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1. Introduction and Preliminaries

Lellis Thivagar [4] introduced the notion of Nano topology
(briefly, 01%) by using theory approximations and boundary
region of a subset of an universe in terms of an equivalence
relation on it and also defined Nano closed (briefly, 9ic) sets ,
Nano-interior (briefly, 9tint) and Nano-closure (briefly, D1cl)
in a nano topological spaces (briefly, 91ts). Carmel [10] dis-
cussed some weak forms of 9o sets and 910 open (briefly,
INOo) sets. The notion of M-open sets in topological spaces
were introduced by El-Maghrabi and Al-Juhani [1] in 2011
and studied some of their properties. The class of sets namely
M-open sets are playing more important role in topological
spaces, because of their applications in various fields of Math-
ematics and other real fields. Khalaf and Ahmed Elmoasry [2]
discussed slightly nano separation axioms in 9its’s. By these
motivations, we present the concept of nano M-open sets [5]

and study their properties and applications in nano topologi-
cal space. The purpose of this paper is to discuss the sepera-
tion axioms via DMt.Z o sets such as ATy, NA T\, NAT>,
N reg and N4 nor spaces are introduced and some of the
properties are discussed. Further, the concept of nano .# com-
pactness and nano .# connectedness by using 91.# o sets in
Nts’s are introduced and investigated some of their properties.

Definition 1.1. [10] Let (U, t(P)) be a Dits and let A C U
then the nano 6-interior (resp. nano 6-closure) of A is defined
and denoted by Nintg(A) = U{B: Bis a 9o setand Ncl(B) C
A} (resp. Nelg(A) =U{l €U : Ncl(B)NA # ¢, BisaMNo
setand / € B}.

Definition 1.2. [10] A subset A of P is said to be nano 0-
open (resp. nano 8-closed) (briefly, 9100 (resp. J10¢)) set if
A =MNintg(A) (resp. A is a nano 6-open set).

Definition 1.3. [4, 9] Let (U, 7z(P)) be a lzs and A C U.
Then A is said to be nano regular open (briefly, 9tro) if A =
Nint (Ncl(A)).

Definition 1.4. [7] Let (U,7z(P)) be a its and let A C U
then the nano §-interior (resp. nano 8-closure) of A is defined
and denoted by Dlints(A) = J{B:Bisalrosetand BC A}
(resp. Ncls(A) =U{l € U : Dint(Ncl(B))NA # ¢, Bisa
Mo setand [ € B}.

Definition 1.5. [7] A subset A of P is said to be nano §-
open (resp. nano 8-closed) (briefly, D100 (resp. 918¢)) set if
A =MNintg(A) (resp. A° is a nano d-open set).



Definition 1.6. [5]Let (U 1g(P)) be a9lzsand A CU. Then A
is said to be a nano M-open (resp. nano M-closed) set (briefly
N o (resp. N ¢)) if A C Nel(MNintg (A) UNint(Nicls(A))
(resp. A 2 Vint (Nelg (A)) NNl (N ints(A))).

The family of all .7 o (resp. M. ¢ ) sets are denoted
by N4 O(U, tR(P)), (resp. N C(U,1x(P))).

Definition 1.7. [5] Let (U,tg(P)) be a Nts and let A C U
then the nano M-interior of A is the union of all 91.# o sets
contained in A and denoted by M.Zint(A).

Definition 1.8. [5] Let (U, 7z(P)) be a its and let A C U
then the nano M-closure of A is the intersection of all 0M.# ¢
sets containing A and denoted by M.# cl(A).

Definition 1.9. [6] A function f: (U, 7x(P)) — (V,04(Q))
is said to be Nano .# continuous (briefly, .#-Cts), if for
each 91c set K of V, the set £~ (K) is M4 c set of U.

Definition 1.10. [6] A function f: (U, 7g(P)) — (V, 0 (Q))
is called Nano .# irresolute (briefly, M. Irr) function, if for
each M. c subset K of V, the set f~!(K) is 9.4 ¢ subset of
U.

Definition 1.11. [6] A function f: (U, 7x(P)) — (V, 0 (Q))
is said to be Nano .# open function (briefly, t.Z of) if the
direct image f(K) is 9.4 o set in V whenever K is Mo in U.

Definition 1.12. [11] A collection {K; : i € J} of Mo sets in
Nts (U, 1r(P)) is called Nano open cover (briefly, DNocov) of
a subset B of (U,1r(P)), if BC U{K;:i € J}.

Definition 1.13. [11] A Dzs (U, tr(P)) is called Nano com-
pact (briefly, DNlcomp) if every Jlocov of U has a finite sub-
cover.

Definition 1.14. [11] A subset B of s (U, r(P)) is called
Ncomp relative to U if for every collection {K; : i € J} of o
subsets of U such that B C J{K; : i € J}, there exists a finite
subset Jy of J such that B C [ J{K;:i € Jy}.

Definition 1.15. [11] A Dits (U, tr(P)) is called Nano con-
nected (briefly, Dcon) if U is not the disjoint union of two
nonempty 9o subsets.

Definition 1.16. [11] A s (U, tr(P)) is called Nano -Tj
(briefly, 917p) space, if for any two points / # m, there exists
a o set containing one of them but not the other.

Definition 1.17. [11] A s (U, tr(P)) is called Nano -Tj
(briefly, 917T7) space, if for any two points / # m, there exists
aNAosetsGand Hwithl e G,m¢ Gandl ¢ H,m € H.

Definition 1.18. [11] A s (U, tr(P)) is called Nano -T»
(briefly, M7T>) space, if for any two points / # m, there exists
disjoint Mo sets G and H with/ € Gand m € H.

Definition 1.19. [11] A s (U, Tg(P)) is called Nano regular
(briefly, Mreg) space, if for any point [ and 9ic set F not
containing /, there exists disjoint 9o sets G and H with [ € G
and F C H.

674

Nano .# seperation axioms — 674/678

Definition 1.20. [11] A zs (U, tg(P)) is called Nano normal
(briefly, 9nor) space, if for any two disjoint 91c sets E and F,
there exists disjoint 9o sets G and H with E C Gand F C H.

Throughout this paper, (U, tg(P)) is a Dits with respect to
P where P C U, R is an equivalence relation on U. Then U /R
denotes the family of equivalence classes of U by R. All other
undefined notions from [3, 4, 8].

2. Nano .# Separation Axioms

Definition 2.1. A Ns (U, 7z(P)) is called Nano .#-Tj (briefly,
N Ty) space, if for any two points [ # m, there exists a
M. o set containing one of them but not the other.

Clearly, every 97Ty space is N.#Z T space.

Theorem 2.2. Let N.#ZC(U, P) is closed under arbitrary in-
tersection and a Mts (U, tr(P)) is a NA Ty space iff N4
closures of distinct points are distinct.

Proof. Let [, m be distinct points of U. Since U is a
N4 Ty space, there exists a D1.# o set G such that / € G and
m ¢ G. Consequently, U — G is a M. ¢ set containing m but
not /. But M.#cl({m}) is the intersection of all 9M.# ¢ sets
containing m. Hence m € M/ cl({m}) but I ¢ N cl({m})
as [ ¢ U — G. Therefore M. cl({1}) # N cl({m}).

Conversely, let N cl({l}) # N cl({m}) for | # m.
Then there exist atleast one point n € U such thatn € 4 cl({l})
but n ¢ N cl({m}). Suppose | ¢ N cl( {m}) because if
leNAcl({m})then {I} C NA cl({m}) implies WA cl({l}) C
NA cl({m}). Son € N cl({m}) which is a contradiction.
Hence [ ¢ M. cl({m}) which implies [ € U — N cl({m})
which is a 91.# o set containing / but not m. Hence U is a
N ATy space.

Theorem 2.3. If f: (U,1(P)) — (V,0x (Q)) is a injective,
N irr function and V is a .#Z Ty then U is a N.ATp.

Proof. Suppose V is a NT.# Ty space. Let [ and m be any
two distinct points in U. Since f is injective f(/) and f(m) are
distinct points in V. Since V is a MT.# Ty space, there exists a
N 0 set G inV containing f(I) but not f(m). Again since
fisNAirr, f~1(G) is aMN.# o0 setin U containing / but not
m. Therefore U is a M.Z Ty space.

Theorem 2.4. If f: (U, 1r(P)) — (V, 0y (Q)) is a injective,
MN.# Cts function and V is a M7y space then U is a N Ty
space.

Proof. Let [/ and m be any two distinct points in U. Since
fisinjective f(I) and f(m) are distinct points in V. Since V is
a NTy space, there exists a Yo set G in V containing f(I) but
not f(m). Again since f is M Cts, f~1(G) is a M o set
in U containing / but not m. Therefore U is a 91.# Ty space.

Definition 2.5. A Ns (U, 7z(P)) is called Nano .#-T; (briefly,
N.#Ty) space, if for any two points [ # m, there exists a
NAosetsGand H withl € G,m¢ Gandl ¢ H,m € H.



Clearly, every T space is 91.# T space.

Theorem 2.6. Let 91.#0(U,P) is closed under arbitrary
union then a Nts (U, 1x(P)) is a MA#T; space iff every sin-
gleton subset {/} of U is a 9M.# ¢ set.

Proof. Let U be a M.#T, space and [ € U. Let m €
U — {I}. Then for [ # m there exist a M.# o set G, such that
m € Gy, and [ ¢ G,,. Consequently, m € G,, C U — {l}. That
is U—{l} = U{Gy : m € U —{I}}, which is the union of
M. o sets and hence N.# 0. Therefore {I} is a MN.Z ¢ set.

Conversely, suppose {l} is a Dt.#c set for every [ € U.
Let ! and m € U with I # m. Now [ # m implies m € U — {l}.
Hence U — {1} is a 0.7 o set containing m but not /. Similarly
U — {m} is a M.# o set containing [ but not m. Hence U is a
N Ty space.

Theorem 2.7. If f: (U, tr(P)) — (V, 0y (Q)) is a injective,
M. irr function and V is a 9T.#T; space then U is also a
N Ty space.

Proof. Let /| and /; be pair of distinct points in U. Since
f is injective, there exist two distinct points m; and my of V
such that f(I}) =my and f(l,) = my. Since V is a AT,
space, there exist a 9.# o sets G and H in V such that m; €
G, my¢ Gandm ¢ H, my € H. Thatisl; € f~1(G), I ¢
f Y H)and b € fY(H), b ¢ f~'(G). Since f is NAirr
function, f~!(G)& f~(H) are M.# o sets in U. Thus for
two distinct points /1 and I, of U there exists M.#Z o sets
f~YG) and f~'(H) such that [ € f~1(G), I, ¢ f~'(H) and
L e fY(H), b ¢ f'(G). Therefore U is N4 T; space.

Theorem 2.8. If f: (U, 7x(P)) — (V,0p (Q)) is a N4 Cts
injection and V is a M7} space then U is a N.# T space.

Proof. For any two distinct points /; and I, of U, there
exist two distinct points m; and my of V such that f(I;) = m
and f(l) = my. Since V is a M7 space, there exist a 9o sets
G and H in V such that m; € G, mp ¢ Gand m; ¢ H, m; €
H.Thatisly € f~Y(G), 1 ¢ f'(H)and b, € f~'(H), L ¢
f~YG). Since f is a M4 Cts function, f~1(G)& f~'(H)
are J1.# o sets in U. Thus for two distinct points /; and
I, of U there exists M.Z0 sets f~'(G) and f~!(H) such
thatly € f~1(G), 1 ¢ f'(H)and L € f'(H), I, ¢ f~'(G).
Therefore U is M.# T space.

Definition 2.9. A 9zs (U, 1g(P)) is called Nano .#-T» (briefly,
N.#'T,) space, if for any two points [ # m, there exists disjoint
N.# o sets Gand H withl € Gand m € H.

Clearly, every N7, space is N.AZT».

Theorem 2.10. If f: (U, tr(P)) — (V, 0, (Q)) is aN.# Cts
injection and V is a M7, space then U is a M.# T, space.

Proof. For any two distinct points /; and /; of U, there
exist two distinct points m; and my of V such that f(/;) =
my and f(l;) = my. Since V is a MT;, space, there exist a
disjoint o sets G and H in V such that m; € G and mp € H.
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Thatis /; € f~'(G) and I, € f~'(H). Since f is a M.A#Cts
function, f~1(G)& f~'(H) are M.# o sets in U. Further as
f is injective f~1(G)Nf~Y(H) = f~YGNH) = f~1(0) =
0. Thus for two distinct points /; and /, of U there exists
N o sets f~1(G) and f~'(H) such that [, € f~!(G) and
I € f~1(H). Therefore U is M.#T» space.

Theorem 2.11. If f: (U, tr(P)) — (V,0, (Q)) is a injective,
M. irr function and V is a M.# T, space then U is also a
NAT, space.

Proof. Let /; and /; be a pair of distinct points in U. Since
f is injective, there exist two distinct points m and my of V
such that f(I;) =m and f(l,) = my. Since V is a NAT
space, there exist a disjoint 91.# o sets G and H in V such that
my € Gand my € H. Thatis ) € f~1(G) and L, € f~'(H).
Since f is a M.#irr function, f~'(G)& f~'(H) are disjoint
M. o sets in U. Thus for two distinct points /; and I, of U
there exists disjoint .# 0 sets f~!(G) and f~!(H) such that
Iy € f71(G) and I, € f~1(H). Therefore U is M.#T> space.

Theorem 2.12. A MNzs (U,1x(P)) is a AT, space iff for
each [ # m, then there exists a 91.# 0 set G such that [ € G
and m ¢ N cl(G).

Proof. Assume that U is a T.Z T, space. Letl, me U
and [ # m, then there exists disjoint 91.# o sets G and H such
that [ € G and m € H. Clearly, U — H is Mt.# c set. Since
GNH =0, GCU—H. Therefore N.#cl(G) C N cl(U—
H)=U—H.Nowm ¢ U — H implies m ¢ M. cl(G).

Conversely, let [, m € U and [ # m. By hypothesis there
exists a M.Z o set G such that [ € G and m ¢ N.# cl(G). This
implies there exists a 9.4 ¢ set H such that m ¢ H. Therefore
meU—H is a Ml# o set. Thus there exists two disjoint
NAo sets Gand U —H such that / € Gand m e U — H.
Therefore U is a M. T, space.

3. Nano .# Regular Spaces

Definition 3.1. A 9zs (U, 1x(P)) is called Nano . regular
(briefly, Mt.# reg) space, if for any point / and ¢ set F not
containing /, there exists disjoint 91.# o sets G and H with
leGand F CH.

Clearly, every 91reg space is M.# reg space.

Theorem 3.2. If f: (U, 1r(P)) — (V, 0y (Q)) is NCts bijec-
tive, M. o function and U is a Nreg space then V is N~ reg.

Proof. Let F be a 9lc setin V and m ¢ F. Take m = f(I)
for some [ € U. Since f is MCts, f~(F) is Nc in U such that
1 ¢ f~1(F). Now U is a QNreg space, there exist disjoint No
sets G and H such that [ € G and f~!(F) C H. Thatis m =
f() € f(G)and F C f(H). Since fisMAof, f(G)& f(H)
are 9.# o sets in V and f is bijective, f(G)Nf(H) = f(GN
H) = f(0) = 0. Therefore V is a 9.4 reg space.

Theorem 3.3. If f: (U,1r(P)) — (V,0p(Q)) is MACts,
e injection and V is a Ylreg space then U is N4 reg.



Proof. Let F be aicsetin U and [ ¢ F. Since f is ¢
injection, f(F) is D¢ in V such that f(I) ¢ f(F). Now V
is a reg space, there exist disjoint Mo sets G and H such
that (1) € G and f(F) C H. This implies € f~!(G) and
F C f~'(H). Since f is M. Cts function, f~1(G)& f~'(H)
are M.# o sets in U. Further, f~'(G)N f~'(H) = 0. Hence
U is a N.# reg space.

Theorem 3.4. If f: (U, 1(P)) — (V,0, (Q)) is WA irr, Nc
injection and V is a M.# reg space then U is also a M.# reg
space.

Proof. Let F be a Dcsetin U and [ ¢ F. Since f is 9c
injection, f(F) is D¢ in V such that f(I) ¢ f(F). Now V
is a M.# reg space, there exist disjoint 91.# o sets G and H
such that f(I) € G and f(F) C H. This implies / € f~!(G)
and F C f~!(H). Since f is WA irr, {1 (G)& f~'(H) are
M. o sets in U. Further, f~1(G)N f~!(H) = 0. Hence U is
aN.# reg space.

Theorem 3.5. Let 9t.#C(U, P) is closed under arbitrary in-
tersection and in any s (U, 7g(P)) the following are equiva-
lent.

(1) Uis N reg.

(ii) For every point / € U and Mo set G containing / there
exists Mo set H such thatl e H C N cl (H) C G.

(iii) For every Dc set F, F = N{N#cl(G) : F C G and
GeNa0(U,P)}.

(iv) For every set A and a 9o set B such that ANB #
0, there exists M.# o set O such that ANO # @ and
N cl(0) C B.

(v) For every non empty set A and Dlc set B such that
ANB # 0, there exists disjoint M.#Z o sets L and M
such that ANL #0and BC M.

Proof. (i) = (ii): Let G be a o set containing /. Then
U — G is e set not containing /. Since U is N.# reg, there
exists M.# o sets S and H such that l € H, U — G C S and
HNS =0. This implies H C U — S. Therefore M. cl(H) C
N cl(U—S)=U—3S, because U — S is N.#c. Hence
leHCNAMCcI(H)CU—-SCG. Thatisl e A cl(H) CG.

(ii) = (iii): Let FbeaNcsetand/ ¢ F. ThenU —F is a
No set containing [. By (ii) there is a 91.# 0 set H such that
leHCNAMcI(H)CU—F.Andso, F CU—-NAclI(H) C
U — H. Consequently, U — H is 1. ¢ set not containing
I. Put G=U—NAcl(H). This implies F C G and G is
N o set of U and [ ¢ N cl(G), implies N{N#Zcl(G) :
FCGand GeNAO(U,P)} CF. But F is 9c and every
Ne set is N c. Therefore F C N{N.#cl(G) : F C G and
G eNAO(U,P)} is always true. Thus F = N{N.#Zcl(G) :
F C G&G e N.#0(U,P)}.

(iii) = (iv): Let ANB # 0 and B is Yo. Letl € ANB.
Then U — B is a 91c set not containing /. By (iii) there exists
aMNAoset Gof Usuchthat U —B C G and [ ¢ N cl(G).
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Put O =U —NAcl(G), then O is N o setof U, l € AN
O and N cl(0) C N cl(U—-G) =U —G C B. Hence
N cl(0) C B.

(iv) = (v): If ANB # 0, where A is non empty and B
is 9c, then AN (U —B) # 0 and U — B is Mo. Therefore
by (iv) there exists a M.# o set L such that ANL # @ and
LCNACI(L) CU—B. PutU—NAcl(L) =M, then M is
NAosetof U,U—BC Land N cl(U—L)CM,U—-LC
M. Hence BC M.

(v) = (i): Let F be aMNc set such that [ ¢ F, then {I{}NF =
0. By (v), there exist disjoint 2o sets L and M such that
{I}NL=0and F C M, and hence U is N4 reg.

4. Nano .# Normal Spaces

Definition 4.1. A 915 (U, tr(P)) is called Nano .# normal
(briefly, 9.4 nor) space, if for any two disjoint J1c sets E and
F, there exists disjoint 1.4 o sets G and H with E C G and
FCH.

Clearly, every Mnor space is M. nor space.

Theorem 4.2. If f: (U, 1r(P)) — (V, 0y (Q)) is NCts bijec-
tive, M. o function from a nor space U on to a Dits V then
V is N/ nor.

Proof. Let E and F be disjoint 91c sets in V. Since f is
MNCts bijective, f~1(E) and f~!(F) are disjoint Ne sets in U.
Now U is a Nnor space, there exist disjoint 9o sets G and H
such that f~!(E) C Gand f~!(F) C H. Thatis E C f(G) and
F C f(H). Since fis N of, f(G)& f(H) are M. o sets
inV and f is injective, f(G)N f(H) = f(GNH) = f(0) = 0.
Therefore V is a N.# nor space.

Theorem 4.3. If f: (U,1r(P)) — (V,04(Q)) is N4 Cts,
MNc injection and V is a Nnor space then U is N4 nor.

Proof. Let E and F be disjoint 91c sets in V. Since f
is Yc injection, f(E) and f(F) are disjoint 91c sets in V.
Now V is a 9tnor space, there exist disjoint 1o sets G and H
such that f(E) C G and f(F) C H. Thatis E C f~!(G) and
F C f~1(H). Since f is M. Cts function, f~'(G)& f~'(H)
are N/ o sets in U. Further f~1(G)Nf~!(H) = 0. Therefore
U is a M4 nor space.

Theorem 4.4. If f: (U, 1r(P)) — (V, 0y (Q)) is MA irr, Nc
injection and V is a Mt.# nor then U is M.# nor.

Proof. Let E and F be disjoint 9ic sets in V. Since f
is Mc injection, f(E) and f(F) are disjoint Nc sets in V.
Now V is a DMnor space, there exist disjoint D01.# o sets G and
H such that f(E) C G and f(F) C H. Thatis E C f~'(G)
and F C f~'(H). Since f is WAirr, f~(G)& f~' (H) are
M. 0 sets in U. Further f~!(G) N f~!(H) = 0. Therefore U
is a N4 nor space.

Theorem 4.5. The following statements are equivalent for a
Nes (U, tr(P)).



(1) U is N nor.

(i) For each ¢ set A and for each o set G containing
A, there exists a 91.# 0 set S containing A such that
NAcl(S) CG

(iii) For each pair of disjoint 91c sets A and B there exists a
M. o set G containing A such that 0.4 cl(G) NB = 0.

Proof. (i) = (ii): Let A be a 9c set and G be a No
set containing A. Then AN (U — G) = 0. Therefore they
are disjoint D¢ sets in U. Since U is M4 nor, there exists
disjoint N.#Z o sets S and H such that AC S, U -G CH
that is U —H C G. Now SNH =0, implies S C U — H.
Therefore M4 cl(S) C N cl(U—H) = U — H, because
U—His N cset. Thus, ACSCNAcl(S)=U—H CG,
That is N cl(S) C G.

(i1) = (iii): Let A and B be disjoint 91c sets in U, then
A CU —B and U — B is o set containing A. By (ii) there
exists 9.7 o set G such that A C G and N4 cl(G) CU — B,
which implies 9.4 cl(G) NB = 0.

(iii) = (i): Let A and B be disjoint 91c sets in U. By (iii)
there exists 91.# o set G such that A C G and MAZcl(G) N
B=0orBCU—-MNAcl(G). Now G and U — N4 cl(G)
are disjoint 9.4 o sets of U such that A C Gand BC U —
N cl(G). Hence U is N4 nor.

5. Nano . Compactness

Definition 5.1. A collection {K; : i € J} of .# o sets in Nts
(U,1g(P)) is called Nano .# open cover (briefly, W.Z ocov)
of a subset L of (U,1(P)), if L C U{K;:ie€J}.

Definition 5.2. A Dts (U, 1x(P)) is called Nano .# com-
pact (briefly, M.# comp) if every M.# ocov of U has a finite
subcover.

Definition 5.3. A subset L of Nzs (U, tr(P)) is called N.# comp

relative to U if for every collection {K; : i € J} of M.#Z 0 sub-
sets of U such that L C U{K; : i € J}, there exists a finite
subset Jy of J such that L C | {K; :i € Jo}
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Proof. Let f: (U,tr(P)) — (V,0p(Q)) is surjective,
N Cts from N/ comp space (U,Tg(P)) to Nts (V,0u (
0)). Let {K;: i€ J} be Nocov of V. Since f is N4 Cts,
{f~Y(K;):i€J}is M ocov of U. Since U is N4 comp
implies 9.7 ocov {f~1(K;) : i € J} has a finite subcover say
(K1), /1 (K2),

o, f7Y(Ky)}. Since f is surjective {K7,Ka, ..., K, } is a Mocov
of V, which is finite. Hence V is 9lcomp.

Theorem 5.7. If f: (U, 7r(P)) — (V,04 (Q)) is M4 irr and
a subset L of U is M.# comp subset relative to U, then the
image f(L) is M.# comp relative to V.

Proof. Let {K; : i € J} be any collection of 9.4 o subsets
of V such that f(L) C U{K;:i€J}. Then LC U{f ! (Ki):i€e
J} where {f~1(K;) : i € J} is family of 1.4 0 sets in U. Since
L is M. comp relative to U, the W4 ocov {f~(K;) :i € J}
of U has a finite subcover say { f~!(K;) :i € Jo}, where Jy is a
finite subset of J such that L C U{f~'(K;) : i € Jo}. Therefore
f(L) CU{Ki:i€ Jo}. Hence f(L) is N4 comp relative to
V.

6. Nano .# Connectedness
Definition 6.1. A s (U,1x(P)) is called Nano .# con-
nected (briefly, 9.4 con) if U is not the disjoint union of two
nonempty 1.7 o subsets.

Theorem 6.2. If f: (U,Tr(P)) — (V,04(Q)) is MACts,
surjection and U is M. con then V is Ncon.

Proof. Suppose V is not Mcon. Then V = K UL where K
and L are disjoint nonempty 1o sets in V. Since f is N.#Z Cts
surjection, U = f~1(K)U f~(L) where f~!(K) and f~!(L)
are disjoint nonempty 1.7 o subsets of U implies U is not
M. con space. This is a contradiction to the hypothesis.
Therefore V is Ncon.

Theorem 6.3. If f: (U, 1r(P)) — (V, 0, (Q)) is A irr, sur-

jection and U is M.# con then V is also N.# con.

Proof. Suppose V is not 91.# con. Then V = K UL where

Definition 5.4. A subset L of ts (U, Tx(P)) is called N4 comp K and L are disjoint nonempty N7 o sets in V. Since f is

if L is M4 comp as a subspace of U.

Theorem 5.5. Every 9.4 ¢ subset of M.# comp space is
N c relative to U, if .4 O(U, P) is closed under arbitrary
union.

Proof. Let U be 9.4 comp space and K is .4 c subset
of U. ThenU —K is WA o inU. Let S={K;:i € J} be
N ocov of K by N4 0 subsets in U. Then §* = SU (U —K)
isa.#Zocovof U. Since U is .# comp, S* is reducible to a
finite subcover of U say U = K;, UK}, U...UK; ,K;, € S. But
K and U — K are disjoint. Hence K C K;, UK;, U...UK;, €
S. This implies that any 9N.#Zocov S of K contains a finite
subcover. Therefore K is 9.4 comp relative to U.

Theorem 5.6. If f: (U, 1r(P)) — (V,0p (Q)) is surjective,
N Cts function and U is M.# comp then V is Dcomp.
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M. irr surjection, U = f~1(K)U f~!(L) where f~!(K) and
f~Y(L) are disjoint nonempty . o subsets of U implies U
is not 1.4 con space. This is a contradiction to the hypothesis.
Therefore V is M. con.

Corollary 6.4. If f: (U,7r(P)) — (V,0,(Q)) is bijective
NAof and V is N con then V is Ncon.

Theorem 6.5. For a Mts (U, Tz(P) the following are equiva-
lent.

@) U is N con.

(i1) The only subsets of U which are both 0.7 0 and N.# ¢
are the empty set @ and U.

(iii) Each 9.4 Cts function of U into a discrete space V
with atleast two points is a constant function.



Proof. (i) = (ii): Suppose (i) holds and F is a proper
subset of U which is both 91.#Z0 and 91.# c. Then U — F is
also both M.Z o0 and N.#c. Therefore U =F U (U —F) is
disjoint union of two nonempty 9.4 o sets. This contradicts
the fact that U is M.# con. Hence F =0 or U.

(i1) = (i): Suppose (ii) holds. If possible U is not N.# con,
then U = K UL where K and L are disjoint non empty 2.# o
sets in U. Since K =U — L, K is M. c set. But by assump-
tion, K = @ or U which is contradiction. Hence (i) hold.

(ii) = (iii): Let f be M. Cts function, where V is discrete
space with atleast two points. Then f~!({m}) is both M40
and N c foreachm € Vand U = J{f'({m} ) :me V}.
By assumption, f~!({m}) = U or 0. If f~'({m}) = 0 for
all m € V, then f will not be function. Also there cannot
exist more than one point m € V such that f~!({m}) =U
and f~!(m;) = 0 where m # m; € V. This shows that f is
constant function.

(iii) = (ii): Let F be both M.# 0 and N.# ¢ in U. Suppose
F # 0 and f be a M.# Cts function defined by f(F) = {I}
and f(U — F) = {m} for some distinct points / and m in V.
By assumption f is constant function. Therefore F = U.

Conclusion

In this paper, we have studied many interesting notions on
nano separation axioms via 9t.# o sets and their respective
N.# compactness and 1.7 connectedness.
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