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1. Introduction

Integral equations of various types play an important role
in many branches of functional analysis and in their appli-
cations in physics, economics and other fields. In particular,
quadratic integral equations have many useful applications in
describing numerous events and problems of the real world.
For example problems in the theory of radioactive transfer,
in the theory of neutron transport and the kinetic theory of
gasses lead to quadratic integral equations.

Banas and et al.[3] studied a nonlinear functional integral
equation of Volterra type on unbounded interval using the
technique associated with measures of noncompactness.

In this paper, we study delay Volterra-Stieltjes quadratic in-
tegral equation, which includes many key integral and func-
tional equations that arise in nonlinear analysis and its applica-
tions. We shall Schauder fixed point theorem instead of using
the technique associated with measures of noncompactness.

Consider the delay quadratic integral equation

e1(t)
X0 =a)+ [ Alts)des)

(1)
/0 Folt,5,x(s))dsga(t,s), 1€ [0,T] (1.1)

where g;: [0,T] x [0,T] — R are nondecreasing in the second
argument and the symbol d; indicates the integration with
respect to s.

For the properties of Volterra-Stieltjes integral equations see
[4]-[71.

The aim of this paper is to investigate the solvability of the
delay Volterra-Stieltjes quadratic integral equation (1.1). The
existence of at least one or exact one solution x € C[0,T] of
the delay quadratic integral equation (1.1) will be proved. The
continuous dependence of the unique solution x € C[0,T] of
the delay functions ¢;(¢) and the functions g;(z,s) will be
studied.

The delay Volterra quadratic integral equation of Chandrasekhar’s
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type [1]

1(t)
x(t):a(t)—i—/o(p %kl(t $)x(s)ds

o) ¢
/0 L ko(t,s)x(s)ds, 1€[0,T] (1.2)

t+s

will be given as example.

2. Existence of at least one solution

Consider the quadratic integral equation (1.1) under the
following assumptions:

(i) @ :[0,T]—=[0,T], i=1,2, ¢;(t) <t are continuous
and increasing

(i) a:[0,T] —

(iii) f;i:[0,T]x[0,T] xR — R are continuous and there
exist the functions b; and k; such that

[fi(t,s,0)| < bilt,5) +Ki(t, 5) x|

where b;, k; : [0,T] % [0,7] — R are continuous, b =
max{b1,br}, k=max{ky,ky} and

bi= Sup{bi(tas)}? ki = sup{ki(t,s)}
t,s t,s

[0,T] is continuous and sup, |a(t)| = a

(iv) The functions g;: [0,T] x
continuous with

[0,T]xR—R, i=1,2are

p = max{sup|g;(r, ¢i(1))| +sup|gi(z,0)[, on [0, T]}
t
(v) For all #;,t, € I such that ¢; < t, the functions s —
gi(t2,s) — gi(11,s) are nondecreasing on [0, 7]
i) &i(0,5) =
(vii) 2bku’ < 1

0 for any s € [0, 7]

(viii) There exists a positive root r of the algebraic equation

P u?r? — (1= 2bkpu®)r + (a4 b*u®) = 0.
Remark 2.1. (see [4]) Observe that the functions s — g;(t,s)
are nondecreasing on the interval [0,T| . In fact, for a fixed
t € [0,T], for s1,s2 € [0,T], with s1 < s2, from assumptions
(v), we obtain
gi(t,s2) — gi(t,s1)

= [8i(t,52) — i(0,52)] — [gi(t,51)
Lemma 2.2. (see [4]) Assume that the function g satisfies
assumption (vi). Then for arbitrary sy, s € I, such that s; < s,
the function t — g(t,s2) — g(t,s1) is nondecreasing on the
interval 1.

In fact, for a fixedt € [0,T), take t1,t; € [0,T] such that t; < 1.
Then, by assumption (v), we get

—g(t2,51)] = [g(t1,52)
—g(t,2)] — [8(t2,51)

—gi(0,s1)] > 0.

—g(t1,51)]
—g(t1,51)] > 0.

[8(t2,52)
= [g(t2,52)
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Let C[0,T] be the Banach space of all continuous functions
defined on [0, T] with the norm

Il = sup |x(r)].
t€[0,T]

For the existence of at least one solution of the quadratic
integral equation (1.1), we have the following theorem.

Theorem 2.3. Let the assumptions (i)-(viii) be satisfied, then
the functional integral equation (1.1) have at least one solu-
tion x € C[0,T)].

Proof. Define the operator

+/

A Folt,5,x(s)) dsga(t,s)

Fx(t) = 1(2,5,x(5)) dsg1(t,s)

Define the set O, by
0, ={xeC[0,T]:[|x]| < r}

where r is a positive solution of the algebraic equation a +
(b+kr)*u*=r.

It is clear that the set Q is nonempty, bounded, closed, and
convex set.

Now, let x € Q,, then

[Fx(r)] =

+/

A Folt,5,%(s)) dyga(t,5)|

[SX

) dsgl(t S)

1(2)
< at [M i) dars)
(1)
/ |ﬁasw>n¢&mw
< a+/ (b (t,5) + ki (1,9)|12]]) dsga (1,5))
(1)
[ 0.9+ o9l el r9)
< a+/ (b+k|Ixl]) dygi (t,5))
(1)
A (b-+K[[x])) dyga(t,5))
< a+(b+kr)(gi(t,0i(t)) —g1(2,0))(b+kr)

(g2(2, 92(1)) — £2(2,0))
< at(b+kr)ut=r.

This proves that the operator F' maps Q, into itself and the
class of functions {Fx} is uniformly bounded on Q, .
Let x € O, and define
9(5) = sup {\f,-(tg,s,x(s)) _fi(lbsvx(s))‘ :
x€0r

t <t |h—t| <6}, i=1,2,

t1,t €10,T],
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: o : . o1(t2)
then from the uniform continuity of the .f:l:lrlCtIOI’l fi:[0,T] x n Altr,s,x(s)) dsgi (12,5)
[0,T] x [-r,r] — R, and assumption (iii), we deduce that o)
0(6) — 0, as 6 — 0 independent of x € Q,. Gy
Now, let #,, t; € [0,T], suchthat |[r, —#;| < &, then we have - /o Si(tr,s,x(s)) dygi(11,5)]

9 (t1)
+ / fa(t1,5,x(s)) dsga(t1,s))
0

|Fx(t2) —Fx(t1)] = la(t +/ fi(t2,5,x(s)) dsg1 (12, 5) [/.%(tl)fz(tz,s,x(s))dsgz(tz,s)
Jo
(e .,
/0 fz(tz’s X(s)) dsga(12,5)) + /(P(2<))f2(tz,s,x(s)) dsga(12,5)
"p1(t) P2l
- a(tl)_/o fl(tlvsax(s)) dsgl(tlvs> _ /()%<])f2(t1,s,x(s)) dng(ths)H
(t1)
[7 fton5.x(0) diat,9) < el —atn)
< alt2) —a(oy)| 1  flta,5.1(5)) dalta.5))
o1(12) J o)
+ |/0 fl (l‘z,s,x(s)) Sgl(t27s) [/ f (tz,S )C( )) dsgl(tz,s)
¢2(12) 0
/0 falt2,5,x(s)) dsga(t2,5)) + /(pm)fl (t2,5,x(5)) dsgi1(t2,5)
o1(11)

o1(11)
—/0 fi(t,s,x(s)) degi(t1,5) - /O(Pl(mfl(tlysax(s))dsgl(ths)

02 (t2)
./0 fa(t2,5,x(s)) dsga(tz,s) N /0‘/"<’1)f1(t2’s,x(s)) dai(11,5)

o1(t1)
+ /0 fi(t1,s,x(s)) dsgi(t1,5) B /0901 (t])f1 (12.5.5(5)) duga (11.5)]

¢ (1)
/0 Fa(12,5,x(5)) dyga(t2,5)) X /waz(h’s’x(s)) o)

o1(11)
- /0 file1,5,5(5)) dog{t1,5) [/OW(II)fz(Q,S,X(S)) dsg2(t2,5)

(1)
/0 fa(tr,s,x(s)) dsga(t1,s)| n /“”2(’2>f2<t2’s,x<s)) dir(tr,5)

= Ja(t2) —a(t)] (I.)Z(P(Zt(l,))
+ |/(:P2(t2>f2(t2,s,x(s)) dsgr(tr,s)) a /0 foltn,s,x(s) dugals)
. ., ¢a(t1)
[/fm( )fl(tg,s,x(s))dsgl(tz,s) + /0 fa(tr,5,x(s)) dsga(12,5)
%’1(’1) i
= [ ) di o) = st deates)]
0
o1(t1) d < laltz) —a(n)]
* /0 Filtn,s.x(s)) duga(t1,5) + |/ ,2 fo(t2,5,x(s)) dsga(t2,5))
[/(Pz(tZ)fz(t27S7x(S)) dsga(t2,5) i(12)
0 [ /q) oy J1(56) dn(:9)

(t1)
- /‘” Falt1,5,2(5)) doga(11,9)] o)
/0 + /0 Fi(t2,5,x(5)) ds[g1 (12,5) — 81.(11,9)]

< a(t2) —a(ty)] o)
12 ¢
- |/(P2< )fz(tz,s,x(s)) dsga(t2,5)) + /0 [f1(t2,5,x(5)) = f1(t2,5,x(5))]ds81(t1,5)]
0
o ¢a(t1)
[/¢( )f1 (12, 5.1(5)) dug1 (12.5) + /0 fo(t1,5,x(5)) dsga(t1,5))
0
[/(PZ(IZ) f2(t27svx(s)) db'gz(tz’s) N
(1) EQ%ME

1394
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(1)

[T s x(9) ~ fatrx(5)] digalin)
¢ (1)

b [T plsx(s) dlnns) - a0

< a(ta) —a(t)]

+ (b+kn)[ga(t2, 92(12)) — £2(12,0)
[(b+Kkr) (g1 (12, 91 (12)) — 1 (12, 91 (11))]

+  (b4kr)[gi(t2, @1(t1)) — g1(t1, @1(11))]

- [g1(2,0) — g1(#1,0)])

+0(e)gi(n, 1(1) — g1(11,0)]

+ (k)0 ())—gzm,om
[(b+kr)[ga(t2, 2(2)) — g2(t2, P2 (11)]

+0(e)([g2(2, @2(11)) — £2(12,0))]

+ (kg2 @2(n)) — g2t 92(1)

- [g2(12,0) — g2(11,0)]]

The above inequality means that the class of functions {Fx}
is equicontinuous on Q.

Then from Arzela-Ascoli theorem (see [9]) the operator F is
compact on Q.

Let x,, C Q,, such that x,, — x¢ in Q,, then

Fx,(t) = +/<p1 Si1(t,5,%4(5)) dygi(t,s)
/0 Falt5.3(s)) dsgalt,s)
o1(t)
lim Fx, (1) = a(t)+nlgg(/o F1(t,5,%0(5)) dsgi (2,5)

(1)
/0 Folt,5,%(5)) dsga(t,5))

Applying Lebesgue dominated convergence theorem(see [9]),

then

:+/

/ folt,5, 1im x,(5)) dga (7,5))

+/

/0 Folt,5,30(5)) diga(t,5)) = Fxo(t).

(t,s, hmxn( ) dsgi(t,s)

tS)C() )) dsgl(t7s)

This means that the operator F is continuous on Q..

Since all conditions of Schauder fixed point theorem (see [8])
are satisfied, then the operator F' has at least one fixed point
x € O, and the quadratic integral equation (1.1) have at least

one solution x € C[0,T].
This completes the proof. B

1395 X

3. Uniqueness of the solution

To study the uniqueness of the solution of the functional
integral equation (1.1) we replace the assumption (iii) by:

(@i))* fi:Ix[0,T] xR — R, i=1,2 are continuous and sat-
isfies the Lipschitz condition,

|fit,5,2) = filt,5,5)] < klx—y].
From the assumption (iii)* we have
\fi(t,5,x(s))| = |fiz,5,0)| < [fi(t,5,x(5))
\fi(t,5,x(s))| < klx| +|fi(2,5,0)],

— fi(t,s,0)[ < klx|

then
|fi(t,s,x(s))| < k|x| +b,

where b = sup, | f;(¢,s,0)].
For the uniqueness of the solution of the functional integral
equation (1.1) we have the following theorem.

Theorem 3.1. Let the assumptions (i)-(ii)-(iii)*-(iv)-(v)-(vi)-
(vii)-(vii) be satisfied, if 2ku*(b+kr) < 1, then the solution
x € C[0,T] of the functional integral equation (1.1) is unique .

Proof. Let x;,x; be two solutions of the integral equation
(1.1), then

‘xl (t) dsgl(tvs)

—x2(7)]

+/ sx1

/0 Folt,5,31(5)) digalt,s))

1(1)
a0y~ [ fisnls) dei o)
(1)
| fltsx2(6)) degar.)

:|/

[ piesxi (o) da.9

t S, X1(S )) dsgl(t7s)

o1 (1)
- /0 Filt,5,32(5)) dig (1,5)

(1)
/ Alt5,32(5)) duga(1,9))]

-

/0 Flt5,x1(5)) dga(t,5)

t N xl )) dsgl(tvs)

o1 (1)

- /0 fi(t,8,x2(s)) dsg1(2,5)
o)

| fts.a0) dear.9)
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1 ()
+ " s (s) digi(8,5)
(1)
/0 Sa(t,8,x2(s)) dsga(t,s)
1 (1)
— /0 fi(t,s,x1(s)) dsgi(t,s)
o)
/ Folt,5,32(5)) dsg(1,9)|
| / () dsg1(1,5)
™ Gates0160) o0, 2200) o 9)

+|/

V)
™ Gsn) = fi050206) da(rs)
(b+ki’)u2k||xl — x|+ (b+kr)/.t2k\|x1 —x2]l,

IN

t N )C2 )) dng(t’s)

IN

then
||x1 —xa|[(1 =2k (b+kr)) < O.

This means that x; = x, and the solution of the functional
integral equation (1.1) is unique. B

4. Continuous dependence of the
solution

In this section we are going to study the continuous de-
pendence of the unique solution x € C[0,T] of the functional
integral equation (1.1) on the delay functions and the functions

gi(t,s) .

4.1 Continuous dependence on the delay functions
@i(1)

Definition 4.1. The solutions of the functional integral equa-

tion (1.1) is depends continuously on the delay functions @;(t)

ifVe >0,38 >0, such that if x,x* are solutions of equation

(1) related to functions @; and @, respectively, then

loi(t) —

¢ () <6 = [x—x|| <e.

Theorem 4.2. Let the assumptions of Theorem 3 be satisfied,
then the solution of the functional integral equation (1.1)
dependence continuously on the delay functions @;(t).

Proof. Let 6 > 0 be given such that |¢;(¢) —
Vvt > 0, then

¢/ (1) <3,
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IN

IN

IN

IN

+/ (t,s,x(s)) dsgi(t,5))
/0 Folt,5,%(s)) dyga(t,5))
(@)

a(t)—/o(p Filt,5,6°(s)) dsgi(1,5))
95 (1)

/0 Folt,5,5(5)) dyga(t,5))]
1 (7)

[ s daats)
(1)

/0 fZ(tvsvx(S))dng(t?S)
o7 (1)

/0 Filt,5,2°(5)) dg (1,5)
@5 (t)

/0 Folt,5,2°(5)) digalt,s))
o7 (1)

/0 Filt,5,2°(5)) dig (1,5)
(1)

/O Fa(t,5,x(s)) dsga(t,5)
o7 (1)

/0 Alt5,6(5)) dsgi (1,5)
(1)

/0 Folt,5,x(s)) dyga(1,5)|
"¢ (1)

[ lesats) digar.s)
o1 (1)

[ Aisx(s)) disa 1)
o7 (1)

/0 Fi(t,5,5(5)) dyga (1,5))]
o7 (1)

/0 Filt,5,2°(5)) dg (1,5)
(t)

™ plesats) deates)
@5 (1)

JA f(tSX())dsgz(hS)]l

\/ (8,8, x(s

[ /0 Fi(t,5,x(5)) dyg1 (2,5))

) dsga(t,s)

o1(1)
/0 Alt5,5°(5)) dsgi (1,5))
@y (1)
/0 Alt,5,5°(5)) digi (1,5))
o7 (1)
/0 Filt,5,5(5)) dogi (8,5))]
o7 (1)
/0 Ailt,5,x°(s)) dygi (1,5)

40

®2(t) o
[ Altsx(s) digate.s) S



¢a(t)

_ /o fa(t,s,x7(s)) dsga(t,s)
¢(1)

b [ s 0) digatts)
0
03 (1) B

_ /0 fa(t,s,x"(s)) dsga(t,5)]|

IN

(1)
| 16 digale)
[A“ Kx(s) — x°(5)] dsg (1,5)]
1
b [0 0] i)
s [ A @) 09
(1)
7 Hx(5) =" (9)] duga(t.))]

5))

1)) —&2(t,0)]
{kHX—x \(gl(t ¢1(1)) —£1(2,0))

) —

INA
—
>
+
?v-
-
'—‘—N
—~
<
=8
=

—&1(1,0)]
1)) —82(,0))

I
=
_|_
»
>, =
t
~= N
=
=
=
=
_|_
@\.
+
»
.y

g1, 01 (1)) —&1(2,0)]}
+ (b+kr)pu{kllx—x"|+ (b+kr)
)—

[82(t, @2(1)) — g2(t, 9> (1))]}-
This implies that

g1(t, @1 (1))}
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Theorem 4.4. Let the assumptions of Theorem 3 be satisfied,
then the solution of the delay quadratic functional integral
equation (1.1) depends continuously on the functions g;(t,s).

Proof.

() —x* (1)

e =2 < ((b+kr)([81(2,@1(1)) — 1(2, 5 (1))]
+(b+kr) g2t @2(1)) — g2(t, 95 (1)) /(1 — 2k(b+kr)u?)

But from the continuity of g; we have

|9i(1) = 97 (1) <& = |2i(t, i(r))
then
(b+kr)er+ (b+kr)g
- 1 —2k(b+kr)u?
2(b+kr)g
= 1—2k(b+kru?
This completes the proof. B

_gi(ta(pi*(t))‘ <é&,

4.2 Continuous dependence on the functions g;(z,s)
Definition 4.3. The solutions of the quadratic functional in-
tegral equation (1.1), is dependence continuously on the func-
tions gi(t,s), i=1,2if ¥V e€>0, 36 >0, such that if x,x*
are solutions of equation (1) related to functions g(t,s); and

g(t,s)¥, respectively,

|i(t;5) —gi (1,8)] <& = [x—x"[| <e.
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IN

IN

IS)C

+/

A Fa(t,5,2(5)) dga(t.5))

dsgl (t S))

1()
a0y~ [ s ) dn’(0.9)
(1)
| s () diga' (1)

\/“

7 st ts) a5

1(2,8,x(s)) dsgi(2,5))

o1(1)

A Fi(t,5,2(5)) dyg1 (1,5))

(1)

A Folt,5,5°(5)) diga” (t,5))|
o1(1)

A Filt,5,x(5)) dygi (1,5))

[210)]

A Folt,5,x(s)") dig3 (t,5))
o1(1)

A Filt,5,27(s)) dig1*(1,5))
o (t)

| s () dga' (1)

\/ 1(2,s,x(s

A Folt,5,x(5)) dygoa(t,5))

dsgl (t S))

[2109)]
| nltsxtsy) dgs )
o (t)
A Folt,5,x(5)") dsgi(t,5))
o1(1)
A Filt,5,x°(5)) dygi* (t,5))
o1(1)
/ fusx<»m&mwm

\/ 1(2,8,x(s

A Fa(t,5,2(5)) diga(t.5))

dsgl (t S))

o (t)
A Falt,5,x(5)) dygi(t,5))

o
L0,
Ssa2ez
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()

+ /(:D2 fz([,S,X(S)) dsg;(t’s))
®2(t)

- /o folt,5,5(s)) dsg3 (1,9))]
@2(1)

+ /0 f2(IaSaX*(s>) dsg;(t7s))

1(1)

[ A ) de 1)
o1(1)

— [ Ailsas) dgi0.9)

(=]

1(2)
o [ o) dan’0.)

(=]

¢1(t)
_ ./0 fi(t,s,x(s)) dsgi(t,s))]|

IN

o1(1)
[ Asats)) digr (0.5)

0

o (t)
[A Falt,5.x(5)) dslga (t,5) — g3(t,5)]
(1)
+ A a(t,5,2(5)) — fa(t5,5°(5))] dsgi(t,5))]
(1)
+ A Folt,5,5(5)) digi(1,5))
@y (1)
[ Ui (9) = file,si(o)] dogy” (1.9)

o1 (1)
A Fi(t,,x())ds g (1, 5) — &1.2,9)]]]

(b+kr)[g1(r,91(2)) — g1(2,0)]
{(b+kr)l[g2(t, 92(1)) — &3(1, 2(2))]
— [82(2,0) = g3(1,0)]|

+  klx—x"|[g2(t, @1(r)) — g3(1,0)]}
+  (b+kr)[ga(r,1(1)) — 85(,0)]
{klx—x*|[g1 (1, 91(2)) — 81(1,0)]
(b+kr)g1(t, 01(1))) — g1(z, 1 (1))]
[£1(2,0)) = &1(7,0))[}
2(b4+kr)u[(b+kr)28 + k|jx —x*||u]
(b+kr)uk]x—x"||u+ (b+kr)23]
2(b+kr)*8p 4 (b + kr)kep®||x — x*||
(b+ kr)kp?||lx —x*|| + (b +kr)*2u8,

IN

_|_

+ IN + IA

then
x—x*|[[1l=2(b+kr)u’k] < 4(b+kr)?us

and

A(b+kr)2ud

R U

This completes the proof. B
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5. Example

Let fi(t,s,x(s)) = ki(z,5)|x(s)| and let the functions g;(z,s)
be given by

tIns 1€ (0,T]
gi(tvs):
0, t=0,
then
dgi(t,s) = ——d
i(t,s) = s
8ill, ‘ts

and the assumptions (iii)-(vi) are satisfied ( see [7]). Then
our result can be applied to the delay Volterra quadratic inte-
gral equation of Chandrasekhar’s type (1.2) and the unique
solution of (1.2) depends continuously on the delay functions

@i(t).
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