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Abstract
In this paper, we consider a more general and multidimensional fractional Langevin equations with nonlinear
terms that involve some unknown functions and their Caputo derivatives. Using some fixed point theorems,
we obtain new results on the existence and uniqueness of solutions in addition to the existence of at least
one solution. We also define and prove the generalized Ulam-Heyers stability of solutions for the considered
equations. Some examples are provided to illustrate the applications of our results.
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1. Introduction and Preliminaries
In the last few decades, there has been an explosion of

research activities on the application of fractional differential
equations to very diverse scientific fields ranging from the
physics of diffusion and advection phenomena, to control
systems, finance and economics. For more details, see [9,
12, 17, 18]. Furthermore, Ulam-Hyers stability is one of the
important issues in the theory of differential equations and
their applications. Considerable work have been done in this
field of research, see, e.g., Abbas et al. [1], Chalishajar [4],
Dai et al. [6], Harikrishnan et al. [10], Ibrahim et al. [11],
Taı̈eb [24–28], Taı̈eb et al. [29–31] and Wang [33].

Let us now introduce some other important research pa-
pers related to the Langevin equation which has inspired our
work: we know that the Langevin equation was introduced by

Paul Langevin in 1908, in order to describe Brownian motion
[14]. The Langevin equation was used to describe the evo-
lution of physical phenomena in fluctuating environment [5].
The generalized Langevin equation which was concerned with
describing the fractal and memory properties, was proposed
by Kubo [13], in 1966.

Ever after, Langevin equations have exhausted the atten-
tion of many authors [2, 3, 7, 8, 16, 20, 21, 23, 32].

In 2008, A new type of fractional Langevin equation of
two different orders is introduced by S.C. Lim et al. [15]:

0Dβ

t (0Dα
t +λ )u(t) = f (t,u(t)) .

The solutions for this equation, known as the fractional Ornstein–
Uhlenbeck processes, based on Weyl and Riemann–Liouville
fractional derivatives are obtained.

In 2018, a class of Langevin equations is studied by R.W.
Ibrahim et al. [11]:

ρ Dα1,β
(

ρ Dα2,β +λ
)

x(t) = f (t,x(t)) ,

t ∈ J := (a,b] ,

I1−γ x(a) = xa, γ = (α1 +α2)(1−β )+β ,

where the existence, uniqueness and stability results are ob-
tained, ρ Dα1,β , ρ Dα2,β are Hilfer-Katugampola fractional
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differential operators of orders α1 and α2, β ,ρ > 0 and λ is
any real number, f : J×R→ R is given continuous function.

In 2020, a coupled system of nonlinear fractional Langevin
equations of α and β fractional orders, is proposed by A.
Salem et al. [22]:

cDβ1 (cDα1 +λ )x1 (t) = f1 (t,x1(t),x2(t)) ,

cDβ2 (cDα2 +λ )x2 (t) = f2 (t,x1(t),x2(t)) ,

t ∈ [0,1] ,

supplemented by the following:

x1(0) = 0, cDα1x1(0) = Γ(α1 +1)ρ1 Iγ1x1(η1),

m1
∑
j=1

a j1x1(ζ j1) = µ1
ABIγ2x1(η2),

x1(0) = 0, cDα2x2(0) = Γ(α2 +1)ρ2 Iγ3x2(η3),

m2
∑
j=1

a j2x2(ζ j2) = µ2
ABIγ4x2(η4),

where cD is the Caputo fractional derivative of order
0 < αi ≤ 1 and 1 < β i≤ 2, for i = 1,2. ABI and ρ Iγ

are Atangana-Baleanu, and Katugampola fractional integrals,
respectively. ρi > 0 and λi, µi ∈R, for i= 1,2, γk > 0, for
k = 1,2,3,4, a ji ∈ R, for j = 1,2, ...,mi, and i = 1,2.
0 < ηk < ζ1i < ζ2i <···< ζmi < 1, for i = 1,2, and k =
1, ...,4,
f1, f2 : [0,1]× R2→ R, are continuous functions.

In this paper, we consider a more general and multidi-
mensional fractional Langevin equations that involve some
unknown functions and their Caputo derivatives. Then, we
discuss the existence, uniqueness and some types of Ulam sta-
bilities for the proposed coupled nonlinear fractional system.
So, let us consider:

0Dβk
t
(

0Dαk
t +λk

)
xk (t) = fk (∆x (t)) ,

k = 1, ...,n, t ∈ J := [0,1] ,

xk(0) = 0Dαk
t xk(0) = xk(1)+ 0Iαk

1 xk(t) = 0,

(1.1)

where

∆x (t) :=
(

t,x1(t), ...,xn(t),0 Dδ1
t x1(t), ...,0 Dδn

t xn(t)
)
,

0 < αk < 1, 1 < βk < 2, 0 < δk < αk, λk ∈ R, fk :
J×R2n→ R, k = 1, ...,n, n ∈ N−{0} , are continous
functions. The operators 0Dαk

t , 0Dβk
t , 0Dδk

t are the
derivatives in the sense of Caputo, defined by:

0Dκ
t x(t) =

1
Γ(m−κ)

∫ t

0
(t− s)m−κ−1 x(m) (s)ds

= 0Im−κ
t x(m)(t),

with m−1< κ <m, m∈N−{0} . The Riemann-Liouville
fractional integral 0Iϑ

t of order ϑ ≥ 0 for a continuous
function ψ on [0,∞) is defined by:

0Iϑ
t ψ(t) =


1

Γ(ϑ)

∫ t
0 (t− s)ϑ−1

ψ (s)ds, ϑ > 0,

ψ(t), ϑ = 0,

where t ≥ 0 and Γ(ϑ) :=
∫

∞

0 e−xxϑ−1dx.
We give some properties of the fractional calculus theory

which can be found in [19].
(i) : For α,β > 0; n−1 < α < n, we have:

0Dα
t tβ−1 =

Γ(β )

Γ(β −α)
tβ−α−1, β > n,

and 0Dα
t t j = 0, j = 0,1, ...,n−1,

(ii) :

0Dp
t0Iq

t f (t) =0 Iq−p
t f (t),

where q > p > 0 and f ∈ L1 ([a,b]) ,
(iii) : Let n ∈N−{0} , n−1 < α < n, and 0Dα

t u(t) = 0.
Then,

u(t) =
n−1

∑
j=0

c j t j,

and

0Iα
t0Dα

t u(t) = u(t)+
n−1

∑
j=0

c j t j, (c j) j=0,1,...,n−1 ∈ R.

We also need to the following fundamental Lemma to prove
our existence results.

Lemma 1.1 (Shaefer Fixed Point Theorem). Let E be a Ba-
nach space. Assume that T : E→ E is a completely continu-
ous operator and the set Ω= {x ∈ E : x = λT x ,0 < λ < 1} ,
is bounded. Then, T has a fixed point in E.

From the following auxiliary result, we will import the
integral representation of system (1.1).

Lemma 1.2. Let given 0 < αk < 1, 1 < βk < 2, k =
1, ...,n, n∈N−{0} , λk ∈R, and a family (Gk)k=1,...,n ∈
C([0,1],R). Then, the following problem:

0Dβk
t
(

0Dαk
t +λk

)
xk (t) = Gk (t) , k = 1, ...,n, (1.2)

associated with the conditions:

xk(0) = 0Dαk
t xk(0) = xk(1)+λk 0Iαk

1 xk(t) = 0, (1.3)

has a unique solution (x1, ...,xn), where

xk(t) =
1

Γ(αk +βk)

∫ t

0
(t− s)αk+βk−1 Gk(s) ds

− λk

Γ(αk)

∫ t

0
(t− s)αk−1 xk(s) ds

− tαk+1

Γ(αk +βk)

∫ 1

0
(1− s)αk+βk−1 Gk(s) ds.

(1.4)
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Proof. The property (iii) allow us to write problem (1.2) to
an equivalent integral equations:

xk(t) =
1

Γ(αk +βk)

∫ t

0
(t− s)αk+βk−1 Gk(s) ds

− λk

Γ(αk)

∫ t

0
( t− s)αk−1 xk(s) ds

−
ck

0tαk

Γ(αk +1)
−

ck
1tαk+1

Γ(αk +2)
− c

′k
0 , (1.5)

where ck
0,c

k
1,c

′k
0 ∈ R, k = 1, ...,n. Using the boundary

conditions (1.3), we obtain:

c
′k
0 = ck

0 = 0,

ck
1 =

Γ(αk +2)
Γ(αk +βk)

∫ 1

0
(1− s)αk+βk−1 Gk(s) ds.

(1.6)

Substituting Eq. (1.6) in Eq. (1.5), we receive Eq. (1.4).
This completes the proof.

Now, we introduce the Banach space:

B :=
{
(x1,...,xn) ∈ R : xk ∈C (J,R) , 0Dδk

t xk ∈C (J,R)
}
,

k = 1, ...,n, endowed with the norm:

‖(x1, ...,xn)‖B = max
1≤k≤n

(
‖xk‖∞

,
∥∥∥0Dδk

t xk

∥∥∥
∞

)
,

such that,

‖xk‖∞
= max

t∈J
|xk(t)| and

∥∥∥0Dδk
t xk

∥∥∥
∞

= max
t∈J

∣∣∣0Dδk
t xk(t)

∣∣∣ .
2. Main results

We begin this section by introducing the following hy-
potheses:

(H1) : There exist nonegative constants (ηk) j, k =
1, ...,n, j = 1, ...,2n, such that,

| fk (t,u1, ...,u2n)− fk (t,v1, ...,v2n)| ≤
2n

∑
j=1

(ηk) j
∣∣u j− v j

∣∣ ,
for all t ∈ J and all (u1, ...,u2n),(v1, ...,v2n) ∈ R2n,

(H2) : There exist nonnegative constants Lk, such that
for all t ∈ J and all (u1, ...,u2n) ∈ R2n,

| fk (t,u1, ...,u2n) | ≤ Lk,

(H3) : The functions ( fk)k=1,...,n : J×R2n are contin-
uous,

(C ) : The constant

∆ := max
1≤k≤n

(ΣkΘk +Λk,ΣkΘ
∗
k +Λ

∗
k) ,

satisfies 0 < ∆ < 1, where

Σk =
2n

∑
j=1

(ηk) j,

Λk =
|λk|

Γ(αk +1)
,

Λ
∗
k =

|λk|
Γ(αk−δk +1)

,

Θk =
2

Γ(αk +βk +1)
,

Θ
∗
k =

1
Γ(αk +βk−δk +1)

+
Γ(αk +2)

Γ(αk−δk +2)Γ(αk +βk +1)
.

2.1 Existence and Uniqueness of Solutions
Our first main result is based on the Banach contraction prin-
ciple.

Theorem 2.1. Assume that (H1) and (C ) hold. Then, system
(1.1) has a unique solution on J.

Proof. Define the nonlinear operator A : B→ B by:

A (x1, ...,xn)(t) = (A1 (x1, ...,xn)(t), ...,An (x1, ...,xn)(t)) ,

with

Ak (x1, ...,xn)(t)

=
1

Γ(αk +βk)

∫ t

0
(t− s)αk+βk−1 fk (∆x (t))ds

− λk

Γ(αk)

∫ t

0
( t− s)αk−1 xk(s) ds

− tαk+1

Γ(αk +βk)

∫ 1

0
(1− s)αk+βk−1 fk (∆x (t))ds,

0Dδk
t Ak (x1, ...,xn)(t)

=
1

Γ(αk +βk−δk)

∫ t

0
(t− s)αk+βk−δk−1 fk (∆x (t))ds

− λk

Γ(αk−δk)

∫ t

0
( t− s)αk−δk−1 xk(s) ds

− Γ(αk +2) tαk−δk+1

Γ(αk−δk +2)Γ(αk +βk)

×
∫ 1

0
(1− s)αk+βk−1 fk (∆x (t))ds,
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for all k = 1, ...,n, and all t ∈ J.
We will show that the operator A is contractive on B.
Let (x1, ...,xn),(y1, ...,yn) ∈ B. Then, for all t ∈ J, we

have:

|Ak(x1, ...xn)(t)−Ak(y1, ...yn)(t)|

≤ max
s∈J

∣∣ fk (∆x (t))− fk (∆y (t))
∣∣ tαk+βk

Γ(αk +βk +1)

+
|λk| tαk

Γ(αk +1)
max
s∈J
|xk(s)− yk(s)|

+
tαk+1

Γ(αk +βk +1)
max
s∈J

∣∣ fk (∆x (t))− fk (∆y (t))
∣∣ .

Using (H1), we can write:

‖Ak(x1, ...xn)−Ak(y1, ...yn)‖∞

≤ 2
Γ(αk +βk +1)

2n

∑
j=1

(ηk) j

×max


‖x1− y1‖∞

, ...,‖xn− yn‖∞
,∥∥∥0Dδ1

t (x1− y1)
∥∥∥

∞

, ...,

∥∥0Dδn
t (xn− yn)

∥∥
∞


+

|λk|
Γ(αk +1)

‖xk− yk‖∞
.

Thus,

‖Ak(x1, ...xn)−Ak(y1, ...yn)‖∞

≤ (ΘkΣk +Λk)‖(x1− y1, ...,xn− yn)‖B . (2.1)

Using the same arguments, we can write:

∥∥∥0Dδk
t (Ak (x1, ...,xn)−Ak(y1, ...yn))

∥∥∥
∞

≤ (Θ∗kΣk +Λ
∗
k)‖(x1− y1, ...,xn− yn)‖B . (2.2)

Combining inequalities (2.1) and (2.2), we get

‖A (x1, ...xn)−A (y1, ...yn)‖B≤∆‖(x1− y1, ...,xn− yn)‖B .

(2.3)

Thanks to (C ), we deduce that A is a contractive operator.
Consequently, by the Banach fixed point Theorem A has a
fixed point which is a solution of fractional Langevin system
(1.1). This completes the proof.

Example 2.2. Consider the following Langevin system:

0D
7
4
t

(
0D

3
4
t − 1

3π

)
x1(t)

=

∣∣∣∣x1(t)+ x2(t)+x3(t)+ 0D
1
2

t x1(t)+ 0D
1
3

t x2(t)+ 0D
1
4

t x3(t)
∣∣∣∣

180π(t2+1)
(

1+
∣∣∣∣x1(t)+ x2(t)+x3(t)+ 0D

1
2

t x1(t)+ 0D
1
3

t x2(t)+ 0D
1
4

t x3(t)
∣∣∣∣) ,

0D
5
3
t

(
0D

2
3
t + π

4e

)
x2(t)

=

3
∑

i=1
sinxi(t)+cos0 D

1
2

t x1(t)+cos0 D
1
3

t x2(t)+cos0 D
1
4

t x3(t)

32π(t+1) ,

0D
3
2
t

(
0D

1
2
t + 2

3π

)
x3(t)

= 1
32et2+1

 3
∑

i=1
cosxi(t)

∣∣∣∣0D
1
2

t x1(t)+ 0D
1
3

t x2(t)+ 0D
1
4

t x3(t)
∣∣∣∣(

1+
∣∣∣∣0D

1
2

t x1(t)+ 0D
1
3

t x2(t)+ 0D
1
4

t x3(t)
∣∣∣∣)
 ,

t ∈ J := [0,1] ,

x1(0) = 0D
3
4
t x1(0) = x1(1)+ 0I

3
4

1 x1(t) = 0,

x2(0) = 0D
2
3
t x2(0) = x2(1)+ 0I

2
3

1 x2(t) = 0,

x3(0) = 0D
1
2
t x3(0) = x3(1)+ 0I

1
2

1 x3(t) = 0.
(2.4)

For this example, we have: n = 3,

β1 =
7
4
, β2 =

5
3
, β3 =

3
2
,

α1 =
3
4
, α2 =

2
3
, α3 =

1
2
,

δ1 =
1
2
, δ2 =

1
3
, δ3 =

1
4
,

λ1 = − 1
3π

, λ2 =
π

4e
, λ3 =

2
3π

,

On the other hand,

f1 (t,u1(t), ...,u6(t)) =

∣∣∣∣ 6
∑

i=1
ui(t)

∣∣∣∣
180π (t2 +1)

(
1+
∣∣∣∣ 6

∑
i=1

ui(t)
∣∣∣∣) ,

f2 (t,u1(t), ...,u6(t)) =

3
∑

i=1
ui(t)+

6
∑

i=4
cosui(t)

32π (t +1)
,

f3 (t,u1(t), ...,u6(t)) =


3
∑

i=1
cosui(t)

∣∣∣∣ 6
∑

i=4
ui(t)

∣∣∣∣
32et2+1

(
1+
∣∣∣∣ 6

∑
i=4

ui(t)
∣∣∣∣)
 .
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Then for all t ∈ J and (u1, ...,u6),(v1, ...,v6) ∈ R6, we have :

| f1 (t,u1, ...,u6)− f1 (t,v1, ...,v6)| ≤
1

180π

6

∑
i=1
|ui− vi| ,

| f2 (t,u1, ...,u6)− f2 (t,v1, ...,v6)| ≤
1

32π

6

∑
i=1
|ui− vi| ,

| f3 (t,u1, ...,u6)− f3 (t,v1, ...,v6)| ≤
1

32e

6

∑
i=1
|ui− vi| .

We can take

(η1) j =
1

180π
, (η2) j =

1
32π

, (η3) j =
1

32e
, j = 1, ...,6,

Indeed,

Σ1 =
1

30π
, Σ2 =

3
16π

, Σ3 =
3

16e
,

Λ1 = 0.1154, Λ2 = 0.32, Λ3 = 0.2394,

Λ
∗
1 = 0.1171, Λ

∗
2 = 0.3235, Λ

∗
3 = 0.2341,

Θ1 = 0.6018, Θ2 = 0.7199, Θ3 = 1,

Θ
∗
1 = 0.9272, Θ

∗
2 = 0.9549, Θ

∗
3 = 1.2083.

Furthermore, we have:

Σ1Θ1 +Λ1 = 0.1218,

Σ2Θ2 +Λ2 = 0.363,

Σ3Θ3 +Λ3 = 0.3084,

Σ1Θ
∗
1 +Λ

∗
1 = 0.1269,

Σ2Θ
∗
2 +Λ

∗
2 = 0.3805,

Σ3Θ
∗
3 +Λ

∗
3 = 0.3175.

Using Theorem 2.1, we deduce that system (2.4) has a unique
solution on J.

2.2 Existence of at Least One Solution
Theorem 2.3. Assume that (H2) and (H3) hold. Then, sys-
tem (1.1) has at least one solution on J.

Proof. The proof will be given in two steps:
(1) : We show that A is completely continuous:
We begin by proving that A maps bounded sets into

bounded sets in B : Let us consider the set:

Sρ := {(x1, ...,xn) ∈ B; ‖(x1, ...,xn)‖B ≤ ρ, ρ > 0} ,

and (x1, ...,xn) ∈ Sρ . Then, for each t ∈ J, and using (H2),
we can obtain:

|Ak (x1, ...,xn)(t)|

≤

(
tαk+βk

Γ(αk +βk +1)
+

tαk+1

Γ(αk +βk +1)

)

×max
s∈J
| fk (∆x (s))|+

|λk| tαk

Γ(αk +1)
max
s∈J
|xk(s)| .

Hence,

‖Ak(x1, ...xn)‖∞
≤ΘkLk +ρΛk. (2.5)

Similarly, it can be shown that

∥∥∥0Dδk
t Ak(x1, ...xn)

∥∥∥
∞

≤Θ
∗
kLk +ρΛ

∗
k . (2.6)

It follows from inequalities (2.5) and (2.6) that

‖A (x1, ...xn)‖B ≤ max
1≤k≤n

(ΘkLk +ρΛk,Θ
∗
kLk +ρΛ

∗
k)< ∞.

(2.7)

This means that A maps bounded sets into bounded sets in B.

Thanks to (H3), the operator A is continuous on B. On
the other hand, for any 0≤ t1 < t2 ≤ 1 and (x1, ...,xn) ∈ Sρ ,
we have:

‖Ak(x1, ...xn)(t2)−Ak(x1, ...xn)(t1)‖∞

≤ Lk

Γ(αk +βk +1)

(
2(t2− t1)

αk+βk

+
(

tαk+βk
2 − tαk+βk

1

)
+
(

tαk+1
2 − tαk+1

1

))

+
|λk|ρ

Γ(αk +1)

(
2(t2− t1)

αk +
(
tαk
2 − tαk

1

))
,

(2.8)
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and

∥∥∥0Dδk
t (Ak(x1, ...xn)(t2)−Ak(x1, ...xn)(t1))

∥∥∥
∞

≤ Lk

Γ(αk +βk−δk +1)

×

(
2(t2− t1)

αk+βk−δk +
(

tαk+βk−δk
2 − tαk+βk−δk

1

))

+
|λk|ρ

Γ(αk−δk +1)

×

(
2(t2− t1)

αk−δk +
(

tαk−δk
2 − tαk−δk

1

))

+
Γ(αk +2)Lk

(
tαk−δk+1
2 − tαk−δk+1

1

)
Γ(αk−δk +2)Γ(αk +βk +1)

.

(2.9)

The right-hand sides of inequalities (2.8) and (2.9) are inde-
pendent of (x1, ...,xn) ∈ Sρ and tend to zero as t2 tends to t1.
Thus, A is equi-continuous. Finally, we can see by Arzelà-
Ascoli Theorem and the above arguments that A is a com-
pletely continuous operator.

(2) : We consider the set

Ω := {(x1, ...,xn) ∈ B; (x1, ...,xn) = µA (x1, ...,xn), 0 < µ < 1} ,

and show that is bounded:

Let (x1, ...,xn) ∈Ω, then,

(x1, ...,xn) = µA (x1, ...,xn), 0 < µ < 1, (2.10)

Thus, for each t ∈ J and corresponding to inequality (2.7), we
have:

‖(x1, ...xn)‖B ≤ µ max
1≤k≤n

(ΘkLk +ρΛk,Θ
∗
kLk +ρΛ

∗
k)< ∞.

(2.11)

Therefore, Ω is bounded.
Consequently by the steps (1), (2) and using Lemma 1.1,

we deduce that A has at least one fixed point which is a
solution of system (1.1). Theorem 2.3 is thus proved.

Example 2.4. To illustrate the second main result, let us

consider the Langevin system:

0D
5
3
t

(
0D

2
3
t +

√
2

12

)
x1(t)

= et+sin(x1(t)+x2(t)+x3(t)+x4(t))

(t2+2)+cos

(
0D

1
3
t x1(t)+ 0D

2
5
t x2(t)+ 0D

1
4
t x3(t)+ 0D

1
2
t x4(t)

) ,

0D
8
5
t

(
0D

4
5
t − π

8

)
x2(t)

=
π(t+1)+arccos

(
x1(t)+ 0D

1
3
t x1(t)

)
+arcsin

(
x2(t)+0D

2
5
t x2(t)

)

πet+sin(x3(t)+x4(t))cos

(
0D

1
4
t x3(t)+ 0D

1
2
t x4(t)

) ,

0D
4
3
t

(
0D

1
2
t − e

3

)
x3(t)

=
et+sin

(
0D

1
3
t x1(t)+ 0D

2
5
t x2(t)+ 0D

1
4
t x3(t)+ 0D

1
2
t x4(t)

)
2π(t+1)+arctan(x1(t)+x2(t)+x3(t)+x4(t))

,

0D
7
4
t

(
0D

3
4
t + π

3

)
x4(t)

= 2(t+e)+cos(x1(t)+x2(t)+x3(t)+x4(t))

(t+2)2−cos

(
0D

1
3
t x1(t)+ 0D

2
5
t x2(t)+ 0D

1
4
t x3(t)+ 0D

1
2
t x4(t)

) ,

t ∈ J := [0,1] ,

x1(0) = 0D
2
3
t x1(0) = x1(1)+ 0I

2
3

1 x1(t) = 0,

x2(0) = 0D
4
5
t x2(0) = x2(1)+ 0I

4
5

1 x2(t) = 0,

x3(0) = 0D
1
2
t x3(0) = x3(1)+ 0I

1
2

1 x3(t) = 0,

x4(0) = 0D
3
4
t x4(0) = x4(1)+ 0I

3
4

1 x4(t) = 0,
(2.12)

We have: n = 4,

β1 =
5
3
, β2 =

8
5
, β3 =

4
3
, β4 =

7
4
,

α1 =
2
3
, α2 =

4
5
, α3 =

1
2
, α4 =

3
4
,

δ1 =
1
3
, δ2 =

2
5
, δ3 =

1
4
, δ4 =

1
2
,

λ1 =

√
2

12
, λ2 =−

π

8
, λ3 =−

e
3
, λ4 =

π

3
,

and

f1 (t,u1,...,u8) =
et + sin(u1 +u2 +u3 +u4)

(t2 +2)+ cos(u5 + u6 + u7 + u8)
,

f2 (t,u1,...,u8)

=
π (t +1)+ arccos(u1 + u5)+ arcsin(u2 +u6)

πet + sin(u3 +u4)cos(u7 + u8)
,
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f3 (t,u1,...,u8) =
et + sin(u5 +u6 +u7 +u8)

2π (t +1)+ arctan(u1 +u2 +u3 +u4)
,

f4 (t,u1,...,u8) =
2(t + e)+ cos(u1 +u2 +u3 +u4)

(t +2)2− cos(u5 +u6 +u7 +u8)
.

Then, we can see that the functions fk, k = 1,2,3,4, are con-
tinuous and bounded on J×R8. So by Theorem 2.3, system
(2.12) has at least one solution on J.

2.3 Generalized Ulam-Hyers Stability
Definition 2.5. cf. [24–28] Fractional Langevin system (1.1)
is Ulam-Hyers stable if there exists a constant σ fk > 0, such
that for all (ε1, ...,εn)> 0, and for all solution (y1, ...,yn) ∈
B of

∣∣∣0Dβk
t
(

0Dαk
t +λk

)
yk (t)− fk (∆y (t))

∣∣∣≤ εk, t ∈ J,

yk(0) = 0Dαk
t yk(0) = yk(1)+ 0Iαk

1 yk(t) = 0,
(2.13)

there exists (x1, ...,xn) ∈ B a solution of fractional Langevin
system (1.1), with

‖(y1− x1, ...,yn− xn)‖B ≤ σ fk ε, ε > 0.

Definition 2.6. cf. [24–28] Fractional Langevin system
(1.1) is generalized Ulam-Hyers stable if there exists ϒ fk ∈
C (R+,R+) , ϒ fk(0) = 0, such that for all ε > 0 and
for each solution (y1, ...,yn) ∈ B of (2.13), there exists a
solution (x1, ...,xn)∈B of fractional Langevin system (1.1) ,
with

‖(y1− x1, ...,yn− xn)‖B ≤ ϒ fk(ε), ε > 0.

Theorem 2.7. Let (H1) and (C ) hold. Then, Langevin frac-
tional system (1.1) is generalized Ulam-Hyers stable in B.

Proof. Let (y1, ...,yn) ∈ B be a solution of inequalities (2.13).
Then, by integrating inequalities (2.13) , we obtain:

∣∣∣∣∣∣∣∣∣∣∣

yk (t)− 1
Γ(αk+βk)

∫ t
0 (t− s)αk+βk−1 fk (∆y (s))ds

+ λk
Γ(αk)

∫ t
0 ( t− s)αk−1 yk(s) ds+ tαk+1

Γ(αk+βk)

×
∫ 1

0 (1− s)αk+βk−1 fk (∆y (s))ds

∣∣∣∣∣∣∣∣∣∣∣
≤ 0Iαk+βk

t εk

≤ tαk+βk

Γ(αk +βk +1)
εk. (2.14)

Using (H1) and (C ), there exists a solution (x1, ...,xn) ∈ B

of system (1.1) :

xk(t)

=
1

Γ(αk +βk)

∫ t

0
(t− s)αk+βk−1 fk (∆x (s))ds

− λk

Γ(αk)

∫ t

0
( t− s)αk−1 xk(s) ds− tαk+1

Γ(αk +βk)

×
∫ 1

0
(1− s)αk+βk−1 fk (∆x (s))ds, (2.15)

k = 1, ...,n.
Then, we get

|yk(t)− xk(t)|

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

yk (t)− 1
Γ(αk+βk)

∫ t
0 (t− s)αk+βk−1 fk (∆y (s))ds

+ λk
Γ(αk)

∫ t
0 ( t− s)αk−1 yk(s) ds+ tαk+1

Γ(αk+βk)

×
∫ 1

0 (1− s)αk+βk−1 fk (∆y (s))ds+ 1
Γ(αk+βk)

×
∫ t

0 (t− s)αk+βk−1

(
fk (∆y (s))− fk (∆x (s))

)
ds

− λk
Γ(αk)

∫ t
0 ( t− s)αk−1 (yk(s)− xk(s))ds− tαk+1

Γ(αk+βk)

×
∫ 1

0 (1− s)αk+βk−1

(
fk (∆y (s))− fk (∆x (s))

)
ds

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
Using inequality (2.14), we get:

|yk(t)− xk(t)|

≤ tαk+βk

Γ(αk +βk +1)
εk +

(
tαk+βk

Γ(αk +βk +1)
+

tαk+1

Γ(αk +βk +1)

)

×max
s∈J

∣∣ fk (∆y (s)
)
− fk (∆x (s))

∣∣
+
|λk| tαk

Γ(αk +1)
max
s∈J
|yk(s)− xk(s)| .

Thanks to (H1), we get

‖yk(t)− xk(t)‖∞

≤ εk

Γ(αk +βk +1)
+(ΘkΣk +Λk)‖(x1− y1, ...,xn− yn)‖B .

(2.16)
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By differentiating inequality (2.14), we get:∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0Dδk
t yk (t)− 1

Γ(αk+βk−δk)

×
∫ t

0 (t− s)αk+βk−δk−1 fk (∆y (s))ds

+ λk
Γ(αk−δk)

∫ t
0 ( t− s)αk−δk−1 yk(s) ds

+ Γ(αk+2)tαk−δk+1

Γ(αk−δk+2)Γ(αk+βk)

∫ 1
0 (1− s)αk+βk−1 fk (∆y (s))ds

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
≤ 0Iαk+βk−δk

t εk

≤ tαk+βk−δk

Γ(αk +βk−δk +1)
εk.

Similarly as before, we can show that

‖yk(t)− xk(t)‖∞

≤ εk

Γ(αk +βk−δk +1)

+(Θ∗kΣk +Λ
∗
k)‖(x1− y1, ...,xn− yn)‖B . (2.17)

Using inequalities (2.16) and (2.17), we get

‖(y1− x1, ...,yn− xn)‖B

≤ max
1≤k≤n

(
εk

Γ(αk +βk +1)
,

εk

Γ(αk +βk−δk +1)

)
+ max

1≤k≤n
(ΘkΣk +Λk,Θ

∗
kΣk +Λ

∗
k)

×‖(y1− x1, ...,yn− xn)‖B .

Thus,

‖(y1− x1, ...,yn− xn)‖B

≤ εM +∆‖(y1− x1, ...,yn− xn)‖B ,

where

ε = max
1≤k≤n

εk,

M = max
1≤k≤n

(
1

Γ(αk +βk +1)
,

1
Γ(αk +βk−δk +1)

)
.

Hence,

‖(y1− x1, ...,yn− xn)‖B ≤
εM

(1−∆)
:= σ fk ε, (2.18)

σ fk :=
M

(1−∆)
.

Thanks to (C ), we get σ fk > 0. That is fractional Langevin
system (1.1) is Ulam-Hyers stable. Putting ϒ fk(ε) = σ fk ε,

we receive the generalized Ulam-Hyers stability for system
(1.1).
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