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Abstract

In this paper, we establish sufficient conditions for existence and uniqueness of solutions for semilinear functional
differential equations with finite delay involving the Riemann-Liouville fractional derivative. Our approach is based on

resolvent operators, the Banach contraction principle, and the nonlinear alternative of Leray-Schauder type.
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1 Introduction

This paper is concerned with existence of solutions defined on a compact real interval for fractional order
semilinear functional differential equations of the form
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Ay(t) + f(t,ye), teJ:=[0,b], 0 < <1, (1.1)
o(t), tel-r0], (1.2)

<
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where D® is the standard Riemann-Liouville fractional derivative, f : J x C([-,0], F) — E is a continuous
function, A : D(A) C E — E is a densely defined closed linear operator on E, ¢ : [-r,0] — E a given
continuous function with ¢(0) = 0 and (E, | - |) a real Banach space.

Fractional calculus is a generalization of ordinary differentiation and integration to arbitrary non-integer
order. Differential equations with fractional order have recently proved to be valuable tools for the description
of hereditary properties of various materials and systems. For more details, see [9].

Fractional calculus appears in rheology, viscoelasticity, electrochemistry, electromagnetism, etc. For details,
see the monographs of Kilbas et al. [§], Miller and Ross [10], Podlubny [I3], Oldham et al. [12]. For some
recent developments on the subject, see for instance [T}, 2 [8] 4} [7, [I1] and references cited therein.

The purpose of this paper is to study the existence and uniqueness of mild solutions for — by virtue
of resolvent operator. In Section 2 we recall some definitions and preliminary facts which will be used in the
sequel. In Section 3, we give our main existence and uniqueness results. An example will be presented in the
last section illustrating the abstract theory.
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2 Preliminaries

In this section, we recall some definitions and propositions of fractional calculus and resolvent operators.
Let E be a Banach space. By C(J, E) we denote the Banach space of continuous functions from J into E with
the norm

[9lloc = supfly(t)| : t € J}.
For ¢ € C([—r,b], E) the norm of ¢ is defined by
[6llo = sup{|¢(0)] : 0 € [-r,b]}.

C([-r,0], E) is endowed with norm defined by

[¥lle = sup{[¥(0)] : 0 € [=r, 0]}.

L(E) denotes the space of bounded linear operators from E into E, with norm
INllz(ey = sup{[N ()] : [y| = 1}
Definition 2.1. [8,[13] The Riemann-Liouville fractional primitive of order o € RY of a function h : (0,0] — E

1s defined by . -
N = /O “F&h(s)ds,

provided the right hand side exists pointwise on (0,b], where T is the gamma function.

Definition 2.2. [8, [I3] The Riemann-Liouville fractional derivative of order
0 < a<1 of a continuous function h: (0,b] — E is defined by

dn(t) 1 d [ .
i T TA-adt /0 (t—s)"*h(s)ds
= %I&*ah(t).

Consider the fractional differential equation
Dy(t) = Ay(t) + f(t), ted, 0<a<l1, y(0)=0, (2.1)

where A is a closed linear unbounded operator in E and f € C(J, E). Equation (2.1)) is equivalent to the
following integral equation [8]

y(t) = F(l)A/O (t—8)* ty(s)ds + 1_‘(10()/0 (t—8)*"1f(s)ds, t€J. (2.2)

!
This equation can be written in the following form of integral equation

y(t) = h(t) + F(loz)/o (t —s)* 1 Ay(s)ds, t >0, (2.3)
where . .
h(t) = m/0 (t — 5)°=1 f(s)ds. (2.4)

Examples where the exact solution of (2.1)) and the integral equation (2.2)) are the same, are given in [4]. Let
us assume that the integral equation (2.3) has an associated resolvent operator (S(t));>o on E.
Next we define the resolvent operator of the integral equation (2.3).

Definition 2.3. [T], Definition 1.1.3] A one parameter family of bounded linear operators (S(t))i>0 on E is
called a resolvent operator for (2.2)) if the following conditions hold:

(a) S(-)x € C([0,00), E) and S(0)x =z for all x € E;

(b) S(t)D(A) C D(A) and AS(t)x = S(t)Ax for all x € D(A) and every t > 0;
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(c) for every x € D(A) and t > 0,

St)r =z + ﬁ/o (t — 5)* L AS(s)ads. (2.5)

Here and hereafter we assume that the resolvent operator (S(t));>o is analytic [I4] Chapter 2], and there
exist a function ¢4 € L}, ([0,00),RT) such that ||S"(t)z|| < da(t)]|z||[p(ay for all ¢ > 0 and each z € D(A).
We have the following concept of solution using Definition 1.1.1 in [T4].

Definition 2.4. A function u € C(J, E) is called a mild solution of the integral equation on J if fg(t —
s)* tu(s)ds € D(A) for allt € J, h(t) € C(J, E) and

u(t) = 11240[)/0 (t — s)* tu(s)ds + h(t), VteJ.

The next result follows from [I4, Proposition I.1.2, Theorem II1.2.4, Corollary I1.2.6].
Lemma 2.1. Under the above conditions the following properties are valid.
(i) Ifu(-) is a mild solution of on J, then the functiont — fot S(t—s)h(s)ds is continuously differentiable
on J, and

d

u(t) = 7 /Ot S(t—s)h(s)ds, VteJ.

(i) If h € CP(J, E) for some (3 € (0,1), then the function defined by
u(t) = S(t)(h(t) — h(0)) + /Ot S'(t — s)[h(s) — h(t)lds + S(t)h(0), teJ,
is a mild solution of on J.
(1ii) If h € C(J,[D(A)]) then the function u: J — E defined by
u(t) = /Ot S'(t — s)h(s)ds + h(t), teJ,
is a mild solution of on J.

3 Main Results

In this section we give our main existence results for problem (1.1])-(1.2)). This problem is equivalent to the
following integral equation

4 t ot L t — )1 f(s S
= | T Jy €T g [ i e
(t), t e [-r0].

Motivated by Lemma [2.1] and the above representation, we introduce the concept of mild solution.

Definition 3.1. We say that a continuous function y : [—r,b] — E is a mild solution of problem — if:
t
1. / (t —s)*"'y(s)ds € D(A)  fort e J,
0

2. y(t) - (b(t)} te [7747 0]7 and

A

3. y(t) = m/o (t —s)* ty(s)ds + ﬁ/{) (t —5)* "L f(s,ys)ds, t € J.
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Suppose that there exists a resolvent (S(t));>o which is differentiable and the function f is continuous.
Then by Lemma [2.1] (iii), if y : [~7,b] — E is a mild solution of (T.1)-(T.2)), then

y(t) = F(la)/ot(ts)“f(s,ys)dw/ots’(ts)(@ /OS(ST)alf(T,yT)dT>d5, teJ

o(t), t € [-r,0].
Our first existence result for problem (|1.1))-(|1.2)) is based on the Banach’s contraction principle.

Theorem 3.1. Let f:J x C([-r,0], E) — E be continuous and there exists a constant L > 0 such that
|f(tau)7f(tav>| SLHuivHCa fO’I" teJ and U,UGC([fT,O],E).

If
Lbe
INa+1)

then the problem — has a unique mild solution on [—r,b].

(I+llpallzr) <1, (3.1)

Proof. Transform the problem (|1.1))-(1.2)) into a fixed point problem. Consider the operator F : C([—r,b], E) —
C([—r,b], E) defined by:

AAb). te-r0],
Fiyt)=<¢ 1 [ - - - »
m/o (t = )" f(s,ys)ds +/0 St - S)(r(a)/o (s =7)* f(7, y‘r)dT> ds, tel0,b].

We need to prove that F' has a fixed point, which is a unique mild solution of (1.1))-(1.2) on [—r,b]. We shall
show that F is a contraction. Let y, z € C([—r,b], E). For ¢t € [0,b], we have

|F<y><t) — F(2)(®)]
- | / (t— )22 (5, ) — F(5,25)]ds

/ St =) | (6= ) = S5 s

< —/ (t— )7 f(s,ys) — f(s,24)|ds
/ ot =g [ (5= ) = Flr s s
1 1 ! ° 1
< — t—s)* " Lllyr — zr Cds—&——/qSAt—s/ s — 1) L|lyr — z+||cdrds
F(a)/0< 1Ll = = llods + gy [ oatt=9) [ (=" Ly, =]
L t L t S L
< 7||y—2||©/ (t—s)*""ds+ ly — 2[lo ¢A(t—3)/ (s —7)* drds
['(a) 0 [(a) 0 0
Lbo‘ H(;5A||L1Lba
< Ty NCANLEZT e — 2.
Taking the supremum over t € [—r, b, we get
Lb*

Fly) —F < —/— (1 — .
1) = FElo < s L+ I0al) Iy = 2lo
By (3.1) F' is a contraction and thus, by the contraction mapping theorem, we deduce that F' has a unique

fixed point. This fixed point is the mild solution of (1.1f)-(1.2). O

Next, we give an existence result based upon the following nonlinear alternative of Leray-Schauder applied
to completely continuous operators [5].

Theorem 3.2. Let E a Banach space, and U C E convex with 0 € U. Let F' : U — U be a completely
continuous operator. Then either
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(a) F has a fixed point, or
(b) The set E={x €U :x=AF(zx), 0 <X <1} is unbounded.
Our main result here reads:
Theorem 3.3. Let f:J x C([-r,0], E) — E be continuous. Assume that:
(i). S(t) is compact for all t > 0;
(ii). there exist functions p,q € C(J,Ry) such that

[f(tw)] <p(t) +q@)ullo,  teJandue C([-r,0], E).

Then, the problem — has at least one mild solution on [—r,b], provident that

b[lqllo

Tt 1 (T 19all) <1

Proof. Transform the problem (1.1)-(1.2) into a fixed point problem. Consider the operator F' : C([—r, b], E)
C([—r,b], E) defined in Theorem namely,

¢(t)7 le [—7‘7 0]7

FO®=4 1 . Do
@/O(t_s) f(87y5)d8+/0 S(t_S)(F(Oé)/O (S—T) f(ﬂyT)dT)ds, tG[O,b],

In order to prove that F' is completely continuous, we divide the operator F' into two operators:

B0 = g [ =9 Feis

(a

and

Fa(y)(t) = / S'(t — )Fy (y)(s)ds.

7

—

We prove that F; and Fy are completely continuous. We note that the condition (i) implies that S’(t) is

compact for all ¢ > 0 (see [0, Lemma 2.2]).

Step 1: F} is completely continuous.

At first, we prove that F} is continuous. Let {y,} be a sequence such that y,, — y as n — oo in C([-r,b], E).

Then for ¢ € [0,b] we have

)0 - B0 < Fo [ 097 ) = fs)|ds
1 ‘ a—1
< gt = fenl [ =9 as
bO(

Since f is a continuous function, we have
|1 F1(yn) — F1(y)|lo — 0 as n — oo.

Thus F} is continuous.

Next, we prove that F; maps bounded sets into bounded sets in C([—r,b], E). Indeed, it is enough to show that
for any p > 0, there exists a positive constant § such that for each y € B, = {y € C([-r, b, E) : |lyllo < p}

one has Fi(y) € Bs. Let y € B,,. Since f is a continuous function, we have for each ¢ € [0, D]

F)®)] = \F(la) [ =9 sspas
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1 t .
< e [ s 0lds
bOz
< o lke + plalle) = 87 < oo

Then, || F1(y)|lo = max{||¢|c,d*} = 4, and hence F(y) € Bs.
Now, we prove that F; maps bounded sets into equicontinuous sets of C'([—r,b], E). Let 71,7 € J, 72 > 71 and
let B, be a bounded set. Let y € B,. Then if ¢ > 0 and € < 71 < 75 we have

Fi(y) (Tz) Fi(y)(r)]

|
= g [ e - s [T -9 s s
< g [ =0 = -9 s egas

i [ =9 = (= 92 )

7'2

)
i =0 s

7'1

Hp||oo+p||q||oo s _ (o — 10=11ds
< 1l t el (/0 (2 — 9% — (m — 5)°~1]d

* /:6[(72 — )27 = (10— 5)* 7 ds + /72 (12 — s)o‘lds).

T1

As 7y — 75 and e sufficiently small, the right-hand side of the above inequality tends to zero. By Arzeld-Ascoli
theorem it suffices to show that Iy maps B, into a precompact set in .
Let 0 <t < b be fixed and let € be a real number satisfying 0 < ¢ < ¢. For y € B, we define

F)() = e / (b s O f (s, ya)ds

Note that the set

{T‘(la) /Ots(t —s =€) f(s,ys)ds y € Bp}

is bounded since

IN

<p||oo+p||q||oo>]n1® / = s — 0 lds

lIplloe + pllgllso (t—e).
INa+1)

IN

Then for ¢ > 0, the set
Ye(t) = {Fic(y)(t) 1y € By}

is precompact in F for every €, 0 < € < t. Moreover

[Plloo + Pllglloo /0 a
W(t —(t—e)").

Fi(y)(t) — Fie(y)(1)

IN

Therefore, the set Y(t) = {Fi(y)(t) : y € B,} is precompact in E. Hence the operator F; is completely
continuous.

Step 2: F3 is completely continuous.

The operator F; is continuous, since S’(-) € C([0,b], L(E)) and F; is continuous as proved in Step 1.

Now, let B, be a bounded set as in Step 1. For y € B, we have

ROO < [ 156 R0
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IA

/0 ba(t — 9)IIF1 (1)(5) | peayds

18]l 2:0* (lplloc + pllalloe) _ o
INa+1) '

IN

Thus, there exists a positive number ¢’ such that ||Fa(y)||o < ¢’. This means that Fx(y) € Bs.
Next, we shall show that F5 maps bounded sets into equicontinuous sets in C([—7,b], E). Let 11,2 € J, 72 > 71
and let B, be a bounded set as in Step 1. Let y € B,. Then if ¢ > 0 and ¢ < 71 < 75 we have

|[F2(y)(T2) — Fa(y)(T1)]
‘ / (73 — 8)Fy(y) (ma)ds — / (1 — 8)Fy () (1 )ds
0 0

b (e + pllalle) (7 o ,
D(a+1) (/0 |S" (12 — s) — S'(11 — s)|ds

+/ |S" (12 — 5) — S'(11 —s)|d8+/

T1

T2

15" (r — s)|ds).

As 11 — 75 and e sufficiently small, the right-hand side of the above inequality tends to zero. By Arzeld-Ascoli
theorem it suffices to show that F» maps B, into a precompact set in E.
Let 0 <t < b be fixed and let € be a real number satisfying 0 < ¢ < ¢. For y € B, we define

t—e
Falp)®) =50 [ St~ s - ORw)()ds
0
Since S’(t) is a compact operator for ¢ > 0, the set
Ye(t) = {F2c(y)(t) 1y € By}
is precompact in F for every €, 0 < € < t. Moreover

[@allz: (1Pl + pllall)
IMNa+1)

By)(t) = Facly)(t)| < (t° — (t— ).

Then Y (¢) = {F>(y)(t) : y € B,} is precompact in E. Hence the operator F; is completely continuous.
Step 3: A priori bound on solutions.
Now, it remains to show that the set

E={yeC([-rb,E):y=AF(y), 0<A<1}

is bounded.
Let y € € be any element. Then, for each ¢ € [0,0] ,

y(t) = AF(y)(t) = /\L /Ot(t —8)* 1 f(s,ys)ds + )\/Ot S'(t—s) <1 /Os(s — 1)t f(r, yT)d7-> ds.

ey )
Then
L —5)* (s s ‘g _o( ss—T"_l T T |ds
Ol < |gi [ =9 remas+ [ s6-9(gi [ 6=

< w0 emlas + [oatt =g [ = s das
< 1 ) =9 ol + lalcliliclis

+ [ oatt =9 [ 6= pl + el lclards

Blplloe . lall [éallstlplles  lléallort lglec
S FarD T+ lot THary T Tarn el
< ol (1 foall) + s 1+ [0l Iyl
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and consequently

% ||ploo b%lqll 0 -
<—=(1 1-——F+1(1 .
I9llo < Fran gy (1 Il (1= 5y 3y (1 + Iales)
Hence the set £ is bounded. As a consequence of Theorem [3:2] we deduce that F has at least a fixed point
which gives rise to a mild solution of problem (1.1)-(1.2)) on [—7,b]. O
4 Example

As an application of our results we consider the following fractional time partial functional differential
equation of the form

[o% 2
g?u(t,x) = %u(t,x) + Q(t,u(t —r,x)), x €[0,7],t €[0,b],a € (0,1), (4.1)
u(t,0) = wu(t,m) =0, te][0,b], (4.2)
U(t,l‘) - ¢(ta x)a T € [Ov’ﬂa le [*Tv 0}7
where r > 0, ¢ : [-7,0] x [0, 7] — R is continuous and @ : [0,b] x R — R is a given function.

To study this system, we take E = L2[0,7] and let A be the operator given by Aw = w” with domain
D(A) = {w € E,w,w’ are absolutely continuous, w” € F,w(0) = w(r) = 0}.
Then -
Aw = Z n? (w, wp )W, w € D(A),
n=1
9\ 2
where (-,-) is the inner product in L? and w,(z) = () sin(nx), n = 1,2,... is the orthogonal set of
™

eigenvectors of A. It is well known that A is the infinitesimal generator of an analytic semigroup (T'(t)):>0 on
FE and is given by

T()w = Z e_”Qt(w,wn)wn7 w e E.
n=1

From these expressions it follows that (T'(¢));>¢ is uniformly bounded compact semigroup, so that R(\, A) =
(A — A)~! is compact operator for all A € p(A).
From [14, Example 2.2.1] we know that the integral equation

u(t) = h(t) + F(loz)/o (t — s)* ' Au(s)ds, s >0,

has an associated analytic resolvent operator (S(t)):>0 on E given by

1 At -1
— e\ —A)TdN, t>0,
S(t) = 27 /Fme ( )
1, t=0,

where I'; g denotes a contour consisting of the rays {re?” : r > 0} and {re=" : r > 0} for some 6 € (7, %). S(t)

is differentiable (Proposition 2.15 in [3]) and there exists a constant M > 0 such that ||S'(t)z|| < M||z||, for
x € D(A), t>0.

To represent the differential system (4.1)) — (4.3)) in the abstract form (1.1})-(1.2), let

yt)(z) = wu(t,z), te€][0,b], x €]0,n]
o) (x) = ¢0,z), 6¢€[-r0], ze€]l0,n]
f(t,0)(@) = Qt,¢(0,2)), 0¢€[-r0], z€l0,n]

Choose b such that
L™
I'a+1)
Since the conditions of Theorem are satisfied, there is a function u € C([—r,b], L?[0,7]) which is a mild
solution of (4.1)-(4.3]).

(1+M)<1.
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