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Some multiple series identities and their hypergeometric forms

Ranjana Shrivastava®* Usha Gill?, Kaleem A. Quraishi® and Z. A. Taqvi?

b4 Department of Applied Sciences and Humanities, Al-Falah School of Engineering and Technology, Dhauj, Faridabad, Haryana-121004, India.

Department of Applied Sciences and Humanties, Mewat Engineering College (Waqf), Palla, Nuh, Mewat, Haryana-122107, India.

Abstract

In this paper, we obtain solutions of some multiple series identities involving bounded multiple sequences.
We also derive hypergeometric forms of these identities involving Kampé de Fériet double hypergeometric
function, Srivastava’s triple hypergeometric function.
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1 Introduction

Pochhammer’s Symbol
The Pochhammer’s symbol or Appell’s symbol or shifted factorial or rising factorial or generalized factorial
function is defined by

b(b+1)(b+2)---(b+k—-1); if k=1,23,---
(b,k)—(b)k—r(llj(;m— 1 ;i k=0 (11)
k! ; fb=1k=1,23,---

where b is neither zero nor negative integer and the notation I' stands for Gamma function.

Generalized Gaussian Hypergeometric Function[17,p.42(1)]
Generalized ordinary hypergeometric function of one variable is defined by

ai,dap, - 04 ; - .
& (a)i(an)g - (an)gz
. by,by,---,bg ; T kgo (b1)k(b2)g - - - (bp) k!
or . o
AFs o z | = afp P z | = i ((aa))izt (1.2)
(bB) ; (b])le ; k=0 ((bB))kk!

where denominator parameters by, by, - - - , bp are neither zero nor negative integers and A, B are non-negative
integers.

If A < B, then series 4 Fp is always convergent for all finite values of z(real or complex).

If A = B+ 1, then series 4 Fp is convergent when |z| < 1.

o =4((7)), ((574),
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(o= 0((H52), ((252), T

i=1
where m =0,1,2,3,...

Kampé de Fériet's General Double Hypergeometric Function[17,p.63(16); see also 16]

In 1921, Appell’s four double hypergeometric functions Fj, F, F3,F4 and their confluent forms
Dy, $y, D3, ¥4, ¥y, E1, Ep were unified and generalized by Kampé de Fériet.

We recall the definition of general double hypergeometric function of Kampé de Fériet in slightly modified
notation of H.M.Srivastava and R.Panda:

( ) (bB) (dD) 7 0 b )) ((d )) XMy
pA:BD %,y _ Z ((@4))min ((b8)),, ((dD)), y'
EGH (€E>:(gG);(hH) . m,n=0 ((eE))m+n ((gG))m ((hH))n m!n!

4

(13)

where for convergence
(i) A+ B<E+G+1, A+D<E+H+1 ;x| <oo, |y| < oo, or

(i) A+B=E+G+1, A+D=E+H+1, and

1 _1
x| A=+ |y|@-B <1 Jf E<A
max {|x|,|y|} <1 Jif E> A

Srivastava’s Triple Hypergeometric Function[17,p.69(39,40)]
In 1967, H. M. Srivastava defined a general triple hypergeometric function F (3) in the following form

(aa) = (bp); (dp); (ee) : (86); (hn); (IL);
(mu) = (nn); (pp); (ag) = (rr); (ss); (tr);

((aA))i+j+k ((bB)) i ((dD))]'+k ((ee))rri ((86)); ((hH))j (L) ¥yl 2
oo ()i ()i ((pP))jgx ((4Q))kys ((rR)); ((s5)); ((fr)) it jEK!

F® X, Y, 2

Some Series Identities
We recall the following identities which are potentially useful in the series rearrangement techniques.

oo m+n—1

iz Z Y(m, n, r) ii‘l’(o,n+r+l,r)+ii
m=0

n=0 n=0r=0 m=0n=0r

ngk:

Y(m+r+1,n, r)+
0

agk
agk

£y

m=

0 00 m+n 0 0 0o
Z::;;T(m,n,r):n;; m+r,n,r)+mZ:;;

where {¥(m,n, )} o are suitably bounded double and triple sequences of essentially arbitrary(real or
complex) parameters respectively.

Ym+1, n+r+1, r+m+1) (1.5)

<)
Il
o
Il

n=0r=0

(m,n+r+1, r+m+1) (1.6)

HMS
HM8

Some Useful Indefinite Integrals
Whenm =0,1,2,3,---, then

/sinhz’” 0do = { _(é)m(_l)g)smhgcosw mZ; (1)’(_?;) sintt” @ } + {9 (D" () } + Constant (17)
m r— 5)r
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3)msinh 6 cosh 6 "=} 2r 0(%
/coshszdG _ | (z)msinhcos Y (1)7?8}1 G D L AC2IT Q- (1.8)
(Dm = G (Dm
—1)m m (1), (—=1)"sinh® 6
/sinhzmHGdG = (D ( ;) cosh® Z (G)r (Z1)7st + Constant (1.9)
(j)m r=0 (1)7
. . m (1 2r
/coshzmH 6do = (1)m381nh9 ) (3)r cosh™ 6 + Constant (1.10)
. (j)m r=0 (1)

Above formulas (1.7)-(1.10) can be verified for m = 0,1,2,3,... and it is the convention that the empty sum

-1
Y. F(r) is treated as zero.
r=0

2 A family of multiple-series identities

Theorem 1. Let { A}y, ,—o be a suitably bounded double sequence of arbitrary complex numbers, then

Z ZAmn(/‘ Sll‘lh2m+2n9d9>y 'f’l'

m=0n

i i % m+n( y)"(=z)" ZSlnh'ycosh'y 5 2/\0 " (3)usr (1) (—2)" (zsinh? 7)"

(m+n)! m! n! =01 (ntr (2)nr 3)r

_l’_

sinhycoshy & & & § 1), (—y)™ (—z)" (y sinh?
+ Y '; Y Z Z ZAm+r+ln 2)m+n+r( )r (=y)" (= 3) (y 7))
=0n=07=0 Q) mtntr (2mtr (3)r (L

(
n yzsinh® y cosh 7 i 5 Z s +l(%)m+n+, (2)m4r (ysinh? 4)™ (—z)" (zsinh? )"

4 m=0n=0r= ' (3)m+n+r( )m+r(2 n+ ( )

provided that each of the series involved is absolutely convergent.

(2.1)

Theorem 2. Let { Ay, }<°

mn—o be a suitably bounded double sequence of arbitrary complex numbers, then

Z Z Amn</ cosh2m+2”9d9> Y 'i'

m=0n=

2 + z" z sinh 7y cosh (3 1), 2" (zcosh? )"
_ Z 2 Jm4n Y™ 'Y i 2 ZAOnJrrH (3)n+r (Dr 2" ( ; ) n
m=0n=0 (m + n)! mtn! n=0r= Dntr @ntr (3)r

sinhycoshy & & & 3 1), y™ z" (y cosh? )"
4 ysinhy WZZZAm+r+1,n(2)m+n+r()ry (v 7)

2 m=0 =0 r—0 @ mintr Qmar (3)r (D

yzs1nh'ycosh3'y i 2 EA : ) (%)m+n+r (2)m+r (y cosh? )™ 2" (z cosh® )" (2.2)
m+1n+r+ .
m=0n=0r= (3)m+n+r(%)1n+r(2)n+r(2)m

provided that each of the series involved is absolutely convergent.

Theorem 3. Let { Ay}

mn—o be a suitably bounded double sequence of arbitrary complex numbers, then

= z"
Z Amn (/ 51nh2m+2n+1 9d9> :;{n' -

(o)
)y
m=0n=0
»
n=0

+

> l —_ m (__ n .nhz r
= coshy 2 ZAWI-HVL Jmtntr (2) (=y)" (—2)"(ysinh” )
m=0

r=0 (%)m+n+r( Yy 17!
zsinh? ycoshy & & & (2 intr (3) sy (ysinh? )" (=2)" (zsinh? 7)"
+ f Z Z ZAm,n+7+1 5 | -
m=0n=0r=0 (f)m-»-n-&-r( )n+r (2)m+rm‘



Ranjana Shrivastava et al. / Some multiple series... 583

_ Z ZAmn m+n( y)m (_Z)n (2‘3)

m=0n= (2)m+nm!n!

provided that each of the series involved is absolutely convergent.

Theorem 4. Let { Ay n}

mn—o be a suitably bounded double sequence of arbitrary complex numbers, then

Z ZAmn</ Cosh2m+2"+19d9)y Z
m! n!

m=0n=0

.
e tnir (3),y™" 2" (y cosh® )

= sinhy 03 3 Ay D EEONTY)
m=0n=0r=0 (j)m+n+y (1)m+rn'r‘

| zsinhy cosh? y i i i D msnir (3) sy (ycosh?y)" 2 (zcosh® 7)"
- A mn+r+1

3 m=0n=0r= (%)m+n+r (Z)n—l—r (2)m+r m
provided that each of the series involved is absolutely convergent.

3 Derivations

Suppose left hand side of (2.1) is denoted by “T” and using the integral (1.7), then we get

& @it sinhycoshy (D (1) (=1)"H (<1)7 y" 2" (sinh® 1)’
m;oﬂz:o r:zo . (Umrn (D (D) (3)s "

(Boren (<17 g 2"

+72 ZAmn G

Koo (1) pypy m! !

0o 00 1 n+r+1 7 o+l qinta2 r
= — sinh’y C()Sh'}’ E E AOn+r+1 (2>n AR ( )r ( ) ( ) ° <Sl 7) -

n=0r=0 (1)n+r+l (1)n+r+1(%)r
; R ($)mrntre1 (1)p (—1)mEmtr L ()7 ymtrdd 2t (ginh? )7
—sinh y cosh y Apgria, _
mgogrgo e (D mtnsr+1(Vmrr1(Dn(3)r
. SRR (D mtntriz (D (—1)mHntre2 (—qymertl
—sinh y coshy Ay, 1 X
m;m;)r:ZO e (1)m+n+r+2(1)m+1<1)n+r+l
y merl L+r+1 (sinhz ,Y)m+r+1 Ly i Z A (%)m_m ( 1)m+n ym 2N
m,n
(%)m+r+1 —0n=0 (1)m+n m!n!
_ zsinhycoshy i i Aoirst (3)ntr ()r (=2)"(z sinh® )"
- n+r
2 #=07=0 (2)ntr (2nr(3)r

+

ysmhq/cosh'y - %)m+n+r (Dr (=)™ (—Z)”(ysinhz 7)
n;ogrzfm*’“” Qener@mer WD),

zsinh® ycoshy & 2 2 sinh? )" (—z)"(z sinh? )"
_|_y 4’7 Y Z Z ZAm+1n+r+1(2)m+n+r( )m+r (]/ ) (5 ) ( ) %
m=0n=0r= (3)m+n+r(2)m(2)n+r(§)m+r

i i % Jin (=)™ (=2)"

(1) oy m! 1!

which is the right hand side of (2.1).

Similarly we can derive (2.2) to (2.4) by means of series identities (1.5) and (1.6).
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4 Hypergeometric generalizations of integrals and their solutions

Setting Amn = ((((‘Zf;;%ﬁzEEZE)))):(((%;)))):, in theorems (2.1) to (2.4), using some algebraic properties of

Pochhammer symbol and multiple power series in hypergeometric notations given by (1.2) to (1.4), we get
the analytical solutions of following integrals.

(@)t (d) 25 (8)) 7
T _AD;G
/ Fgohy ysinh? 6, zsinh?6 | dé
0 d
(bj)?zl : (ej)f:1 ; (hj)jil ;

A 1, D . G . : A <
iy B (@)P 15 ()8, 2 sinhy coshy [T (a) T1(s:)
i R
(bj)}g:y 1: (ej)]E:1 7 (hj)]‘H:1 7 2 H (bi) TT(h;)

%’ (1+ aj)]A:y (1 +g]')](-3:1 :1;1,1
X ngg:;()l’az —z,z sinh2 v +
2,2, (1+bply, A+l 3
A D
y sinhy coshy ll;Il(ﬂi) i:l(di)

X
T B E

2T1(bi) T1(es)
i=1 =1
%, (1+ aj);qzl:: ——(1+ d]')jzl :1 ;(gj)jczl;l, 1 ;
« F3) -y, -z ysinhz'y +
2, (1+ b]-)lezz ——(1+ ej)le,Z:f;(hj)jzl;% ;

A G

A
yz sinh® y coshy IT(a;) TT(X +a;) TT(d:) T1(8i)
+ i=1 i=1 i=1 i=1 %
B E
4TT(b;) TT(1+b;) TT(er) TT(hy)

i=1 = i=1 i=1
%, (2 + gj)}fq:l::f;(l + g])]G:1 ;2:1, (1 + d])?:y 1;1 7

<G ysinh? 1y, —z, zsinh® 5 (4.1)
3, 2+ b)) ms(1+ 1)L, 2322, (14 ek y——

Il

oy (”j>;’q:1 : (dj),-D:l ; (8j)]G:1 ;
/0 Fﬁgﬁ; ycosh?6, zcosh?6 | dé
(bj)]le : (ej)]Ezl ; (hj)]‘lil ;

YA Log\D . (5\G . inh h A .G .
(”])]:y 3t ( ])]:11(81)]‘:1 ; z smhy cosh?y H(“z) H(gz)
=7 B e |+ P
(bj)?:y 1: (ej)f:17(hj)ji1 ; 2 Q(bi) 1—[1(]@)
= =

e 5 1+, (L+g)Z, 141 ;
x F le?iz:b;'l 5 - 3 2,z cosh? | +
2,2, (1+bj)]‘:1f (1+hj)]‘:1‘*; 2 7

A
y sinhy coshy q(ai) 1—[1<di>
i= i=
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3 (14aphn (1 +dPy a5(g)S 1

« F®3) v, z, ycosh2 v |+
. o« e [ .3 M
2, (14 b)f ==+ e)fy, 2y

A A D G
yz sinhy cosh® Hl( a;) 1;[1(1+“i) T1(di) T1(g:)

5 T
IT(1+b;) IT(e;) TT(h)

i=1 i=1 i=1

-
Il
-

+ X

B
4 [Il(bz’)

%, (2+u]-)f;1::f;(1 —I—gj)]G:l ;2:1,(1+d]-)j';1;1;1 ;
xF©® ycosh?, z, zcosh® ¢ (4.2)
3, (2—|-bj)]l3:1::f;(1+h )]H 1232, (1—|—e]~)]’«5:1'ﬁ'ﬁ F

y (aj)]i1 : (dj)]‘.;1 7 (gj)jG:1 ;
/O sinh 6 F{iD0 o _ ysinh®0,zsink’0 | do
(b])] 1° (e])] 1’(h])] 1 7

A . . . .1 .1,
1, (aj)jzl" —,—,(dj)]»zl 1 ’(gj)jzl’ 7 7

— coshy F® —y, —z, ysinh®q | +
5, (b)) =1, (ep) ()i —

A

z sinh? 7 cosh v H( i) IGI(gi)
i - 1]; i=1 «
3 l:[l(bi) IT(h)

i

g
—_
~e
—_
~

2, (1 + Llj)]{iltt—;(l +gj)]('3:1 ; % : (d])]:y
« F®) . ysinh?9, —z, zsinh? | +
57 (1+b>] 1° *l <1+h>] 1’ (])]Ezl;i;i 7

ADiG 1, (”j)j:lz (dj)j.;l ; (gj)](‘;:1 7
+Fg i EH X . . " Y, —z (4.3)
2 ()i (e s ()izy

” . (”j)f:l : (dj)]'.;1 ; (gj)]'Gzl ;
/0 cosh 6 Fg:gl’f ; . ycosh?6, zcosh?6 | df
(b])] 1° (e])] 1 (h])]:l 7

1, (a]-)jzl.. —,—,(d]')jzl :1 ’(gj)]'c;:lf 7 7
= sinhy F®) y, z, ycosh®y | +
5, (b)) Py =1, (ep) i)y —

A G
z sinh 9y cosh? 7y T1(a:) T1(gi)

=1 1=

—_

=+ i a0 X
311 (bi) H (hz)
i=1 i=1
2, (1 +ﬂj)f:1==—;(1 +gj)jG:1 ;311
xF® ycosh®y, z, zcosh? v (4.4)

provided that each of the series as well as associated zntegmls involved are convergent.

These solutions are not found in Ramanujan’s notebooks[11-13], Five notebooks of B. C. Berndt[5-9], Three
volumes of R. P. Agarwal[1-3] and other literature[4;10;14,15] on special functions.
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