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Abstract

In this paper, we study the existence of at least one solution of the coupled system of differential equa-
tions with nonlocal conditions. Also, a coupled system of differential equations with the nonlocal integral
conditions will be considered.

Keywords: Coupled systems, nonlocal conditions, at least one solution, integral conditions.

2010 MSC: 34B18, 34B10. (©2012 MJM. All rights reserved.

1 Introduction

Problems with nonlocal conditions have been extensively studied by several authors in the last decades.The
reader is referred to([2]-[20]) and references therein.
In [13] the authors studied nonlocal cauchy problem

x=f(t,x(t), t€0,T]

m

Y bix(yj) = x1, n; € (0,a) C [0,T).
j=1

Also, in [7] the authors studied the local and global existence of solutions of the nonlocal problem

dx
o = filtty(), te (0T (1.1)
dy
o = L(tx(1), e (0T (1.2)
with the nonlocal conditions
n
x(0)+ ) mx(m) =x0, ax >0, 7 € (0, T) (1.3)
k=1
m
y(0)+ Y by(nj) =yo, bj>0, 5;€ (0, T) (1.4)
j=1
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Here we are studied the existence of at least one solution of the nonlocal problem (1.1)-(1.4), the problem with
nonlocal integral conditions

T
x(0) + x(s)ds = xo, (1.5)
/
T
v + [ yds = . (16)
0

are studied.

2 Preliminaries

we need the following definitions.

Definition 2.1. [19]Let F = {f; : X — Y, i € I} bea family of functions with Y being a set of real (or complex)
numbers, then we call F uniformly bounded if there exists a real number ¢ suchthat | fi(x) | < c Vi e I, xeX.

Definition 2.2. [19] Let F = {f(x)} is the class of functions defined on A where A = [a,b] C R, the class of
functions F = {f(x)} is equicontinuous if V€ >0, 36(e) such that | x —y |< J, implies that | f(x) — f(y) |<
evVfe F, x,y € A

Theorem 2.1. [1] The function f(x) = (f1(x), fa(x), . , fu(x)) is uniformly continuous in I = [a,b] if and
only if each f; is uniformly continuous in [a,b).

Theorem 2.2. [19](Lebesgue Dominated Convergence Theorem)
let fn bea sequence of functions converging to a limit f of A, and suppose that
| falt) | < ¢t),te A, n=1,2,3,... where ¢ is integrable on A . Then

1. f isintegrable on A
2 Jim [ fult)dye = [ F(O)dp

Theorem 2.3. [18](Schauder)
Let Q be a convex subset of a Banach space X, T : Q — Q be a compact and continuous map, then T has at least
one fixed point in Q.

3 Integral Representation

Let X be the class of all columns vectors ( ; ) , x,y € C(0,T] with the norm

IC3)

Throughout the paper we assume that the following assumptions hold:

= [|x|[+[lyll = sup |x(t) [+ sup |y(f)].
X te[0,T] t€[0,T)

i. fi 1 [0,T] x R — R satisfies Caratheodory conditions, thatis f; is

1. measurablein t € (0,T], forany x € R.

2. continuousin x € R, foralmostall + € (0,T].

ii. There exist two integrable functions m; € L1[0,T], i = 1,2 such that
Ifi (,x)| < my(t),
t

J mi(s)ds < k;,i=1,2 ¥Vt € [0,T].
0



El-Sayed A.M.A et al. / Existence of solution... 347

Lemma 3.1. The solution of the nonlocal problem (1.1)-(1.4) can be expressed by the system of the integral equations

axy + ftfl (s, y(s))ds — a i a ?fl (s, y(s))ds
0 k=1 0

m Wi
byo + Oftfz (s, x(s))ds — b 121 b; Of fa (s, x(s))ds
]:

1 -1
where (1+ i uk> =a, (1+ Z b) = b.

k=1 j=1

3.1 Existence of solution

Here, we study the existence of at least one solution of the nonlocal problem (1.1)-(1.4).
Define the superposition operator F by

£ n Tk
axo + [ fils,y(s))ds —a L ax [ fis,y(5))ds
x(t) \ = ([ Ry
F(y(t))_ ¢ " 7 _<F2X>'
byO + OffZ(SIX(S))dS —-b 121 bj0ff2(5,x(s))d5
]:

Now we have the following theorem.

Theorem 3.4. Consider the assumptions (i)-(ii) are satisfied, then there exists at least one solution of the nonlocal
problem (1.1)-(1.4).

Proof. Define the operator F (x,y) = (Fix, Fy), where

t Tj
MZ“%+/MW@W*“Z%/MW@W
0 k=13

m

i
Bx = byy + /fz(s,x(s)) ds —a ) b | fa(s,x(s)) ds

0 =ty

Now

| Fiy |

+/tflsy ds—aZak/flsy
0

<axo | +/\f1(sf}/(5)) | ds+ | a | i | a | / | fi(s,y(s)) | ds
0 k=1 0

t

Tk
n
<al xo | +/m1(s)ds+az | ar | my(s) ds
0

0 k=1

n n
<alxg | + K +a) oK <alx| +K@1+a) a)
k=1 k=1

<alxo| +K |1+ <alx | + 2K =M,
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then F; is uniformly bounded.
Similarly

|F2x| §b|]/()| + 2Ky, = My,

then F, is uniformly bounded.

Hence || F(x,y) Ix = [ Ay || + | Bx [| < Mi+Mz; =M,
and then F is uniformly bounded.

For t1,tp € (0,T], t1 < tp,let | tp — t; | < ¢,then

| Fx(t2) — Fx(t1) |=| Fy(t2) — Ry(t1) |

t ty
| [ asenas - [ Aeyenas
0 0

then {Fyy} is a class of equicontinuous functions.
Similarly

| Fy(t) - Fy(t) | = | Bax(t) — Fax(ty) | < / my(s) ds < e,

fy

then {Fx} isa class of equicontinuous functions.
Therefore the operator F is equicontinuous and uniformly bounded.
Let

{yn(t)} €CI0O,T], yn(t) — y(t), {xn(t)} €C[0,T], xn(t) — x(t),
So,

t n *
dim Fi(yy) = lim (ﬂxo + /0 fi(s,yn(s))ds — a k;ﬂk 0/ f1(5r3/N(S))dS) ,

but | fi(s, yn (s)) [ < mj and fi(s, yn (s)) — fi (s, y(s))

applying Lebesgue dominated convergence theorem [19], then we deduce that

t t

t t
tim [ s n(e)ds = [ lim s, yn(sDds = [ fils, lim y)ds = [ fils,y() ds

N—oo0
0

(=)
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and

Tk Tk
n n
tim 0 ) [ fits,yn(s))ds =a Y- o lim [ fils,u(o)ds
N—oo =1 ) =1 N—»ooO

T
n

=a ak/ lim fi(s,yn(s)) ds,
=1 ) N—oo

n

T
~a Y [ fils tim yn(s) ds

n

=aq ai /fl(s,y(s))ds,

k=1 0
then

t T
Jim Fiyn) = ax + O/ filsy(s) ds —a Y 0/ filsyn(s) ds = .

This proves that Fjy is continuous operator,
Similarly, we can prove that

t 77]
1\1]1310 E(xn) = ayo + /fz(s,xN(s))ds - b ij /fz(s,xN(s))ds = bx,
0 =19

then Fx is continuous operator.
Then F : X — X is continuous and compact.
Now we show that X is convex,

let (x1, y1), (x2, y2) € X
I i) Ix = Ixil + Iyl <M i=12
For A € [0, T]

[ A (x1, y1)+ (1 = A) (x2, y2) lIx

| (Ax1, Ayr) + (1 = A)xa, (1 = A)y2) ||

[ Ax1 + (1 = A)x2, Ayr + (1 = A)ya) |

<A+ (@ =AM | + [ Ayn + (1 = A)y2) |
<Al +Q -l +A1wnll +Q-21) [yl
=Allxa+ [yl ]+Q@=M)[ >l + [[yl]
AM4+ (1—A)M= M,

this means that X is convex.
Then F has a fixed point (x, y) € X which proves that there exists at least one solution of the nonlocal
problem (1.1)-(1.4). O

4 Nonlocal Integral Condition

Letay = (ty —tr1), T € (fe1,tk), and bj = (t; —tj 1), 1, € (tji-1,t)),
where) < t] < th) < t3 < ... < 1.
Then, the nonlocal conditions (1.3)-(1.4) will be in the form

n

X0 + Y (h—te ) x(v) = %0, yO) + Y (5t x(n) = oo
P =
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From the continuity of the solution of the nonlocal problem (1.1)-(1.4), we obtain

n T m
Jim Y- (e tya) () = | s Jim Y (4 t7-1) ) = /y

that is, the nonlocal conditions (1.3)-(1.4) is transformed to the integral condition

T T
x(0) + /x(s)ds = Xo, y(0) + /y(s)ds =
0 0

Now, we have the following theorem.

Theorem 4.5. Let the assumption (i)-(ii) be satisfied, then the coupled system of differential equations (1.1) and (1.4)
with the nonlocal integral condition (1.5)and(1.6) has at least one solution represented in the form

a* xg + Loffl(e,y() d9—a*ggf1 (6, y(6))dods

-

Il
7N
=< =R
—
=
S~— N
~_

Il

aryo + Oft f2 (6, x(0)) d6 — a* jofs f2 (0, x(0))dbds

where a* = (1+T)!
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