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1. Introduction

Atanassov in [1,2,3,4] provides the notion of an intuition-
istic fuzzy set generalizing the concept of fuzzy set introduced
by Zadeh in [5]. Thereafter many researcher paying their
attention towards the generalization of various algebraic struc-
tures. Rosenfield [6] was first to introduce the idea of fuzzy
subgroups of a group which was later generalized to intuition-
istic fuzzy subgroups by Biswas in [7]. Kim and Jun in [8]
gave the concept of N-subgroup of a near ring and the notion
of which was later extended to a near ring group by Saikia and
Barthakur in [9]. Cho[10], Devi[11], Sharma[12] are some
researchers who gave their contribution towards such general-
ization of N-subgroup and ideal of N-group into intuitionistic
fuzzy set.Triangular norms or -norms play an important role
in the study of different algebraic structures. Researcher like
Klir and Yuan [13] gave important contribution in this ground.
Kim and Lee [14] introduced the concept of intuitionistic
fuzzy ideals of rings and Murugadas and Vetrivel in [15] in-
troduced the notion of (7,S)-intuition fuzzy ideals of a near
ring.

In this paper, (T, S)-intuitionistic fuzzy N-subgroup and
(T, S)-intuitionistic fuzzy ideal of an N-group are defined and
their various properties are discussed.

2. Preliminaries

Throughout this section,we recall some notions that are
useful for this paper.

Definition 2.1. A near-ring N is a non empty set together
with two binary operation “+"and “.” if

(i)(N,+) is a group which is not necessarily abelian)
(ii)(N,.) is a semi group

(iii) for all a,b,c € N,a(b+c) = ab+ac.

Definition 2.2. A group (E,+) is said to be a near ring group
or N-group of a near ring N if there exist a mapping N X E —
E,(n,x) — nx such that

(i)(n+m)x = nx+mx

(ii) (nm)x = n(mx)

(ii)lx=xforalln,me N,x€ E

It is clear that N can itself be considered as an N-group which
is denoted by NV.

Definition 2.3. An N-homomorphism is the mapping f : E —
F,where E and F are N-groups, such that

() (a-+b) = f(a) + ()

(ii)f (na) = nf(a) foralln € N and a,b € E.

Definition 2.4. Any subset A of an N-group E is said to be
an N-subgroup of E if A is a subgroup of (E,~+) and NA C A.

Definition 2.5. An ideal A of E is a normal subgroup of E
such that n(a+e) —ne € A.
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Definition 2.6. For a non void set X, a function U from X
to [0,1] is called a fuzzy subset of X and its complement is
denoted by [i and is such that [1(x) = 1 — p(x).

Definition 2.7. An intuitionistic fuzzy set (in short IFS) on a
non void set X is an object of type A =< g, V4 >
= {(x,ua(x), va(x))|x € X} where s and v, are fuzzy sub-
sets of X and the degree of membership and non membership
of element x € X are denoted by Ua(x) and v4(x) respectively
such that 0 < s (x) +v4 < 1.

Definition 2.8. For I[FSs A =< U4, V4 and B=< Ug,vp of X,
A C B ifand only if us(x) < up(x) and v4(x) > vg(x) for all
x € X. Obviously every fuzzy set Uy can also be considered as
an IFS as A = (a, pa(a), fia(a))|a € X.Consequently two IFS
O A and A are introduced defined as
A = {(a, (@), fa(@))]a € X} and

O A={(a,va(a),va(a))|acX}.

Definition 2.9. A triangular norm or t-norm is a mapping
T :[0,1] x [0,1] — [0,1] that satisfies for every p,q,r € [0,1]
the following:

()T (p,1) = p(boundary condition);

(iyg <r=T(p,q) <T(p,r) (monotonicity);

(ii))T (p,q) = T(q, p) (commutativity);

(iv)T(p,T(q,r)) =T(T(p,q),r) (associativity).

Definition 2.10. A t-co-norm S means a mapping S : [0,1] x
1] — [0, 1], that satisfies following axioms for every p,q,r €

[0,
[0,1];

(l) (p,0) = p(boundary condition);

(ii)g <r = S(p,q) < S(p,r) (monotonicity);

(ii))S(p,q) = S(q, p) (commutativity);

(iv)S(p,S(q,r)) = S(S(p,q),r) (associativity).

At-norm T and a t-co-norm S are dual with respect to the
standard fuzzy complement if and only if
(O1=T(p,q)=S(1=p,1—q) or 1 =S(p,q) =T(1
q), where p,q € 10,1].
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Definition 2.11. Let T be t-norm and S be the t-co-norm.
Then for alll <i<n,p; €[0,1],n>3 we have
Tu(p1,p2,-sPn) = T(Pis Tu-1(P1,P —2,..-Pi-1, Pi+1,--Pn))
and T = T and Su(P1,D2, s Pn)
=8(pi,Sn-1(P1,P = 2,..-Pi~1,Pit1,--Pn)) and Sy = T. Also
T, and S« is defined as

Too(P17P27m) = ’}EI(}CTH(phpZa "'7pn);
SM(plvp%'-') = r}i_{?osn(plvpb 7pn)

Definition 2.12. Ler {u;, 1o, ..
of X. Then forall p e X

(1 N2 N O ) (p) = Tu(ta (p)s 2 (p)s - Ma(p)) defines

the t-norm based intersection with respect the t and

(1 U U U n)(p) = Su(t1(p), 12(p), - Hn(p)) defines
the union with respect to t-co-norm S.

Un} be a set of fuzzy subsets
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Definition 2.13. Ler {A; = (u;, v;)|1 <i < n} be any collec-
tion of IFSs in a set X. Then their intersection and union are

defined as
AlﬁAzﬂ...ﬂAn:{( T (ui(p)),Sn(vi(p))|lp€X} and A1 U
AyU...UA, ={(p, (,LL,( ), Ta(Vi(p))|p € X} where St is

the dual t-co-norm of T.

Definition 2.14. Let T be a t-norm (or t-co-norm). A fuzzy
set W in X is said to satisfy idempotent property with respect

to T ifIm(p) C{p€l0,1]:T(p,p) =p}.

Definition 2.15. Let L be a fuzzy subset of a N-group E. Then
W is said to be a fuzzy N-subgroup of E if for all n € N and
p,q€E

(Dpp —q) > min{u(p), wq)}
(ii)u(np) = u(p).

Definition 2.16. Let 1 be a fuzzy subset of an N-group E.
Then W is called an intuitonistic fuzzy ideal of E,if for all
neNandp,qcE
(Dp —q) = min{u(p), q)}
(i)u(g+p—q) = pn(p)
(iii)u(np) > p(p)
(iv)u(n(q+p) —ngq) > pu(p)
(Mvp—q) <max{v(p),vq)}
(vi)v(g+p—q) <v(p)
(vii)v(np) < v(p)
(iv)v(n(q+p) —ng) < v(p).

3. (T,S)-intuitionistic fuzzy N-subgroup of
N-group

This part of the paper constitutes of the definition of (7, S)-
intuitionistic fuzzy N-subgroup of an N-group along with
some of its properties.

Definition 3.1. Let E be an N-group of a near-ring N. Let
A=< Us,Va >bean IFS of E. Let T be a t-norm and St be
its dual t-co-norm. Then A is said to be a (T, S)-intuitionistic
fuzzy N-subgroup of E if for all x,y € E, n € N

TIFNSI: pa(x—y) > T (a(x), 4a(y))

TIFNS2: pa(nx) > ta(x)

TIFNS3: va(x —y) < ST(VA (x), V4 (y))

TIFNS4: vo(nx) < va(x).

Example 3.2. Consider the Dihedral group Q={0,p,2p,3p,q,p+

q,2p+q,3p + q} over the zero near ring N. Then Q is N-
group. Let the IFS A =< 4, V4 > is such that

1, x=0
0.6 2
() = 00 xe{q,2p+q} and
04 xe{p,p+q3p+q}
03 x=3p;
0, x=0

0.2, x€{q,2p+gq}

05 xe{p,p+4q.3p+q}
0.6 x=3p.
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Then A =< U, Vs >is an (T,S)-intuittionistic fuzzy N-
subgroup of E with respect to the following pair of t-norm
and t-co-norms
(i) min(x,y), max (¥, )

(if) (xy,x +y —x)
(iif) max(0,x+y— 1), min(1,x+y).

Theorem 3.3. An IFS A =< Ua,v4 > of E is a (T,S)
-intuitionistic fuzzy N-subgroup of E if and only if both [JA
and QA are (T,S)-intutionistic fuzzy N-subgroup of E.

Proof. We have A =< iy, iy > and QA =< V4, vq >. If
A =< s, V4 > be a (T,S)-intuitionistic fuzzy N-subgroup of
E then for desired result we only need to show the desired
conditions for pg and v§. Then for x,y € E,

Ha(r—y) = L= a(x—) < 1= T(sa(x), a(»))

= S(1 = pa(x), 1 —pa(y)) = S(fia (x), fa(y)) and for
n€N,x€E, fia(nx) =1—a(nx) <1—pia(x) = fia(x).
Similarly, Va(x—y) = 1—va(x—y) > 1—=5(va(x),va(y))
— T(1 = va(x), 1 = va(y)) = T(a(x), 74 (»)) and 74 (nx) =
1 —va(nx) > 1 — va(x) = V4(x).Therefore [JA and QA are
(T, S)-intutitonistic fuzzy subgroup of E.The converse part is
obvious. O

Theorem 3.4. For a non empty subset A of an N-group E,the

IFS AY%B) =< iy vy >defined as
IxeA OxeA
Hax) aotherwise A () B otherwise

where o, € [0,1], 0+ B < 1 is a (T,S)-intuitionistic fuzzy
subgroup of E if and only if A is a N-subgroup of E.

Proof. Let A be a N-subgroup of E. Then for x,y € E if
x,yEEthenx—y€Aandso us(x—y)=1>1=T(1,1)=
T(ua(x), pa(y)) and va(x —y) =0 < 0 = $(0,0)

= S(va(x),va(y)).Forx € A,y ¢ A,we have

Wa(r—y) = > = T(1,0) = T (pa(x), a (7)) and
va(x—y) =B < B =5(0,8) =S(va(x),va(y)).
Forx¢ A,y €A,

uAéx—y) =a>o=T(a,1)=T(uax),1a(y))

an

Valx—y) =B < B =S(B,0) =S(va(x),va(y)).Again,for x €

E.,n e N,ifx € Athennx € Asothat ps(nx) =1>1=pa(x)
and v4(nx) =0 < 0= va(x). Also if x ¢ A then uy(nx) =
0> 0= pa(x);va(nx) = 1 < 1 = v4(x).Therefore A(*#F) is a
(T, S)-intuitionistic fuzzy N-subgroup of E.

Conversely, let A(%#) is an (T, S)-intuitionistic fuzzy N-
subgroup of E. Since forx,y € A, ua(x—y) > T (ua(x), ua(y))
T(l,1)=1=pus(x—y)=1=x—yecA. Also for
x€A,n€N,us(nx) > pa(x) = 1= pys(nx) = nx € A. Hence
A is a N-subgroup of E. O

Theorem 3.5. If A =< Ua, V4 > is a (T,S)-intuitionistic fuzzy
N-subgroup of E then A* = {x € E : ua(x) > 0,va(x) < 1} is
also an N-subgroup of E.

Proof Letx,y € A*.Then s (x) > 0,&Va(x) < 1;u4(y) >
o < 1. Therefore () > T{ua () 4a) o 70,0
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=0and v4(x—y) < S(va(x),va(y)) =S(1,1) = 1. Thus

x—y€A* Againforx € A*andn € N, ps(nx) > pa(x) >0
and v4(nx) < va(x) < 1. Thus nx € A*. Hence A*is N-
subgroup of E. O

Theorem 3.6. Let {A; =< ;,v; >: 1 < n < n} be a finite
collection of (T,S)-intuitionistic fuzzy N-subgroup of E. Then
A1NAN...NA, is also a (T, S)-intuitionistic fuzzy N-subgroup
of E.

Proof. LetA=A1NAzN...NA,.Through induction on n re-
sult can be proved. For n = 1,A = A so the result is true. Let
the result be true now for n — lintersections. Now for x,y € E
andn €N,

(1 M2 NN ) (X — )
=T((x—y), 2 (x =), ...
T((x=y), To1 (2 (x =),

7/J/x(x_Y>)7
i (x=)))

> T(T (w1 (%), 1 (9)), T (Tnm1 (2 (%) ot (), Tt (2 () - (1))
=T (), (), T (Tom1 (H2(x), - (), Tom1 (12(1), - a (1))
=T (), T(T (11 (), Timr (2(x), - (x))), Tt (12(3), - (1))
=T (), T (T (1 (%), 42 (x), - (), Tot (B2, - Ha (7))
=T(T (1 () oot (12 (0)s o (9)))s T (1 (%) (%))
=T (T (1 (%), M (), T (11 (), - ()
=T (N V) (36, (1 O N ) (7))

Also

(ViUvnaU..Uv,)(x—y)
=S8, (vi(x—=y),va(x—=y), ..., u(x —)),

S(vi(x =), Su1(V2(x = y),...Va(x = )))

<SSV (), vi(1)),S(Su=1 (V2 (%), - Vi (), Su1 (V2 (), - Va (¥))))
=S(vi(y),vi(x )) S(Su-1(V2(x), -V (%)), Sa-1 (V2(3), - Vu ()
=S(Vi(1),S(S(V1(x), Su—1 (V2 (x), Vi (%)) Spmt (V2 (), - Va ()
—S<m(> S(Su( (), V2 (%), Vi (1)), St (Va (3), - Va ()

T(T (1 (), Tt (12(0) - a (0)), T (1 (x),, . ()))

—S(S (Vl(x> Va(2)),Sa (V1 (), - Va ()

=S(ViN.. NV (), (VN N V) ()

and,

(11 N2 NN ) ()

= T (1 (nx), 2 (nx), ... in (nx))
=T (11 (x), Tt (H2(x), -, Ha (%))
> T (11 (x), Tyt (H2(x), -, Ha (%))
= Ta(1 (%), t2(x), s k(%)) = (1 N 2 O OV ) ()
Also,
(viUvaU..Uwvy,)(nx)
= Sp(vi(nx), va(nx), ..., vy(nx))
=S(vi(x),S 1(V2(x) - Va(x)))
< S(Vi (%), Sp—1(v2(x), ., V()
(

=Sn(vi(x ),vz( )y ey V() = (VIUVR U U W) ().

Hence A| NA; N ...NA, is (T,S)- intuitionistic fuzzy N-
subgroup of E. O

Theorem 3.7. Let {A; =< W;,v; >:i=1,2,3,...} be an infi-
nite collection of (T,S)-intuitionistic fuzzy N-subgroup of an
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N-group E, where T is a continuous t-norm. Then their inter-
section N7 A; is also a (T,S)-intuitionistic fuzzy N-subgroup
of E.

Proof Letx,y € E. Then

Oy i(x —y) =Hm T, (p1 (x — ), o (x =), ..
thT( (.ul( )’ 7.“’”( ) ) n( ( )7
(by Theorem 3.6)
=T T, (11 (3), s (), i T (1 3,
(since T is continuous)
= T (M 1i(x), N2 pi(y)) and
Uz vilx—y) =1imS,(vi(x—y), va(x —=y),..., Vs
<ImS(S, (Vi(x),.rs Va (%)), Su(Vi(¥), .-, Vi (y))
(by Theorem 3.6)
= S1imSy, (vi(x),..., vu(x)),im S, (V1 (y), -.-, Va(¥)))
(since S is continuous)
—S( = 1 Vi(x),U,vi(y)). Moreover for x € E,n €N,

My Mi(nx) = lim, (ki (), uz(nx) -+ Hn (nx))
> Tn T (11 (1), () = O, (3);
Ueojy (nx) = 11mS,,(v1 (nx), .., vp(nx))
< UHmS,(vi(x),...,vu(x)) = Ul°°=1(x), where the limit taken
over n — co. Thus N2 ,A; is a (T,S)-intuitionistic fuzzy N-
subgroup of E. O

oM (x =)
()

b ()

(x=))

Theorem 3.8. For two N-groups E and F, let f : E — F be an
N-epimorphism. If A =< s, V4 > be a (T,S)-intuitionistic
Sfuzzy N-subgroup of E, then f(A) is also a (T, S)-intuitionistic
fuzzy N-subgroup of F.

Proof. Lety;,y; € F. Then since f is onto so z;,z> € E such
that y1 = f(z1),&y2 = f(22). Now,
F(A) 31 =32) = Vf(2)=y; -y, Ma(2)
>V p(z)=y Ha (21 = 22)
f(z2)=y2
> Vf(e)=n T (Ba(z1)
f(z2)=y2
2 T(\/f (z1)=y1 Ba(z1), V f(zy)=y, Ha(z2))
T(f(ua) (1), (uA)( ))
and FOVaA) 1 =y2) = Aso)=
< Afa)=n vA(Z1 —2)
f(z2)=y2
=M
<S(Af(z)=y, Va(@1), Ap(ey)=y, Va(z2))
=S(f(va) 1), f(va) (2))-
Again for n € N,y € E such that y = f(x) for x € E, we
have f(nx) = nf(x) = ny. Then
F(Ha)(ny) =V piz)=y a(2) =V f(nx)=ny Ha (nx)

ZEE nxek
2 vf(Z)Ey Ha (Z) > Vf(x);y Ha (x) = f(:uA)(y) and
IS xXe
f(VA)(ny) = /\f(z):) VA (Z) < /\f(nx)*ny

s Ha(z2))

T(va(z1),va(z2))

V4 (nx)

z€E nxek )
< As@)=y Va(@) < Ag)=y Va(x) = f(va)(y). Thus f(A) is a
z€E x€E
(T, S)-intuitionistic fuzzy N-subgroup of F. O

Theorem 3.9. Let f : E — F be a N-homomorphism between
N-groups E and F. If A =< s, Va > be a (T,S)-intuitionistic
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fuzzy N-subgroup of F then f~'(A) is a (T,S)-intuitionistic

fuzzy N-subgroup of E.

Proof. Let A =< s, v4 > be (T,S)-intuitionistic fuzzy N-
subgroup of F. Let x1,x2 € E. Then

1 (1)) (1 —x2) = pa (f (1 —x2))
> T (palf(x1)), pa(f (x2))

=T(f" () (x1), f~" (1) (x2)) and
[f (V)] (v —x )—VA(f(X1 x2)) <S(Va(f(x1)), va(f(x2)))
=S(f 1 (va)(x1). f ( 4)(x2))-

Also [~ (pa) (nx) = pa(f (nx)) = pa(nf (x)) > pa(f (x)) =
£ () ().

£ (va) (nx) = va(f (nx)) = va(nf(x)) < va(f(x)

= f~1(va)(x). Thus f~!(A) is (T,S)-intuitionistic fuzzy N-
subgroup of E. O

4. (T,S)-Intuitionistic fuzzy ideal of
N-group

Definition 4.1. An IFS A =< 4, V4 > of N-group E is called
(T,S)-intuitionistic fuzzy ideal of E if for all x,y € E and
neN,

TIFIL: pa(x—y) > T (pa(x
and va(x—) < (va(x),va(»))
TIFI2 : pa(y+x—y) 2 pa(x) and va(y+x—y) < va(x)
TIFI3 : pa(nx) > pa(x) and va(
TIFI4 : pa(n(y+x) —ny) = pa(x)
and v4(n(y +x) —ny) < v4(x)

) 1A (y))

Example 4.2. Let us consider a near ring S = {0,a,b,c}
under the addition and multiplication defined as follows:

+‘0pqr .‘Opqr
0|0 p q r o110 0 0 0
plp 0 r ¢ p|O0 p q r
qglgqg r 0 p g|0 0 0 O
rir q p 0 ri0 0 p q

Now we define an IFS A =< i, V4 > on N-group S° such
that .uA(O) = 1,“,4([7) = 037#A(q) = O'Sa.uA(r) =04
and v4(0) = 0,v4(p) =0.6,v4(q) = 0.3,v4(r) = 0.5. Then
A is a (T.S)-intuitionistic fuzzy ideal of S5 with respect to
the t-norm and t-co-norm (ab,a+ b — ab). But this is not
intuitionistic fuzzy ideal of SSas ua(q—r) = ua(p) =0.3 #
min{a(q), ua(r)}. Moreover it is clear that every (T,S)-
intuitonistic fuzzy ideal is a (T, S)-intuitionistic fuzzy N-subgroup.

Definition 4.3. An IFS A =< s, V4 > is said to be (T,S)-
idempotent if Ly is idempotent with respect to t-norm T and
V4 is idempotent with respect to t-co-norm S.

Lemma 4.4. An idempotent IFS A =< 4, V4 > of N-group
is (T,S)-intuitionistic fuzzy N-subgroup of E if and only if
Ay =X €E 1 pa(x) > 5,va(x) <t for all s € Im(la),t €
Im(vy) is N-subgroup of E.

Theorem 4.5. An idempotent [FS A =< 4, V4 > of N-group
E is (T,S)-intuitionistic fuzzy ideal of E if and only if A ) =
{x €E:us(x) > s,va(x) <t} forall s € Im(up),t € Im(vys)
is an ideal of E.
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Proof. LetA =< Uy, V4 > be anidempotent (T, S)-intuitionistic %! Y.O. Cho and Y.B. Jun, On intuitionistic fuzzy R-

fuzzy ideal of E. Then clearly A, ;) is a subgroup of E for all
s € Im(up),t € Im(va). Now for x € A,y € E,
Ha(y+x) = u(y+x) = pa(y+x—y) = ta(=y+y+x)
= pia(x) = sand va(y+x) = v(y+x) = va(y+x—)
=Va(=y+y+x) =va(x) <t givesx+y—x € A(;,). Again
forn € N,x €A,y € E we have uy (n(y+x) —ny) > ua(x) >
sand V4 (n(y+x) —ny) <va(x) <t gives n(y+x) —ny €A
Hence A(, ) is an ideal of E.

Conversely, let Ay is an ideal of E. Then clearly
A =< U, V4 > is (T,S)-intuitionistic fuzzy N-subgroup of E.
Now for x,y € E let 4 (x) = s,Va(x) =¢. Thus x € A,y and
as A(y;) is anideal of E so y+x—y € A(s;) and forn € N,
n(y+x) —ny € A,y which implies that pi4 (y+x—y) > s >
Ha(x)&; va(y+x—y) <t < va(x) and pa(n(y+x) —ny) > s
> pa(x)&; va(n(y +x) —ny) <t < v(x). Hence A is a
(T, S)-intuitionistic fuzzy ideal of E.

O

Theorem 4.6. A non empty subset P of a N-group E is an
ideal of E if and only if the characteristic function < }p, Xp >
is a (T, S)-intuitionistic fuzzy ideal of E.

5. Conclusion

The notion of (7, S)-intuitionistic fuzzy N-subgroup and
(T, S)-intuitionistic fuzzy ideal of a N-group finds a way
to study other substructures like prime and semi prime N-
subgroups, bi-ideals, quasi-ideals etc. The researcher is cur-
rently studying on some characterization of (7', S)-intuitionistic
fuzzy N-subgroups with (¢, §)-cut sets.
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