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Transmission dynamic of Tuberculosis in two
dissimilar groups through pathogens: A SIRS model
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Abstract

Tuberculosis is a communicable disease which spreads in the human population through pathogens. Coughing
by the infective individual generate large number of droplets. In this paper, a SIRS mathematical model is
proposed to study the transmission of Tuberculosis by droplet infection in two dissimilar groups, considering
the economic status of the individuals. The basic reproduction number R, from the model has been derived for
the study of disease dynamics. It has been shown that the disease free equilibrium point is stable if Ry < 1 and
unstable if Ry > 1. It has been also shown that the unique endemic equilibrium point exists when Ry > 1. It may
be concluded that if Ry < 1 then the disease will not spread and if Ry > 1 then the disease will be endemic in
the population. We have also concluded from the analysis of the model that Tuberculosis can be controlled by
reducing the rate at which an infective individual produces pathogens. The analytical results are supported by

the relevant graphs.
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1. Introduction

A Tubercle bacterium (Mycobacterium Tuberculosis) is the
principle component of chronic infectious disease like Tu-

berculosis. Tuberculosis (TB) is a bacterial disease with
Mycobacterium Tuberculi (MTB) as its primary causative
agent. Other Mycobacteria such as Mycobacterium bevies,
Mycobacterium africanum, Mycobacterium canetti and My-
cobacterium microti are also its causes [1]. It is one of the
largest cause of death from an infectious agent in developing
countries [2, 3]. Infectious diseases have a profound effect
on human populations, including their evolution and cultural
development. Despite significant advances in medical science,
infectious diseases continue to impact human populations in
many parts of the world.

Tuberculosis is spread mainly by droplets of infectious
case. Coughing by infective individual generates the large
number of droplets [4] and mathematical models have been
studied in this regard for the spread of infectious disease
[4, 5] . It can also spread through use of an infected persons
unsterilised eating utensils and in rare cases a pregnant woman
with active TB can infect her foetus (vertical transmission)
[6, 7]. Transmission can only occur from people with active
TB but not latent TB. This transmission from one person
to another depends upon the number of infectious droplets
expelled by a carrier, the effectiveness of ventilation, duration



Transmission dynamic of Tuberculosis in two dissimilar groups through pathogens: A SIRS model — 931/938

of the exposure and virulence of the MTB strain. The chain of
transmission can therefore be broken by isolating patients with
active disease and starting effective anti-tuberculosis therapy
[7-15].

At present, about 95% of the estimated 8 million new
cases of TB occurring each year are in developing countries,
where 80% occur among people between the ages of 15-59
years [7]. In sub-Saharan Africa and also in developing coun-
tries, TB is the leading cause of mortality, it accounts for an
estimated 2 million deaths which accounts for a quarter of
avoidable adult deaths [7]. It is known that factors such as
endogenous reactivation, emergence of multi-drug resistant
TB, and increase in HIV incidence in the recent years call for
improved control strategies for TB.

Tuberculosis is one of India’s major public health prob-
lems. According to WHO estimates, India has the world’s
largest Tuberculosis epidemic . Many research studies have
shown the effects and concerns revolving around TDR-TB, In
India social and economic positions are still in progression.
In Zarir Udwadia’s report originated from the Hinduja Hos-
pital in Mumbai, India explicitly discusses the drug-resistant
effects and results. Approximately 30% of individuals con-
tacted with an active-TB patient become infected and around
10% of infected individuals develop active-TB.[16—19].

In this paper, population is divided into two groups (first
group of individuals belonging to economically lower strata
and second group of individuals belonging to economically
upper strata). Hence the two subpopulations can vary for
this TB model which is based on the SIRS model. The basic
Reproduction number Ry is being calculated for determining
the existence and stability of disease free equilibrium point
and endemic equilibrium point.

It is assumed that the existence of the disease depends
on two controlled measures one is rate at which an infec-
tive individual produces pathogens (1; and 1) and rate of
transmission from pathogens to susceptible humans (f3; and

B2).

2. Formulation of Model

We consider underlying human population (N) which is
divided into two dissimilar groups, one is economically lower
strata (N1) and second is economically upper strata (N;). Since
in the period of illness, most of the infective of higher strata
group keep them isolated and because of their higher income
status they are able to live without work for the period of
illness, but most of the people belonging to lower income
group have to go for work even in the illness period, so the
production of droplets by higher strata group is less than lower
strata group. Tuberculosis infection is more or less uniformly
distributed in urban, semi urban and rural areas. Thus the vast
majority of cases are to be found in rural and semi urban areas,
where more than 80% of the country’s population lives. In
urban areas, Tuberculosis is found more frequently in slum
dwellers and lower socio-economic groups than in well-to-do
groups. i.e. both groups are dissimilar in nature [20].

931

SR,
I (ut0), uR
5 S.P 1
—_ 51 ﬁ : [1 4h Rl
A
opr P
A 1-B)S,P I
2 Sz 1-p)s, ]2 O, Rz
us, (u+0,)1, UR,
9,R,

Figure 1. Schematic diagram of the model

Suppose
N=N+N,

Further lower strata population N is divided into three classes:
Susceptible (S1), Infected (1;) and Recovered (R;) belonging
to lower strata group. Similarly upper strata population N, is
divided into three classes: Susceptible (S), Infected (/>) and
Recovered (R;) belonging to upper strata group.

P is pathogens class which is produced by droplets of
infected individuals [4].

In the formulation of this model; A;,A, are rate of re-
cruitment of human individuals S| and S5 respectively. The
susceptible population S; and S> decrease due to the infection
following contact with pathogens at a constant rate §; and f3,,
respectively and by natural death rate .

When S and S, come in contact with pathogens P, in-
fected population I} and I, are increased by terms 3151 P and
B2S> P, respectively and there is decrease in I; and I, due to
disease induced death with the rate of 6] and 0, respectively
and infected becomes recovered with the rate of o/; and
o, respectively, which generate the class Ry and R, class
respectively, recovered people become susceptible at the rate
of ¥ and ¥, respectively.

We have discussed earlier that infection spread through
pathogens produced by droplets from infected persons instead
of directed contact of individuals, therefore it is assumed in
the model that, the pathogens population P has been generated
through infected individual /; and I, at a constant produce
rates 11 and 12, respectively where (17; > 12) [21] and these
pathogens are diminished due to natural death at the rate of §.

A mathematical model for transmission of Tuberculosis
by pathogens in two dissimilar groups has been framed with
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the help of following system of non linear ordinary differential
equations;

%:/M—ﬁlSlP—u&—H%Rl 2.1

dl

—r =BSiP— (ot pron 22

%:O{]Il—,ﬂRl—ﬁlRl 2.3)
t

%?:A,-m&p_wg+ﬁmz 24

% = B$rP — (+p+ )b (2.5)

% =l — URy — %R, (2.6)

P b+l — 5P 27

dt
With initial conditions
SI(O) =S;p >0, Il(O) =1Ip >0, R,(O) =Rjp>0,for i=1,2
P(0)=Py>0. (2.8)
where
A; = Recruitmentrate of human individuals.
Bi = Transmission rate of infection from pathogens to
susceptibles humans.
W = Natural death rate for human individuals.
1Y = Rate at which recovered individuals become sus-
ceptibles.
o; = Recovery rate.
o0; = Disease induced death rate.
n; = Rate at which an infective individual produces
pathogens.
6 = Natural death rate for pathogens.
Now Ny =81+ + Ry and N, = S + I + R, are total popu-
lation sizes of lower and upper strata groups respectively.
Differentiating N w. r. to t, we have;

dN;

— =A; —uN; — oyl 2.9
I | —UNy — o1 (2.9
dN;

—— < A —UN,

dtfl HiNy

dN;

— 4+ uN; <A

ar + UN| < Ay
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On solving, we get;

lim N; < ﬁ
U

f—ro0
And again differentiating N> w. r. to ¢, we have;

dN,
—Z =1L —UN, — ool
i 2 — UN2 — Ozlp

dN,
—= < A —UN
dt_z UV

(2.10)

dN>
— Ny < A
pr +UN2 S A

On solving, we get;

A
lim N, < 22,
f—soo u

Further differentiating P w. r. to ¢, we have;

dpP
—t :T]111+T]2[2—5P (2.11)

d
dpP _ mli+mh
dr — u

dpP mir+miz

= 4sp<
TRRLE—

opP

On solving, we get;

lim P < mi +mi
f—so0 u

Thus all the solutions of the model will lie in the region.

©={(8,01,R,5,5,R,P) : §1,I\,R,52,1,R,,P >0 :
A e ! 5 MAIHA
Si+h+R) <%, (S+Dh+R) < % and P = 1AL 2}

and clearly 7 is a compact positively invariant region in R;r .

3. Existence and Stability Analysis of
Equilibrium Points

3.1 Existence of the disease free equilibrium point
and basic reproduction number

The model has a disease free equilibrium point

Ey= (gl,l_l,RhSQ,I_z,Rz,P) in the region T.

For this we put

dS _dly _dRy _dS, _dh _ dR, _dP _

dt — dt — dt T dt T dt T dt T dt T
and} =R =hL=R,=P=0.
Hence the disease free equilibrium point is

Eo = (S1,11, Ry, 85,15, Ry, P) = (ﬁl,mo,%,o,ao).
Now, we define basic reproduction number Ry as the num-
ber of secondary infections that one infectious individual
would create over the duration of the infectious period.
We use the next generation matrix approach described in
[22,23] to determine the basic reproduction number. Further,

Seavag

(N
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We consider the equations (2.2), (2.5) and (2.7).
fi(li,h,P) = BS|P,

fa (Il,lz,P) = (1 7ﬁ)S2P and
f3(hi,,P) =0

Vi (I, h,P) = (o +u+o0y)h,

%3 (I],IQ,P) = (Oﬂg—l-y +02)12 and
Vs ( P)=

Ila127 5P—77111—77212
Now,
of I If _
3;1‘ g g 0 0 BiSi
/= 3112 lez ng =10 0 Bs
dfs dfs 9Ifs 00 0
oL, 9L, P
and
v, v, v
oI o, JP
v | 2% m v
=\| 9n 95 9P
Vs IV IV
I, o, JP
(a1 +p+o1) 0 0
= 0 (+u+o) 0
-m -2 0
1
| (a+p+oy) (1) 0
V= 0 (a+p+07) 0
M 2 1
o(ay+u+op) o(ap+u+0y) o
BiSim BiS1m BiS1
S(atptor)  S(mtptor) 5
fV*' — B2Somi B2Somp BoSy
(o +u+op) S(op+u+0,) S
0 0 0

The characteristic equation of £V ! is as follows:
12 </l B BiSini (e +p+062) + BaSoma(on + 1+ Gl))
6(ar +p+o1)(+p+o02)

The dominant eigen value of f vV ~lis as follows;

BiSim(oa+p+02)+ BaSoma (o + pu+o1)
ooy +u+ G])((Xz +Uu+or)

Substituting the value of S) and S, in above

Therefore the basic reproduction number of above model is

given by;

_ BAim(on+u+6)+Padom(an +1+01)

ou(on+u—+or)(o+u+o2)

=0

Ro

3.1)

3.2 Stability analysis of the disease free equilibrium
point

The variational matrix of the system (2.1-2.7) around disease

free equilibrium point Ey is given by;

—u 0 %
0 —(ai+p+or) 0
0 o —(u+
0 0 0
0 0 0
0 0
0 0

S OO

%)

Jo= —Hu

0
m

(=R
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0 0 _BiM T
Bk
0 0 1”1
0 0 0
BoA,
0 ) — /{12
(0 +H+02) 0 &
o —(U+%) 0
m 0 sCE

The characteristic equation of Jy is as follows:
(LA (LA D +A) (U + D+ A)

(AP +a1A* +axd +a3) =0 (3.2)

Clearly four roots of equation (3.2) are negative and remaining
three characteristics roots are obtained by solving the follow-
ing equation:

(13 +a A+ arl —|—a3) =0

where

ay=bi+by+8, ay=b1by+06(b1+by)—(c1+c2),

az = 08biby — (c1by+c2b1) by =(ai+u+o1),
by=(c+p+0o), c=BA o= %

From equation (3.2) we can easily write

ay=b1+by+39,

ay =biby+ G2 + 422+ §(bi +b2) (1 - Ry),

az = 6b1b, (1 —Ro)

Now

aray —az = (b1 + b2+ 95) (blszr% +%)

+8 (1—Ro) (b7 +b3+ 8 (b1 +b2) +b1by).

We can easily see that

ay,ay,az >0if Ry < 1,

ajay—az >0 if Ry < 1

We can easily conclude from Hurwitz’s theorem that the
characteristic equation (3.2) will have negative real roots or
negative real parts if the roots are complex under the condition
Ry < 1.

Thus we find that the disease free equilibrium point Ey is
locally stable if Ry < 1. However, the disease free equilibrium
point Ej is unstable if Ry > 1.

Theorem 1 The disease free equilibrium point Ej is locally
stable if Ry < 1 and unstable if Ry > 1.

3.3 Existence of the endemic equilibrium point

The endemic equilibrium point is the steady state solution
when the disease persists in the population. The endemic equi-
librium point, E| = (Sl,fl,ﬁl,.?z,fz,]?g,ﬁ) intheregion 7 is

. . dS, _dl, _ dRy _ dSy _ dh _ dRy _
obtained by putting 7t = L = Gt = 2 =72 =T =
e —0
dt —

On soving we have;

o N

Vi
<u+191> b
(04 o
b,
(l«l+192> ?

R,

Ry
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(77111 +71212>

S(ay+p+or) i
= s
B 77111+T7212)
N S(p+u+or) .
SH=| —F——F——5 | b,
B> (mifi +mah2)
. 1 B A
h=—|—"—=— I
T <)L|—(A—C)I] ”1> !

Substituting these values in (2.2) and we get

N ) N
f)=Do(f))"+Dy ([)+Dy=0

where

Do=L(A=C)[Bi1(A-C)—B(A; —C1)],

Dy = — (331%—@ (Ry— 1)+ B’ (Aéz ) mll [Bi(A—C)

—B(A - (1))

Dy = B (R, 1),

A= (o +p+t0y),B= A o Ml

Al - (a2+“+62) Bl = ”6 a2;2”+0-2)7cl = 51123227

Ry = Bi21n1 (0 +u+02)+Br Ao Ma (1 +1+01)

8(ay+u+oy) (o +u+o,)

Dy =+veifA>C and B;(A—C) > B(A;
D=
)
Dy =+veifRy > 1,

ifA>C,A; >Cy, Ry > 1and Bl(A —C) > B(Al —Cl) then
Do > 0,D; <0 and D, > 0. Therefore by descart’s rule of
sign, equation has two positive real roots.

Theorem 2 The system (2.1-2.7) has a unique endemic equi-
librium whenever Ry > 1 and no positive endemic equilibrium
when Ry < 1.

_C1)7
—veifA>C,A; >Cy, Ry>1land Bi(A—C) > B(A| —

3.4 Stability analysis of the endemic equilibrium point
App]ymg the transforms,

=1+, I = L4y, Ri=Ri+y3, =8 +y4, b=

12 +ys, Ry = Ry +ys and P = P + y; on model system (2.1-
2.7)
‘We have;
d . .
Sl = By nP) — i+ Oys (33)
d . .
% =Bi(S1 +y1y7+y1P) — (a1 +pu+01)y2 (3.4)
d
% =y — (U4 1)y3 (3.5)
d . .
S = Ba7S+yayr+yaP) — s+ O35 (36)
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d A N

f = Bo(y782 +y4y7 +y4P) — (02 + L+ 02)ys (3.7)
d

% = apys — (U +D2)ye (3.8)
; = M1y2+Mys — Oy7 (3.9)

Linearizing the above system, we get the following linear
system of differential equations;

d . N
%:_ﬁl()ﬁsl‘i‘)ﬁp)_ﬂyl‘f‘lﬁm (3.10)
dy> A R
I=l31(y751+y1P)—(a1+u+cl)y2 (3.11)
d

% =ouy2 — (1 + )y (3.12)
dy4 o A A

e —B2(y782 + y4P) — Uys + B2ye (3.13)
dys 5 .

o = B (y782 +y4P) — (G2 + 1 + 02)ys (3.14)
dys |
—p = oys— (U +2)ys (3.15)
d

T Niya+ Mays — Sy (3.16)

dt
Consider a positive definite function U as follows;

1
U = 5 (Hiy} + Hay} + Hay3 + Hay; + Hsy3 + Hoyg + Hry3)

2

Differentiating U w. 1. to ¢ and using linear system (3.10-3.16)

dau
in ar We get;

du

7 =Hyyi1(—Bi(y181 +31P)

— Uy + v1y3)

+Hay2 (B1 (7781 +y1P) —
oy — (1 + D)y
—Ba(y752 + y4P)
+Hsys (B2 (y752 +yaP) —

( (o1 +p+01)y2)
( )

( — Wys + Da2ys)

( (@ + 1+ 02)ys

)
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+Hesys(02ys — (1 +2)ys) +H7y7(M1y2 4+ M2ys — 6y7)

(3.17)

On arranging the terms of (3.17) we get;

dU
o —b11y3 +b13y1y3 +b17y1y7 +biyiya +baryayr —bany3
+b23y2y3 — b33Y3 — basy: + bagysye + baryayr +basyays
+bs7y5y7 — bssy: + bseysye — becyg — b17y3
where

by = (ﬁlf’ +U)Hy, biz="11H,, bi7 = —BiS1H1,

b1y = P1PHy, by; = Bi1S1Hy +M1Hy, by = (04 + L+ 01)Hy,
bys = uHs, by = (I + 01)Hs, bas = (B2P + 1) Hy,

bas = VaHy,bs7 = —BrS2Ha, bas = o PHs,

bs7 = B2S2Hs + n2H7, bss = (0 + 1+ 02)Hs,

bse = 0 He,bes = (Ut + B2)He, b77 = OH7.

Further rearranging the terms of %1 we get;

- <3y1 bizyiys + 53
b b b
[ 253 by + 233 ) 4+ [ 2203 — byryayr + fy
3 4 3
b bege
+ (;z —b3y2y3 + ) ( — bagyays + > Y%)
bas 5
+ ERL —ba7ysy7 + —y4 basysys + *y
bss »
+ = V5 —bs7ysy7 + 7))1 biay1y2 + *)’2

b b
+ (gsyg — bseysye + ;6%) (3.18)

Using the Sylvester criteria on the right hand side of (3.18),
it can be shown that is negative define if the following
conditions are being satlsﬁed

(ﬁlﬁ’ +u)(u+ % )H Hs (1911‘11)2
> )
3 2
(Bi1P + 1)8H  Hy
3

R A 2
(B +p) (e +p+o)HiH, _ (BiPH)
9 4

> ([315A1H1)27

(o4 +u+01)0HHy

3 > ([31§1H2+711H7)2,

(3.19)

(o +p+01) (U + %) HaH3
3

> ((Z]H3)2 )
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Table 1. parameter values used in simulations

A1=25/day, A»=20/day, B1=0.0003/day,
B,=0.00028/day, 0;=0.07/day, 0,=0.09/day,
01=0.045/day, 0,=0.040/day, ¥ =0.09/day,
$=0.085/day,  5=0.09/day, 11=0.015/day.
(BoP + 1) (1 + 02)HiHs _ (02H,)?
3 2 ’
P+ u)SH4H: A2
(ﬁZ I;) 4117 > (ﬁ2S2H4) ’
R N\2
(B2P + 1) (00 + P + 02) HyHs S (B2PHs)
9 4
O+ UL+ 0y)0HsH ~
(p+u S »)8HsH; S (BZSzH5+n2H7)2,
(0o + 1t +02) (1 + 0)HsHg _ (0aHs)®
3 2

Hence from the lyapunov’s theorem it may be concluded the
equilibrium point £ is globally stable under the conditions
given in system (3.19).

Theorem 3 The endemic equilibrium point E; is globally
stable if condition (3.19) holds otherwise unstable.

4. Graphs and Conclusion

In this paper, SIRS model is analysed for the transmission
dynamics of Tuberculosis by pathogens infection in two dis-
similar groups. It has been shown that there exists a feasible
region where the model is well defined and where all (disease
free and endemic) equilibrium points can be obtained. Basic
reproduction number Ry has also been derived. It has been
shown that disease free equilibrium point is stable if Ry < 1
and unstable if Rp > 1. It has also been shown that an unique
endemic equilibrium point (Positive) exists only when Ry > 1.

Finally, with the help of numerical values of parameter
given in Table 1 graphs has been plotted. Figure 2 is plotted
between infective versus ¢ for 17; and 1, for which Ry is less
than one which indicates disease free state as all trajectories
for infectious moves towards origin. Figure 3, 4 and 5 are
plotted between infective versus ¢ for those values of 17; and
1, for which R is more than one which indicates endemic
state as all trajectories for infectious does not move towards
origin. In Figure 6 graph between /; versus ¢ has been shown
from reflecting the effect of 1y, 112 on Ry and /; similarly, in
Figure 7 graph between I, versus ¢ has been show for reflecting
the effect of 171, 2 on Rp and I>.

It can be observed from the figures that rates 17; and 1,
decreased by treatment of infected individuals. Eventually
Tuberculosis will be controlled.
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