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1. Introduction

Topological spaces are mathematical structures that al-
low the formal definitions of concepts such as connectedness,
compactness, interior and closure. Compactness is one of the
most important, useful and fundamental concepts in topology.
Compactness is the generalization to topological spaces of
the property of closed and bounded subsets of the real line.
In 1970 , Levine [4] introduced the notion of generalized
closed (briefly g-closed) sets in topological spaces. In 1981 ,
Dorsett [2] introduced and studied the concept of Semi com-
pact spaces. Punitha Tharani. A and Sujitha. H [8] introduced
the concept of g*B-closed sets in topological spaces.

In this paper, we introduce the concept of g*[3 compact-
ness and g* B -connectedness in topological spaces and also
discuss some of their properties. For the concept of compact
space and connected space, we refer [1,7,9].

2. ¢g*3- Compactness

Definition 2.1. A subset 2 of a topological space X is g*3
- compact relative to X if for every collection {S; :i € Q} of
g"* B -open susbsets of X such that € C U;cqS; there exists a
finite subset Qq of Q such that 7€ C Ujcq,S; If 7 =X and
if 7 is g*B - compact relative to X then X is g*B - compact.

Definition 2.2. A subset 77 of a topological space X is said
to be g*B -compact if 7 is g*B - compact as a subspaces of
X.

Theorem 2.3. A g*B -closed subset 7€ of as g*B compact
space X is g*B - compact relative to X.

Proof. Let 7 be a g*B -closed subset of a g*8 - compact
space X. Then X\S is g*B -open. Let & be a cover for
€ by g*B -open subsets of X. Since X is g* - compact

it has finite subcover say {7, %, %...... ,Ix}. Then
{ A, P, T, 7, U{X\A} is a finite subcover of & for
H. Thus S is g* B - compact relative to X. O

Theorem 2.4. Let (X,7) and (Y,0) be topological spaces
and f: (X,T) — (Y,0) be a function. Then

a) fisg*P -irresolute and S is g* B -compact subset of X =
f(A) is g*B -compact subset of Y.
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b) f is one-one, g*P -resolute map and 7 is a g*f -
compact subset = f~1(_7) is g*B - compact subset of
X.

Proof. Proof follows from definition. O

Theorem 2.5. Let (X,7) and (Y,0) be topological spaces
and f: (X,7) — (Y,0) be a function.

a) fisonto, g*B -irresolute and X is g* 3 -compact which
implies Y is g*B - compact.

b) f is bijection and g* B -resolute then'Y is g* 3 -compact
which implies X is g*B -compact.

Proof. a)Let{G;:i€ #}beag*B -open cover for Y. Then
{f~"(Gy):ie #} isag*P -open cover for X. since X is

g*B - compact, there exists Gj,, Gi,,Gis, - ... .. ,Gi, such that
FHGHUF N (GUF N (Gy)...... Uf1(G;)=X. Now
FUNGH)UF N (GL) U (Gy) ... U f1G;,)) =
f(X). Thatis f(X) = ff~"(Gi))U ff 1 (Gi) USf~ (Giy)
...... ff_l (G,'n) - Gil @] G,-ZU Gi3 ceeeeeeee Gi,, -Since f is
onto, f(X) =Y. Hence Y is g*f -compact.

b) Proof is similar to that of (a). O

Theorem 2.6. A topological space (X,7) is g* - compact iff
any family of g* B — Cl(X) having finite intersection property
have a nonempty intersection.

Proof. Assume X is g*f8 - compact. Let {S;} be a family
of g8 — CI(X) with finite intersection property. To prove
that N;S; # ®. Suppose M;S; = ®. Then X\ (N;S;) = X Hence
Ui (X\S;) = X. Also since each S; is g* 8 — Closed X \S; is g*
-open. Therefore {X\S;} is a cover for X by g* -open sets of
X. since X is g*P - compact, this cover has a finite subcover
say {X\S1,X\S2,...... X\S,}. Therefore U; (X\S;) = X. It
follows that X\ (N;S;) = X which implies N}_,S; = & which
is a contradiction to the finite intersection property. Hence
M;S; 7& .

Conversely, suppose that each family of g* closed sets
with finite intersection property has nonempty intersection.
To prove that X is g*f8 - compact. Let {S;: i€ Q} be a
cover of X by g"B-open sets. Then UjcnS; =X
that implies X\ Ujeq S; = ®@. Hence N;cq (X\S;) = ®. Since
each S; is g* -open X\S; is g* 8 — closed for each i. Hence
(X\S; : ieQ) is a family of g*B— closed sets whose intersec-
tion is empty. By hypothesis there exists a finite subcollection
of g*B closed subsets of X say {X\S},X\S2,.....X\S,} such
that N}, §; = ®. Which implies UL S; = X. This proves that
X is compact. O

3. g*B-Connected spaces

Definition 3.1. Let (X, T) be a topological space. Two nonempty

subsets S and 7 of X are called g*B -separated if
SNg*Bel(T)=D=g*Bcl(S)NT.
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Example 3.2. Consider © = {®,X,{e},{f} {e,f}.{f. &},
{e.f.g}ton X ={e,f,g.h}. Let S={f},.T ={e, g}, 7 =
{e,f,h} be the subsets of X. Then g*Bcl(S) = {f,h},
¢BA(T) = feght and gBA(P) = {efoh}.
SNg*Bcl(T) =@ and g*Bcl(S)N T = . This shows that
Sand T are g*B -separated sets. But 7 Ng*Bcl(P) = {e}
and g*Bcl(T)N P ={e,h}. Hence T and & are not g*3

-separated sets.

Theorem 3.3. If S and T are g* B -separation then they are
disjoint.

Proof. SNT C g*Bcl(S)NT =]. O

Theorem 3.4. [f S and 7 are g*B -separated subsets of a
space X and &P C S and Q C T then & and Q are also g*
-separated.

Proof. Suppose S and 7 are g*  -separated subsets of a space
X, by Definition 3.1, SNg*Bcl(.T) =@ and g*Bcl(S)N
7 = ®. Since & C S, we have g*cl(Z) C g*Bcl(S) and
since Q C .7, g*Bcl(Q) Cg*Bcl(T). Hence ZNg*Bcl(Q) =
SNg*Bcl(T)=® and g"Bcl(P)NQ C g*Bcl(S)NT =
®. Therefore & and Q are also g* 3 -separated sets. O

Theorem 3.5. If S is g*B -open and SN T = ® then if SN
g Bcl(T)=.

Proof. Suppose if SNg*Bcl(T) # ®. Choose if a € SN
g Bcl(7). Thena € S and a € g*Bcl(7). It follows that
a€ ' where I is a g*B -closed superset of 7. In partic-
ular @ € X\S that is a ¢ S which is a contradiction to a € S.
Therefore SNg*Bcl(T) = P. O

Definition 3.6. A topological space (X,7) is said to be g*f3
-connected if X is not expressed as a union of two nonempty
&*B -separated subsets of X. Otherwise X is said to be g*3
-disconnected.

Example 3.7. a) Let X = {e, f, g,h}. Consider the topology
© = {®.X, (e}, {e. f1. (e, {e. £}, I}, e, f, )} Here X
is not g*P - connected and not connected. b) Consider the
Sierpinski topology © = {®,X,{e}} Then g*f — C(X,7) =
{®,X,{f}}. Here X is both g* B connected and connected. c)
Consider  the  finite  excluded  point  topology
T = {®,X,{g} {e.8n}} on X = {ef,ght
* _ ) e.X {e} {f}{n}.{e.f}. {e.n}. {f 8}
Then g"pC(X,7) = { {7k e, fogh L g oo fh) }

Here X is connected but not g* 3 -connected.

Theorem 3.8. For a topological space X the following are
equivalent.

a) X is g*P -connected.

b) X cannot be expressed as the union of two nonempty
disjoint g* B -open sets.

¢) The only subsets of X which are both g*3 -open and
g*B— closed are the empty set ® and X.
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d) Each g*B -continuous function of X into discrete space
Y with atleast two points is a constant map.

Proof. Suppose (a) holds. Let X = SU .7 where S and .7
be the nonempty disjoint g*3 -open sets. By theorem 3.5
SNg*Bel( 7) =@ and T Ng*Pcl(S) = ®. By definition
3.1,S and T be are g*f -separated sets of X. Therefore X is
not g*fB -connected which is contradiction. This proves (a)
= (D).

Now to prove (b) = (a). Suppose (b) holds. If X is not
g*B -connected then by definition 3.6, X can be expressed as
a union of two nonempty disjoint  g*f§ -separated  sets.
This proves (b) = (a).

Now to prove (b) = (c). Suppose (b) holds. Let S be a
subset of X which is both g* -open and g* -closed. Then
X\S is both g*B -open and g* -closed. Suppose S # P and
S # X. Since S # ® we have X\S # X. And since S # X, we
have X\S # ®. Therefore X = SU(X\S) is a disjoint union
of nonempty g*f -open sets. This contradicts to (b).

Hence S = ® or X. This proves (b) = (c). Suppose (c)
holds. Let f : X — Y is a g*3 -continuous function where ¥
is a discrete space with atleast two points.

Fix by € Y such that f (ag) = bg for some ap € X. since ¥
is discrete, {bo} is both closed and open in Y. since f is g*f8
-continuous, f~! ({bo}) is both or g* B -closed and g*3 -open
by (¢) f~' ({bo}) = @ or X. since f~! ({bg}) # ®, therefore
F 1 ({bo}) = X. Thatis f(x) = b for x € X This implies that
f is a constant map. This implies (c) = (d). Suppose (d)
holds. Suppose X is not g8 -connected. Let X =SU S
where S# ®,.7 AP SN _7 # ®,S and 7 are g* 3 -open set.
Let Y be discrete space and |y| > 1. Fix bg and b; in Y and

, . [ byifxeA
bo # by. Define f: X — Y with f(x) = { blifxcB - Let
G be anopen setin Y.
Difby ¢ G,by ¢ G
Then f~1(G) = Xithy€G.by €G Therefore f is

Sif by € G,b; §é G

T ifby ¢ G,b) €G
g*B -continuous but f is not a constant map. Which is a
contradiction to (d). Hence proved. O

Definition 3.9. A subset S of X is g*B -connected if S cannot
be written as the union of two nonempty disjoint g*3 -open
subsets of X.

Theorem 3.10. (a) If a space X is g*3 -connected then it is
connected. (b) If a space X is g*B -connected then it is g**
connected.

Proof. (a) Let X be g*B -connected. Suppose X is not con-
nected there exists disjoint nonempty open sets S and .7 such
that X = SU 7. Therefore S and .7 are g* 8 -open sets, which
is contradiction to X be g*f8 -connected. Hence the condition
(a) is proved.

(b) Let X be g*B -connected. Suppose X is not g** -
connected there exists disjoint nonempty open sets S and .7
such that X = SU.7. Therefore S and .7 are g*[3 open sets,
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which is contradiction to X be g*f8 -connected. Hence the
condition (b) is proved. The converse of the above theorem
3.10 need not be true. O

Theorem 3.11. If f : X — Y is g*B -continuous surjection
and X is g*B -connected then Y is connected.

Proof. Suppose that Y is not connected. Let Y = SU .7 where
S and 7 are disjoint nonempty open sets in Y. Since f is g*f8
-continuous and onto, X = f~1(S)U f~1(.7) where f~1(S)
and f~!(.7) are disjoint nonempty g* 3 -open sets in X, which
is contradiction to X is g*f— connected. Therefore Y is
connected. O

Theorem 3.12. If f : X — Y is g*B -irresolute surjection and
X is g*B -connected then Y is g*B -connected.

Proof. Suppose that Y is not g*8 -connected. Let Y =SU T
where S and .7 are disjoint nonempty g*8— open sets in Y.
since f is g*B -irresolute and onto, X = f~1(S)U f~1(.7)
where f~!(S) and f~!(.7) are disjoint nonempty g*B -open
sets in X, which is contradiction to X is g*3 -connected.
Therefore Y is g*p -connected. O

*

Theorem 3.13. Suppose that X is ﬁTl*/z then X is connected
if and only if it is g* B -connected.

Proof. Suppose that X is connected. Then X cannot be ex-
pressed as disjoint union of two nonempty proper subsets of
X. Suppose X is not a g* -connected space. Let SN .7 and
any two g* 3 -open subsets of X such that X = SU .7 where
Sng =®and S C X,.7 C X. Since X is 5T1*/*2 space and

S, 7 are g*B - open. S,.7 are open subsets of X. Which is
contradiction to X is g* 8 connected. Conversely every open
set is g*B -open. Therefore every g*f -connected space is
connected. O

Definition 3.14. A subset S of X is g* P -connected if S cannot
be written as the union of two nonempty disjoint g* -open
subsets of X.

Theorem 3.15. Let (X,T) be a topological space and let
M CS UT be g*B -connected where S and T are g*p -
separated sets in X. Then M C S or # C T that is M
cannot intersect both S and 7 .

Proof. Since S and 7 are g*f -separated sets by defini-
tion 3.1,SNg*Bcl(T) = ® and g*Bcl(S)N.T = ®. Now
M CSUT  that implies A =.4N(SUT)= (AN
S)U (A4 N.T). We would like to prove that one of the sets
A NS and 4 N is empty. Suppose none of these sets
is empty that is # NS # ® and 4 N.T # ®. Then (A N
S)Ng Pel(ANT) C (ANS)N (g Bel(A)Ng"Bel( 7))
= (A Ng Bel(A))N(AN g Bel(T)) = (A Ng*Bel(A))
N®=3o.  Similarly g*Bcl(.#NS)N (A NT)=>P. Hence
A NS and A NT are g*B -separated sets. Thus .# has been
expressed as the union of two nonempty g*f -separated sets.
Thus ./ is g* -disconnected subset of X. But this is a con-
tradiction to our assumption. Hence one of the sets .# NS and

S
608267
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AMNT is empty. If #NS=® then 4 = .# N which
implies that . C 7. similarly if .# N.7 = ® then .# C S.
Therefore .4 CSor . # C 7. O

Theorem 3.16. IfY = US; where each S; is a g* P -connected
subsets of X and NS; # ® then 'Y is g*B -connected.

Proof. Let 2 be a point of NS;. Suppose Y = SU .7 where
Sand T are g* -separated by g*f3 -open sets in X. The point
¢ is in one of the sets S or .7. Suppose k € S. Since each
S; is g*B -connected by theorem 3.15,S; CSor S; C 7. It
cannot lie in .7. Because it contains the point k of S. Hence
S; C S for all i. It follows that US; C § = .7 = ®. Whichis a
contradiction. Therefore Y is g* 8 -connected. O

Theorem 3.17. Let S be a g* -connected subsets of X. If T
is a subset of X such that S C T C g*Bcl(S) then T is g*f
-connected. In particular g*Bcl(S) is g*B -connected set of X
provided S is g* -connected.

Proof. Suppose 7 is not a g* -connected set of X. Then
there exists a nonempty ¢g*f -open sets & and Q in X such
that ZNg*Bcl(Q) =D, g*Bcl(P)NQ =P and ZUQ =T .
since S C .7 = £ UQ by theorem 3.15 we have S C & or
S C Q. Let S C & which implies that g*Bcl(S) C g*Bcl(P)
that implies g*Bcl(S)NQ C g*Bcl(F) N Q = . Therefore
g Bcl(S)yNQ =d. Also ZUQ =9 C g*Bcl(S). That is
0 C .7 C g*Bcl(S) which implies g*Bcl(S) N Q = O Hence
Q = ® Hence .7 must be g*f -connected. Again since S C
T C g*Bcl(S) we have g*Bcl(S) is g*B -connected. O

Theorem 3.18. If every two points of a subset .# of a topo-
logical space X are contained in some g* 3 -connected set of
M, then M is g*B -connected.

Proof. Suppose . is not g* -connected. By definition 3.1,
there exists two nonempty open sets S and .7 of X such
that SNg*Bcl(T) = @,¢g*Bcl(S)NT =P and A = SU
T since S and .7 are nonempty there exists s, with s € S
and t € J since # C SUJ by theorem 3.15,.# C S or
M C T Therefore s,t are both in S or both in .77, which is a
contradiction. Since S,.7 are disjoint sets. Hence ./ must be
g*B - connected. O

Definition 3.19. Let (X, T) be a topological space. A maximal
&*B -connected subset of X is called a g*B component in X.

Example 3.20. Let X = Aef,gh}
T= {(bvxv{f}a{g}a{f7g}7{eaf}7{e7f7g}7{fagvh}}' Then
gpox,t) = {>,X.{f}.{g}. {f.g}.{e.f}.{e. 18},
{fvgah}}' Then g*ﬁ -components are {e,f,g}, {f»gah}'

Proposition 3.21. Let S be a g* -component set in a topo-
logical space (X, ). Then S = g*Bcl(S).

Proof. Let S be a g*f3 -component set of (X, 7). Since A is
g"B -connected by theorem 3.17,g*Bcl(S) is also g*B con-
nected. Further since S is ¢g*f8 -component, by definition
3.19,S is a maximal g* B -connected set. Hence g*Bcl(S) C S
But S C g*Bcl(S). Therefore S = g*Bcl(S). O
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Theorem 3.22. Let (X, 7) be a topological space. Then

(a) Each point in X is contained in exactly one g*f
-component of X

(b) The g* -component of X form a partition of X that is
any two g*B -components are either disjoint or identi-
cal and the union of all g*3 components in X.

(c) Each g*B -connected subset of X is contained in a g* 3
-component of X.

(d) Each g*B -connected subset of X which is both g*3-
open and g* B-closed is a g*PB component of X.

Proof. Let a be any arbitrary point of X. Let {S;} be a col-
lection of all g*B -connected subsets of X which contain a.
This collection is nonempty. Since {a} is g* connected. Fur-
ther NS; # & since a is a point of each S;. Hence S, = US; is
a g*B -connected by theorem 3.15 Also S, is maximal and
contains a. For let 7 be any g*f connected set such that
S, C 7. Then a € . Therefore .7 is one of the members
of the collection {S;}. Hence . C S,. Thus S, = 7. Hence
S, is a g* B -component of X containing a. Let a be any other
g*B -component of X containing a. Then S, is one of the
members of S/;s and so S} C S,. But since S, is maximal as a
g* B-connected subset of , S% C S,. Hence Proved (a).

Let 2 = {S,:a € X} where S, is defined as in (a). We
claim that & contains all the g*f8 -component of X. By
(a) each S, € & is a g"B -component. And if .# is any
other g*f -component, then .# being nonempty contains
some point ap € X and by (a), we have .# = S,, € & Our
objective is to prove that & forms a partition of X. LetY =
U{S,:a€X}.LetS, and S, be any two g*3— components
such that S, N S, # ®. We need to prove wre S,. Since S, and
S, are g* B -connected subsets containing u and S,, is a g*f3
-component containing u. We have S, C S,, and §, C §,,,. But
since S, and S, are g*3 -components we have S, = S,, = S,~.
Hence g*f -component of X form a partition of X. Hence
Proved (b).

To prove (c). Let & be any g*3 -connected subset of X.
If 2 = @ then C is contained in every g*f8 -component. If
& # @ then & contains a point ag € X and so & C S, by
(a). Hence Proved (c).

Now to prove (d) Let Q be a g*f3 -connected subset of
X which is both g* -open and g*f8 -closed. By (¢) Q C
M where # is a g*B -component of X and hence #
is nonempty. We wish to prove that Q = .#. For if
Q # M , then Q is a proper subset of .# which is both g* 8 —
openandg* 3 -closed in .# . Therefore by theorem 3.12,.#
is g*B -disconnected which is a contradiction. Hence Q = .#
and so Q is g* B -component. O

Definition 3.23. Let (X, ) be a topological space. Then X is

(i) g*B-hyper connected if there exists no disjoint nonempty
g* B -open sets
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(ii) g*P -ultra connected if there exists no disjoint nonempty kK kKKK K K
g*B -closed sets. ISSN(P):2319 — 3786
Malaya Journal of Matematik
Example 3.24. i) Consider the topology ISSN(0):2321 — 5666
t={®,X,{e} . {e,f}.{e.g}}on X={e f,g}. Nowg"— ok ko ok ke k k ok

0(X,7) ={P,X,{e},{e,f},{e,g}}. Hence (X,7) is g*P -
hyper connected.

ii) Consider X = (0,1/n). This space has no disjoint
nonempty g*B -closed sets. Hence X is g* B -ultra connected.

Proposition 3.25. A space X is g*P - hyper connected if the
&*B -closure of every g*B -open set is the entire space X.

Proof. Suppose X is not g*f8 -hyper connected. Let S and ¢
be the nonempty g*f -open sets of X. Then SN.7 = ® that
implies g*B —cl(S)N.T =®. 1t follows that XN .7 = P.
Hence 7 = ® which is a contradiction to .7 # ®. Hence
proved. O

Proposition 3.26. A space X is g*P -ultra connected if the
g*B -closures of distinct points always intersect.

Proof. Suppose X is not g* -ultra connected. Let S and
7 be the nonempty g*f -closed sets of X. Then SN.7 =
®. Since S and .7 are nonempty there exists s, with s € S
andr € T = g*B—cl({s})Ng*B —cl({t}) = P which is a
contradiction. Hence proved. O
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