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Improvement of conformable fractional
Hermite-Hadamard type inequality for convex
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midpoint type inequalities
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Abstract

In this paper, it is proved that conformable fractional Hermite-Hadamard inequality and conformable fractional
Hermite-Hadamard-Fejer inequality is just the results of Hermite-Hadamard-Fejér inequality. After this, a new
conformable fractional Hermite-Hadamard inequality which is not a result of Hermite-Hadamard-Fejér inequality
and better than given in [8] by Set et al. is obtained. Also, new equality is proved and some new conformable
fractional midpoint type inequalities are given. Our results have some relations with the results given in [5, 6].
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Contents is well known in the literature as Hermite-Hadamard’s in-
equality [3, 4].
1 Introduction .........cocoiiiiiiiiiiiirii i, 753 The most well-known inequalities related to the integral

mean of a convex function f are the Hermite Hadamard
inequality or its weighted versions, the so-called Hermite-
Hadamard-Fejér inequality.

2 Results of Hermite-Hadamard-Fejér inequality . .. 755

3 Improvement of Fractional Hermite-Hadamard Type

Inequality..........oociiiiiiiiiii 755 In [2], Fejér established the following Fejér inequality
4 New Conformable Fractional Midpoint Type Inequali-  which is the weighted generalization of Hermite-Hadamard
=Y. 756 inequality (1.1):
Competing Interests ...........covivviiiininnnnnns 760 Theorem 1.1. Let f : [a,b]— R be convex function. Then,
Conclusion.......ooiiiiiiiiii it e e 760 the inequali[y
References ......ccvoviiiiiiiiiii i iiainaraenans 760 a+b b b
7(“37) [ etar< [ reoutoas
a a
- b b
1. Introduction < f(a);rf( )/ e(x)dx (12)
Ja

Let f: I C R — R be a convex function defined on the in-
terval / of real numbers and a,b € I with a < b. The inequality ~ holds, where g : [a,b]— R is nonnegative, integrable and
symmetric to 5P (i.e. g(x) = g(a+b—x) for all x € [a,b)).

5 < (1. point type inequalities and some applications:

¥ <a+b> <2 1 /bf(x)dx < f(a) 42—f(b) In [5], Kirmaci used the following equality to obtain mid-
—al,
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Lemma 1.2. Let a,b €l witha<band f:I°—Risa
differentiable mapping (I° tne interior of I). If f € L[a,b),
then we have

b]a/abﬂu)du—f(“;b)

= (b—a) {/(;l/ztf’(ta+(1 —t)b)dt

1
+/ (tl)f’(taJr(lt)b)dt} (1.3)
1/2
Following definitions of the left and right side Riemann-
Liouville fractional are well known in the literature.

Definition 1.3. Let a,b € Rwitha < b and f € L|a,b]. The
left and right Riemann-Liouville fractional integrals J%, f and
J_f of order o0 > 0 are defined by

) = g [ =0 e 5> a

and

JE f(x) = ﬁ /x'b (=) f(0)dt, x < b

respectively, where T'(@) is the Gamma function defined by
[(a) = [et% \dt (see [7, page 69] and [12, page 4]).
0

The beta function and incomplete beta function defined as
follows:

By — TETO)

1
= [ -0 ar 0
] [t = wyso,

Bw(u,v):/o =0t uy>0and0<w<1.

Following definitions of the left and right side conformable
fractional integrals given in [1] (see also [8]):

Definition 1.4. Let a € (n,n+1], n=0,1,2,.., B=a—n,
a,b € R with a < b and f € L[a,b.The left and right con-
formable fractional integrals 14f and °lof of order a >
0 are defined by

afe) = o [0 -0 f@dn 1> 0

n:

and

bl f(t) = %/tb (=) (b—x)P F(x)dx, 1 <b

respectively.

It is easily seen that if one takes & = n+ 1 in the Definition
1.4 (for the left and right conformable fractional integrals), one
has the Definition 1.3 (the left and right Riemann-Liouville
fractional integrals) for & € N.

In [8], Set et al. proved following conformable fractional
Hermite-Hadamrd type inequality:
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Theorem 1.5. Let f: [a,b] — R be a function with 0 < a < b
and f € La,b]. If f is a convex function on [a,b], then the
following inequalities for conformable fractional integrals

hold:
a+b
()

I'oe+1)
“2(b—a)’T(ax—n)
_f@+f )

- 2
with o € (n,n+1].

[ I5f(b) + blaf(a) }

(1.4)

Remark 1.6. In Theorem 1.3, it is not necessary supposing
a,b are positive real numbers. From the Definition 1.4, it is
clear that a,b are any real numbers such as a < b.

In [9], Set and Mumcu proved the following conformable
fractional Hermite-Hadamard-Fejér type inequality:

Theorem 1.7. Let f : [a,b] — R be a convex function with
a<band f €Llab]. If g:[a,b]— R is nonnegative, inte-
grable and symmetric to # then the following inequality

for fractional integrals holds:
a-+b
7(“37) [ e0) + *ugta) |

<[ I&(f8)(b) + bla(f3)(a) ]

<TDTION (o) + Phasta) |

(1.5)

with o > 0.

In [10], Turhan et al. proved the following left con-
formable fractional Hermite-Hadamard type inequality and
next equality:

Theorem 1.8. Let a,b € R witha < b and f : [a,b] — R be
a convex function. If f € La,b], then the following inequality
for the left conformable fractional integral holds:

I'ae+1)

(n+1)a+(a—n)b a
f( o+l ) = -0 T(a—n) fif )
_ (1) f(@)+ (a—n) f(b) (1.6)
= oa+1 .

withn=0,1,2... and @ € (n,n+1].

Lemma 1.9. Let a,b € R witha < b and f : [a,b] — R be
a differentiable function on (a,b). If f' € Lla,b|, then the
following equality for the left conformable fractional integrals
holds:

I'o+1)
(b—a)*T (ot —n)

1) —f<<”+ ”f;ﬂf‘_”)b)

.7
n+l
S B 1 (ra+ (1 — 1) b) d
1 By (n+1,a—n)
+an (m - 1) f'(ta+(1—1)b)dt

withn=0,1,2... and & € (n,n+1].

=(b—a)
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In [11], Turhan et al. proved the following right con-
formable fractional Hermite-Hadamard type inequality and
next equality:

Theorem 1.10. Let a,b € Rwitha < b and f : [a,b] — R be
a convex function. If f € Lla,b], then the following inequality
for the right conformable fractional integral holds:

(a—n)a+(n+1)b
f( a-+1 )
I'(a+1) b 4
~ (b—a)*T(a—n) laf(a)
(a—n)fla)+(n+1)f(b)
a+1

< (1.8)

withn=0,1,2... and & € (n,n+1].

Lemma 1.11. Let a,b € R with a < b and f : [a,b] - R
be a differentiable function on (a,b). If f' € Lla,b], then
the following equality for the right conformable fractional
integrals holds:

I'(a+1)
(b—a)*T (ot —n)

o fla) _f<(a—n)a+(n+1)b>

a+1
(1.9)

n+1
Joi T B g (1 4 (1~ 1) a)
oy (1= HRES) ) e (=D aya

withn=0,1,2... and o € (n,n+1].

=(b—a)

In our studies we noticed that conformable fractional
Hermite-Hadamard type inequality given in Theorem 1.5
and conformable fractional Hermite-Hadamard-Fejér type
inequality given in Theorem 1.7 are just result of Hermite-
Hadamard-Fejér inequality (given in Theorem 1.1), with a
special selection of the weighted function. This show how
strong the Hermite-Hadamard-Fejér inequality is. However,
we will prove new fractional Hermite-Hadamard type inequal-
ity which is not a result of Theorem 1.1. Also, we will have
new conformable fractional midpoint type inequalities.

2. Results of Hermite-Hadamard-Fejér
inequality

Proposition 2.1. Theorem 1.5 is a result of Theorem 1.1.

Proof. In Theorem 1.1, let we choose
g)=(x—a)"(b—x)*""H(b—x)"(x—a)* " forn=
0,1,2...and @ € (n,n+1], a,b e Rand g : [a,b] — R (It is
clear g(x) nonnegative, integrable and symmetric to “Zib).
Computing the following integrals, we have

/abg(x)dx

b
_ / (x—a)" (b= 4 (b—x)" (x—a)* " dy
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o o - o ,r(‘x*”)

=2(b—-a)"B(n+1,0—n)=2(b—a) n.m,

b B b (x—a)”(b—x)ainil

[ seman= | SO0 far
b

= [ = =9 fds
b

+ [ o= =) sy

=n![J& f(b) +IF f(a)]. (2.2)

Combining (1.2), (2.1) and (2.2) we have (1.4). This
completes the proof. O

Proposition 2.2. Theorem 1.7 is a result of Theorem 1.1.

Proof. In Theorem 1.1, let we choose

(k=)' (b =x)* " (b= x)" (r =) " g ()
forn=0,1,2... and @ € (n,n+1], a,b € R and g(x) non-
negative, integrable and symmetric to # (It is clear w(x)

w(x) =

nonnegative, integrable and symmetric to #). Computing
the following integrals, we have

(2.3)

[ o0 -0 Feds

a

—n![ 14(fg)(b) + “lo(f2)(a) ].

Combining (1.2), (2.3) and (2.4) we have (1.5). This
completes the proof. O

2.4)

Remark 2.3. Theorem 1.8 and Theorem 1.10 are not results
of Theorem 1.1.

3. Improvement of Fractional
Hermite-Hadamard Type Inequality
We will use Theorem 1.8 and Theorem 1.10 to have new

conformable fractional Hermite-Hadamard type inequality
better than (1.4).
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Theorem 3.1. Let a,b € R witha < b and f : [a,b] — R be
a convex function. If f € Lla,b], then the following inequality
for fractional integral holds:

f((nJr])t;JJrr(l(x n) )+f< o— n;i(anr])b)
2
I'la+1) . b
< M 3.1

withn=0,1,2... and o € (n,n+1].

Proof. 1f (1.6) and (1.8) gather side by side and dividing into
2, it is hold the desired result. ]

Remark 3.2. Since, f is a convex function on [a,b), it is clear
f( (n+1)a+(a—n)b ) +f( ([xfn)a+(n+l)h)
a+b a+l a+l
f(5°) < 7
o € (n,n+1). It means that
1.

2.

Theorem 3.1 is better than Theorem 1.5,

In Theorem 3.1 if one takes o« = n+ 1, one has [6,
Theorem 6],

In Theorem 3.1 if one takes o0 = n+ 1, after that if one
takes ot = 1 one has (1.1),

4. Theorem 3.1 is not a result of Theorem 1.1.

4. New Conformable Fractional Midpoint
Type Inequalities

We will now prove an equality to have new fractional
midpoint type inequalities.

Lemma 4.1. Let a,b € Rwitha <band f : [a,b] = R be a
convex function. If f € L|a,b), then the following inequality
for conformable fractional integrals holds:

I'(a+1) [ ILf(b)
o—n)a+(n+1)b

2(b—a)*T(a—n) Plof(a)
7f<(n+1)a+0t 1) )+f<

)

a+l1 a+1
2
_ b—a
2B< n+1, )
o—n
_ o il i
e ()@
B < n+1, )
t
a_
+ fat ; f(Andt
o+ T —B( n+1, >
A o 4.1)
+ [ =B, ( a_r; )f’ (B;)dt
B< n+1, )
a_
b " 1 (By)dr
o+ T <n+1, )
—B, o
- n -

forn=0,1,2... and
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with Ay =ta+ (1—1)b, B, =tb+ (1 —t)a, n=0,1,2... an
o< (n,n+1].

d

Proof. If (1.7) and (1.9) gather side by side and dividing into
2, it is hold the desired result. ]

Corollary 4.2. In Lemma 4.1,

1. If one takes oo = n—+ 1, one has [6, Lemma 4],

2. If one takes o0 = n+ 1, after that if one takes o0 = 1 one
has Lemma 1.2.

Theorem 4.3. Leta,b € Rwitha <band f:[a,b] > Rbea
differentiable function on (a,b). If | f'| is convex on [a, b, then
the following conformable fractional midpoint type inequality
holds:

I'(a+1) .
‘Z(b—a)ar( — )[Iaf(b) + bIyf(a) ]
() o (et
- 2
__b=a [ |f'(a)|Ti(a,n)
§2Mm1ﬂw[ﬂfm< )}“”

where
%
Ty (a,n) = | S B (n4-1,00—n) | dt 7
+f%‘Bt(”‘f‘l’a—n)—B(n—l-l,a—n)\dl
at
%
L (a,n) = . S B (n4+1,00—n)|dt 7
+f%‘Bt(”‘f‘l’a—n)—B(n—l-l,a—n)\d;
at

withn=0,1,2... and a € (n,n+1].

Proof. Using Lemma 4.1 and the convexity of | /|, we have

I'a+1) . ,
‘2(}7(1)0‘1"( —n) [ I5f(b) + °lyf(a) ]
f((mtlarlomnp) | g ((anlariarip)

- 2
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b—a
<%
~ 2B(n+1l,a—n)

r n+l q

Jo' 1B (n+ 1, =n)||f' (ta+ (1 —1) b)| dt

1 Bt(n+1,a—n) , B
et | Bt 1,a—n) | tat=0)b)ar
n+l
+Jo T B (nt Lo —n)[|f (tb+ (1~ 1) a)| dt
i | Bn+l,a—n)— | , B
_+f£%‘. B (n+1,00—n) ‘f(tb+(1 t)a)\dt_
b—a

<
~ 2B(n+1l,a—n)

_ fo(%l] Bt(n+l,a—n)|[ +(1t|f’ r}/‘(b ) }dt
B;(n+1,00—n) H t|f (a)]

+fé¢+ll —B(n+1,0—n)
+ IB,(nJrLO‘")[ (1tyf)(f}JZ;)\ “

B(n+1,a—n) 7o)
+f£%11 —Bi(n+1,a—n) H

b—a
< -z =
~2B(n+1, a—n)

' (a )\foa+1 \Bt(n+1 o —n)|tdt

SO Bk a1 -
U@y | Pyt t e

! B,(n—I—l,Ot—l’l)
O oy | Tt gy | (10

PO 1B 1,

U @) T B (04 1o —m)| (1 — 1) d
l.a—

POy | BERE a

, 1 B(n+1,00—n) _
@Iy | S A=

b—a
<%
~2B(n+1,a—n)

n+l
J& B (n+1,00—n)|dt

f'(a _
@ B La |,
a+1 _B(n+1,a_n)
n+l
) J& B (n+ 1,00 —n) | dt
+1f' (D) yy Bi(n+1,00—n) dt
i | —B(n+1,a—n) |
This completes the proof. O

Corollary 4.4. In Theorem 4.3,

1. If one takes o« = n+ 1, one has [6, Theorem 7]

2. If one takes o = n—+ 1, after that if one takes o = 1 one

has [5, Theorem 2.2].

(=01 ) ]d’

+(1=1)|f (a)] }‘” ]

conformable fractional midpoint type inequalities — 757/760

Theorem 4.5. Let a,b € R witha < b and f : [a,b] — R be
a differentiable function on (a,b). If | f'|? is convex on [a,b]
for g > 1, then the following conformable fractional midpoint
type inequality holds:

F(a+1) a b
(n+1)a+(a—n a—n)a+(nt+1)b
() s (g
2
b—a
<7 =
~2B(n+1,a—n)
_ @ Ty (orm) 7
B e () s ) |
- S@F T () ¢
e e ”)( Lo o) )
If’()\”T4an o |
+1f" ()| T5 (a,n)
é )T (on) )
i an( f(a)|quan)
where
Ty(an) = /0 B, (n+ 1,0 —n)|dr,
Ty(an) — /O‘n’“ B, (n+1,0—n)|1dt,
Ts(a,n) — /O- B, (n+1,0—n)| (1 —1)dt,
Tg(o,n) = /;|B,(n+1,oc—n)—B(n+1,a—n)|dt,
a1+1
T(an) — /i|B,(n+l,afn)fB(n+1,a7n)|tdt,
Tg(o,n) = /nl+1 |Bi(n+1,00—n)—B(n+1,00—n)|(1—1)dt,

o+1

withn=0,1,2... and ot € (n,n+1].

Proof. Using Lemma 4.1, power mean inequality and the
convexity of | /|7, we have

I'(a+1) .
‘Z(b—a)ar( - )[Iaf(b) + Iyf(a) ]

() (s
2

b—a
<%
~2B(n+1,a—n)

[ B L)l |f Gat (1B dr ]
+/5:nl lié’é,fﬁ 1aoc ni)q) ‘f’(ra+(1—t>b>df

+f0‘”‘ B, (n+1,a—n)||f (tb+ (1 —t)a)|dt

_+jn+1 Bt(?ntrlloé‘ )) ’If’(tb+(1—t)a)|d;
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b—a
<%
~ 2B(n+1l,a—n)

el
<f0‘”‘ |B: (n+ 1,an)|dt)

fo““ |B: (n+1,a—n)|
|f' (ta+ (1—1)b)|"dt
B,(n—i—l o—n)—
B(n+1,0—n)
B, (n+lL,aa—n)—
B(n+1,00—n)
"(ta+ l—t) )| dt

:.—

+

1
L

(8
(5
it
G
(6
(s

+

IS l|B, n+1,0—n)|dt

1|B, n+1l,a—n)|
(tb+(1—1)a)|?dt

n—|—1 a—n)

Jo’
1
S

+

n+1 o—n)
a+| _Bt n+l OC—n)
"(th+ 1—t) )| dt

(7

b—a
2B(n+1,a—n)

i ntl 1-
(0““|Bl(n+1,an)|dt)
y I ¥ |1?rg’|1q+105 n)|

t a

Ay |
B/ (n+1,0—n)—

*(ﬂﬂ B(n+1,0—n)

B (n+1,00—n)

f+ —B n+la—n)

tlf

[( Syt |

+(f0‘” |B;(n+ 1, — n)|dt)

0 B, n+la—nﬂ ’

f/
i | |

i B(n+1,a n) =g
+<" —B; (n+1,a—n) dﬁ
(p | Botta—n [Tl m)

Lot | 2B i La—n) || (1=1)|f"

1
=3

1—

):,
)
a)

-

1

dt>
1
’ q

(@r ]‘”)é _

-

b—a
< 7/%
~ 2B(n+1,00—n)

r 1

(kgﬂ34n+La—nﬂm) !
If" (@) [

(7

G

it |B; (n+1,00 —n)|tdt
ntl

D) [ B (n+ 1,00 —n)| (1 —1)dt

B/ (n+1,a—n) dr =4
)

—B(n+1,a—n
l B,(n+1,a—n)
"”1 —B(n+1,00—n)

, -1 Bt(n+1,a—n) _
+|f (b 20 B(nt1,0—n) (1—t)dr
1

j

tdt

1-1
q
+ [‘Oa l|B[ l’l+1 a—i’l)‘dt)

(
Lo
¢
g
(i
o

7 (b |q[a+l 1B (n+ 1,0 —n)|tdt )
+|f (a)] fo“”l |B: (n+ 1,00 —n)| (1 —1¢)dt
() BBanLOICa)n) dt)l_q
:
O A T
+1f'(a n+]] ljg:zrnl_;i;n_)n) ’(lft)dt ]

This completes the proof.

Corollary 4.6. In Theorem 4.5,

1. If one takes o« =n+1, one has [6, Theorem 8]

2. If one takes oo = n—+ 1, after that if one takes o. = 1 one
has [6, Corollary 3].

Theorem 4.7. Let a,b € R witha < b and f : [a,b] — R be
a differentiable function on (a,b). If | f'|? is convex on [a,b]
for q > 1, then the following conformable fractional midpoint
type inequality holds:

I'(a+1) . ,
‘Z(ba)ar‘( —n) [ I5f(b) + °Iyf(a) ]
(n+1)a+(a—n a—n)a+(n+1)b
_f(——@¢r——)+f(443¢r4f) 4.4)
2 .
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b—a
. bma
- 23(”"’13&7”)
r (n+1)* | o )T+ ‘ _
T% (o,n) [ 20D )’ Sl
) (a, MU( b)
2(0+1)? ;
(a+17n+1|f’( )+ E
1
1 2(a+1)>
o (@M | (@ e s Ol
2(0+1)° !
(nt1)2 |f (b)|?+ ‘
1
1 2(a+1)?
+Ty (a,n) 2<<><+1>("¢\f( )N
2(o+1)? ;
(@1 )? ) o )10 E
1
1 2(a+1)’
o (on) | 2(a+1)(n+1 | p ()9
i 2(a+1)? ]

where
L ntl
o+l
Ty (a,n) = |B; (n+1,a —n)|Pdt,
1
Tio(ot,n) = /1|B,(n+1oc—n) B(n+1,0—n)|"dt,

o+l
with %+; =1,n=0,1,2...and a € (n,n+1].

Proof. Using Lemma 4.1, Holder inequality and the convexity
of |f'|7, we have

I'(a+1) .
‘Z(b—a)a Tla ) | &/ + "laf(@) ]

f<(n+1)?;;1a n) )+f< o n;iln-ﬁ—l)b)
2

b—a
D —
- ZB(n—|—1 o —n)

f"“ B (n+ 1, —n)||f" (ta+ (1 —1)b)| dt

1 Bt(l’l-f—l o— )

ot | Zpnt 1, a—n) | tat(-0)b)ldr
el

+ f ! |B,(n+l7a—n)\|f’(tb+(1—t) a)|dt
1 (n—|—1 o— , _

759

b—a
2B(n+1,a—n)

l -

( ‘“1 |B;(n+1, an)pdt)

< (4 |f/<m+<1—r>b>|qdr)‘l’
+(fé B (n+ 1,0 —n) — B(n+1,a—n)|1’dt)71’
(I 7 s 1))
+<[0°‘ Y1By(n+1,a—n |”dt)
< (5 17 v 1= |th)
Jher |B(n+1,c—n) ~ B, (n+ 1,a—n)|”dt)%

Q=

_|_
/N TN

X (for |f (tb+(1—=1)a |th)

o+l

b—a

D —
~2B(n+1,a—n)

l -

n+1
( “ B, (n4 1,0 — n)|pdt)

1

( @)+ (1-0) If’(b)I”]dt>q
+(féL+ll |B; (n+1,(xfn)fB(n+l,afn)|pdt)%
x (fa B @I+ (=017 ) ar )

1
ntl »
+ (fb"“ B,(n+1,a—n)|pdt)p
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l -
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1
n+l q
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+< gcﬂ —Bt (n+1,00—n) dt)
1
O(Jrl )H»l q q
L
(OH-I) —2(06+1)(n+1 n+1 /
_ a1l I @l
This completes the proof. O

Corollary 4.8. In Theorem 4.7,

1. If one takes o = n+ 1, one has [6, Theorem 8]

2. If one takes o = n—+ 1, after that if one takes o = 1 one
has [5, Theorem 2.3].
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6. Conclusion

We have created a new approach in this article. This
proved that conformable fractional Hermite-Hadamard and
conformable fractional Hermite-Hadamard-Fejér inequalities
are only the result of HF inequality. We achieved the new con-
formable fractional midpoint type inequality. We correlated
our results with different studies in the literature. This method
of different convex species.
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