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The majestic edge coloring and the majestic 2-tone
edge coloring of some cycle related graphs
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Abstract
An edge coloring of a graph G is called a majestic edge coloring if there is the induced proper vertex coloring. If
the colors of edges of the G graph have 2-elements sets and the G graph has induced proper vertex coloring
then an edge coloring of the G graph is called the majestic 2-tone coloring. The majestic and the majestic 2-tone
chromatic indices for some cycle related graphs which are wheel graph, gear graph, helm graph, web graph, and
friendship graph are computed.
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1. Introduction
A graph G is a finite nonempty vertex set V (G) together

with a edge The coloring problem was propounded by Francis
Gutri in 1852 [3]. The coloring of graphs is of great interest in
graph theory. Graph coloring is used in the solution of many
planning problems. Graph coloring has also applications
in many fields such as the industry, industry network ,and
security. Various coloring techniques have been proposed for
graph coloring. A variety of edge colorings based on vertex
colorings was introduced. These edge colorings led to vertex
colorings which are defined in terms of sets and multisets of
the colors of the edges (see [12], [11]). One of these colorings
is the majestic edge coloring.

The majestic edge colorings were defined by the motiva-
tion of set irregular edge coloring and adjacent strong edge
coloring. The majestic edge colorings were also studied as a
general neighbour-distinguishing index which was introduced
by E. Gyori, M. Hornak, C. Palmer, and M. Woznick in 2008
[8], [1]. This coloring was examined by I. Hart as the majestic
edge coloring in his thesis. In this study, the notations in
Hart’s thesis will be used.

A proper coloring of G is the assignment of the element
[k] = {1, ...,k}, called color, to each the vertex of V (G). Here,
two adjacent vertices of V (G) are assigned different colors. If
the set of colors of the edges incident to u for any two different
vertices u and v in G is different from the set of colors of the
edges incident to v, it is called the proper edge coloring of the
G graph.

For a connected graph G with order 3 or more, let c :
E(G)→ [k] for some positive integer k be an edge coloring of
G where adjacent edges may be colored the same. Then the
edge coloring c gives rise to a vertex coloring c′ of G that is
the union of the sets of colors of the edges incident to v. Let
℘∗([k]) be nonempty subsets of the power set of [k] . An edge
coloring c of a graph G is called a majestic k-edge coloring
or majestic edge coloring if there is the induced proper vertex
coloring c′ : V (G)→℘∗([k]) which is c′(u) 6= c′(v) for every
pair u,v of adjacent vertices of G. The minimum number of
the nonempty subsets of [k] for which a graph G has a majestic
k-edge coloring is the majestic chromatic index of G which is
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denoted by ma j(G) [9], [4], [12]. The majestic edge coloring
was introduced and studied in [9] and [4].

Let [k]t denote the set of t-element subsets of [k] for
positive integer t with t < k. For a connected graph G, let
c : E(G)→ [k]t be an edge coloring of G where adjacent edges
may be colored the same. Then the edge coloring c gives rise
to a vertex coloring c′ of G that is the union of the sets of
colors of the edges incident to v. An edge coloring c of a
graph G is called a majestic t-tone k-edge coloring if there
is the induced proper vertex coloring c′. The majestic t-tone
chromatic index is the minimum number of the nonempty
subsets of [k]t and is denoted by ma jt(G) [9].

In this study, the majestic coloring which is a proper vertex
coloring of a graph that is induced by an unrestricted edge
coloring of the graph is studied. The exact expressions are
presented for the majestic 2-tone chromatic indices and the
majestic chromatic indices of some cycle related graphs which
are wheel graph, gear graph, helm graph, friendship graph,
and web graph.

2. Preliminaries
Let G be a simple connected graph with a vertex set V (G)

and edge set E(G) where V (G) = {v1,v2, ..,vn}. The number
of a vertex set and an edge set are defined by n and m, re-
spectively. For standard terminology and notations, we follow
Buckley and Harary [5].

I. Hart presented the following results [9]:

Theorem 2.1. Let Kn be complete graph. Then, ma j(Kn) =
dlog2 ne+1.

Theorem 2.2. Let Pn be path graph of order 3 or more. Then,

i.

ma j(Pn) =

{
2 if n is odd
3 if n is even

and

ii.

ma j2(Pn) =

{
3 if n is odd
4 if n is even .

Theorem 2.3. Let Cn be cycle graph with n≥ 3. Then,

i.

ma j(Cn) =

{
2 if n≡ 0 (mod 4)
3 if n 6= 0 (mod 4) .

and

ii.

ma j2(Cn) =

{
3 if n is even
4 if n is odd .

Theorem 2.4. Let Wn be wheel graph with n≥ 3. Then,

ma j2(Wn) = 4.

Theorem 2.5. If G is a bipartite graph of order 3 or more,
then ma j(G)≤ 3.

Theorem 2.6. If G is a connected graph of order 3 or more
and t ≥ 2, then t +1≤ ma jt(G)≤ ma j(G)+(t−1).

Theorem 2.7. If G is a connected graph with ma j(G) = 2
and n≥ 3, t ≥ 2, then ma jt(G) = t +1.

3. The Majestic Edge Coloring of Some
Cycle Related Graph

In this section, the majestic chromatic indexes of the cycle-
related graphs are given. The graphs related to cycle graphs
are wheel graph, gear graph, helm graph, friendship graph,
and web graph.

Definition 3.1. Wheel Wn for n ≥ 3 is obtained by joining
n-cycle and central vertex vc. The wheel graph has n+ 1
vertices and 2n edges. The wheel graph consists of a vertex
set

V (Wn) =V (Cn)∪{vc} ,

where vc vertex is the center vertex of the wheel graph, V (Cn)
vertex set is vertices of the outer cycle of the wheel graph.

Theorem 3.2. Let Wn be the wheel graph of order n. Then

ma j(Wn) = 3.

Proof. Let V (Cn) = {v1,v2, ...,vn+1 = v1} and vc be center
vertex of Wn. The Wn graph has triangles. Let ma j(Wn) = k.

Let n be even. Suppose that X = {v2i ∈V (Cn), i= 1, ..., n
2},

Y = {v2i−1 ∈ V (Cn), i = 1, ..., n
2} and Z = {vc ∈ V (Wn)}.

Hence, the colors of the vertices of the Wn graph are assigned
as follows C1 = {c

′
(v j)

∣∣v j ∈ X }, C2 = {c
′
(v j)

∣∣v j ∈ Y } and
C3 = {c

′
(v j)

∣∣v j ∈ Z }. These color sets are color of the ver-
tices of the K3 graph. Hence, we have 3 color sets. That is
ma j(Wn) = 3.

Let n be odd and n = 2l + 1. Suppose that X1 = {v2i ∈
V (Cn), i = 1, ..., l}, X2 = {v2i−1 ∈ V (Cn), i = 1, ..., l},X3 =
{vn ∈ V (Cn)} and X4 = {vc ∈ V (Wn)}. Hence, colors of
the vertices of the Wn graph are assigned as follows C1 =
{c′(v j)

∣∣v j ∈ X1 }, C2 = {c
′
(v j)

∣∣v j ∈ X2 }, C3 = {c
′
(v j)

∣∣v j ∈ X3 }
and C4 = {c

′
(v j)

∣∣v j ∈ X4 }. In this case, we need 4 color sets.
Then, we obtain k = 3 since 2k−1≥ 4.

Definition 3.3. Gear graph, Gn, is a wheel graph with a
vertex added between each pair adjacent vertices of the outer
cycle [7]. The gear graph has 2n+1 vertices and 3n edges.
Obviously,

V (Gn) =V1∪V2∪V3
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where

V1 = {vi ∈V (Gn), i = 1,n},

V2 = {ui ∈V (Gn), i = 1,n},

V3 = {vc ∈V (Gn)},

where vc vertex is the center vertex of the gear graph, V1
vertex set is vertices of the outer cycle of the wheel graph and
V2 is set of added vertices to the outer cycle.

Theorem 3.4. The majestic chromatic index of the Gn gear
graph is 2.

Proof. The gear graph is a bipartite graph. From Theorem 2.5,
we can write ma j(Gn) ≤ 3. Suppose that ma j(Gn) = 2. Let
X = {c′(v j),v j ∈V1}, Y = {c′(v j),v j ∈V2}, Z = {c′(v j),v j ∈
V3}. Clearly, X ∩Y = �, X ∩ Z = �, Y ∩ Z = � . Since
{1}∩{2}=�, c

′
(u) or c

′
(v) is equal to {1,2} for any uv ∈

E(Gn).
If X is equal to {1,2} then Y or Z is equal to {1} or {2}.

If X is equal to {1} and {2}, then Y and Z are equal to {1,2}.
Then, we obtain ma j(Gn) = 2. An example of the majestic
coloring of the gear graph of order 6 is given in Figure 1.

Definition 3.5. Helm graph Hn, is obtained from a wheel Wn
with cycle Cn having a pendant edge attached to each vertex
of cycle [7]. The helm graph has 2n+1 vertices and 3n edges.
Obviously,

V (Hn) =V1∪V2∪V3

where

V1 = {vi ∈V (Hn), i = 1,n},

V2 = {ui ∈V (Hn), i = 1,n},

V3 = {vc ∈V (Hn)},

where vc vertex is the center vertex of the helm graph, V1
vertex set is vertices of the outer cycle of the wheel graph and
V2 is set vertices of a pendant edge attached to each vertex of
cycle.

Theorem 3.6. One has

ma j(Hn) = 3.

Proof. The c′(vi) for vi ∈V2 must 1-element sets. Thus, the
vertices of the Cn graph in the Wn graph are assigned at least
2-element sets. The vertices of the Wn graph in the Hn graph
are assigned by Theorem 3.2. When the majestic chromatic
index of the Hn graph is 3, the 4 sets have at least 2-element
sets. Hence, the majestic chromatic index of the Hn graph is 3
since the Wn graph in the Hn graph is assigned with maximum
of 4 sets.

Definition 3.7. Friendship graph Fn, is obtained from a wheel
W2n with cycle C2n by deleting the alternate edges of the cycle
[7]. The friendship graph has 2n+1 vertices and 3n edges.
The friendship graph consists of

V (Fn) =V1∪V2∪V3,

where

V1 = {vi ∈V (Fn), i = 1,n},

V2 = {ui ∈V (Fn), i = 1,n},
V3 = {vc ∈V (Fn)},

where vc vertex is the center vertex of the friendship graph.

Theorem 3.8. The majestic chromatic index of friendship
graph Fn is 3.

Proof. The friendship graph has triangles. The majestic chro-
matic index of the K3 graph is 3. Thus, we obtain that this
coloring is 3-majestic edge coloring from the definition of
friendship graph.

Definition 3.9. Web graph, Webn is known as stacked prism
graph. Yn,m =Cn×Pm , which is obtained by cartesian product
of Cn and Pm. The web graph consists of

V (Webn) =V1∪V2∪V3,

where V1 is set of vertices of the inner cycle of the web graph,
V2 is set of vertices of the outer cycle of the web graph, V3
is set of pendant vertices added to the outer cycle of the web
graph and

V1 = {vi ∈V (Webn) i = 1,n},

V2 = {ui ∈V (Webn) i = 1,n},
V3 = {xi ∈V (Webn) i = 1,n}.

Theorem 3.10. Let Webn be the web graph with n > 3. Then

ma j(Webn) = 3.

Proof. Since the pendant vertices attached to the vertices of
the outer cycle of the Webn graph are assigned with 1-element
colors, the color of each vertex of the outer cycle of Webn is
at least 2-element color sets. So, the majestic edge chromatic
index of Webn is not 2. Assume that ma j(Webn) = 3. The
Cn graphs of the Webn graph are assigned with maximum 3
colors by Theorem 2.3 (i). Hence, the proof is completed.
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Definition 3.11. The graphs (Cn×P2)+K1 are like double
wheel graphs, but the vertices of the two wheels are joined
pair-wise. They could alternatively be thought of like a prism
Cn×P2, with every vertex joined to a common point [6].

Let V (Cn) = {v1, ...,vn,vn+1 = v1} be the vertices of the
Cn graph, V (P2) = {x1,x2} be the vertices of the P2 graph and
V (K1) = {v0} be the vertex of the K1 graph. We can partition
the vertices of the (Cn×P2)+K1 as follows. V1 = {y j = v jx1 :
v jx1 ∈ V (Cn)×V (P2), j = 1, ...,n}, V2 = {ui = vix2 : vix2 ∈
V (Cn)×V (P2), i = 1, ...,n}, V3 = {v0 : v0 ∈V (K1)}, where y j
is adjacent to ui if v j = vi.

Theorem 3.12. Let G be the (Cn×P2)+K1 graph of 2n+1.
Then, ma j(G) = 3.

Proof. From the Definition 3.11, the v0 vertex is the central
vertex of the two-wheel graphs. We can color of (Cn×P2)+
K1 as follows. These wheel graphs are assigned such that
c
′
(y j) = c

′
(ui+1) for 1≤ i, j ≤ n. By Theorem 3.2, we obtain

that ma j(G) is equal to 3.

4. 2-Tone Majestic Coloring of Some
Cycle Related Graph

In this section, the 2-tone majestic coloring is studied. The
2-tone majestic chromatic indices of gear graph, helm graph,
friendship graph, and web graph are computed.

Theorem 4.1. The 2-tone majestic chromatic index of the Gn
gear graph is 3.

Proof. By using Theorem 3.4 and Theorem 2.7, this proof is
completed.
An example of the 2-tone majestic coloring of the gear graph
of order 6 is given in Figure 2.

Theorem 4.2. The 2-tone majestic chromatic index of the Hn
helm graph is 4.

Proof. From Theorem 2.6 and Theorem 3.6, it can be said
that

3≤ ma j2(Hn)≤ 4. (4.1)

Assume that ma j2(Hn) = 3. Since colors of the pendant
vertices attached to the vertices of the outer cycle are assigned

by 2-elements sets from the definition the 2-tone majestic
coloring, the colors of the vertices of the outer cycle in the
helm graph are at least 3-elements sets. When the 2-tone
majestic chromatic index is 3, the number of 3-elements sets
is 1. So, ma j2(Hn) is not 3 and ma j2(Hn) is equal to 4 from
the equation (4.1).

Theorem 4.3. Let Fn be the friendship graph of order n. Then

ma j2(Fn) = 4.

Proof. From Theorem 2.6 and Theorem 3.8, we have

3≤ ma j2(Fn)≤ 4. (4.2)

We can partiton the colors sets of the vertices as follows:
X = {c′(vi) : vi ∈V1},Y = {c′(vi) : vi ∈V2} and Z = {c′(vc) :
vc ∈V3}. We need 3 color sets. Assume that ma j2(Fn) = 3. If
the colors of edge are {1,2},{1,3}, {2,3} then the colors of
two of X ,Y,Z sets are {1,2,3}. Hence ma j2(Fn) is not equal
to 3. We obtain that ma j2(Fn) is equal to 4 from the equation
4.2.

Theorem 4.4. Let Webn be the web graph with n > 3. Then

ma j2(Webn) = 4.

Proof. From Theorem 2.6 and Theorem 3.10, we have

3≤ ma j2(Webn)≤ 4. (4.3)

The colors of the pendant vertices are 2-element sets.
Thus, the vertices of the inner cycle the web graph must be
at least 3-element sets. Assume that ma j2(Webn) = 3. Since
the color of each vertex of the Webn graph is {1,2}, {1,3},
{2,3}, {1,2,3}, the majestic chromatic index of Webn can
not be equal to 3. Hence, ma j2(Webn) is equal to 4 from the
equation 4.3.

Theorem 4.5. Let G be the (Cn×P2)+K1 graph of 2n+ 1.
Then, ma j2(G) = 4.

Proof. We can colors of (Cn×P2)+K1 as the proof of Theo-
rem 3.12. These wheel graphs are assigned such that c

′
(y j) =

c
′
(ui+1) for 1 ≤ i, j ≤ n. By Theorem 2.4, we obtain that

ma j2(G) is equal to 4.

5. Conclusion
The cycle related graphs are wheel, helm, gear, friendship,

and web graph. These graphs are especially used in the net-
work [2], [6], [10]. Graph coloring is important to strengthen
a network or to find faulty computers.

In this paper, the majestic edge coloring which is an edge
coloring based on vertex colorings was studied. If the follow-
ing conditions are provided, this coloring is called a majestic
edge coloring:

i. The color of a vertex in the G graph is the union of the
sets of colors of the edges incident to a vertex in the G graph
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ii.No two adjacent vertices receives the same color,
iii. Edges of the incident of a vertex can receive the same

color.
If the rules of majestic edge coloring and 2-tone coloring

are provided, this coloring is called majestic 2-tone coloring.
The formulas for the 2-tone majestic chromatic indices

and the majestic chromatic indexes of cycle-related graphs
were given.
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