⊆ [a,b] if
( L1

Γ(α+1) (ψ(t0 +h)−ψ(t0))α +L+ l)< 1.

Proof. Define the function F by F(x, t) by

F(x, t)

= φ(0)−g(t0,φ)+g(t,xt)+ ∑
t0<t<tk

Ii(x(ti−))+ Iα,ψ
t0 f (t,xt).

Let U = {x ∈C([t0− r, t0 + a],Rn) : CDα,ψ
t0 x(t) exists and is

continuous in [t0, t0 +h]}
It is enough to prove that F : U →U is a contraction. Let us
see that F is well defined. i.e., F(U)⊆U . Given the function
x ∈U , we see that Dα,ψ

t0 (F(x)(t)− g(t,xt)) = f (t,xt) is con-
tinuous and

F(x)(t) = φ(0)+g(t0,φ)+g(t,xt)+

∑
t0<t<tk

Ii(x(ti−))+ Iα,ψ
t0 f (t,xt),

which satisfies the required conditions.
Now let x1,x2 ∈U be arbitrary, then by assumptions, we

have

||F(x1, t)−F(x2, t)||
≤ ||Iα,ψ

t0 ( f (t,x1t )− f (t,x2t ))||
+ ∑

t0<t<tk

||(Ii(x1(ti−))− Ii(x1(ti−)))||

+ ||g(t,x1t )−g(t,x2t )||

≤
[

L1

(Γ(α +1))
(ψ(t0 +h)−ψ(t0))α +L+ l

]
||x1− x2||,

which proves that F is a contraction. Using the Banach
fixed point theorem, IV P(1.1) has a unique solution
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4. Conclusion
In this paper, an approach has been developed for some re-
sults on existence and uniqueness of solutions for ψ-Caputo
Neutral fractional differential equation (1.1), with impulsive
conditions. In many papers the existence and uniqueness re-
sults have been established. ψ-Caputo fractional operators are
general operators, from which choosing special kernels and
some form of differential operators, we obtain classical frac-
tional operators. To prove the existence we used Krasnosel-
skii’s fixed point theorem and Banach fixed point theorem for
uniqueness.
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