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Abstract

This paper focuses on attaining the upper bounds on H3(1) for a class cﬁf (0 < B <1,a > 0)in the unit
diskA={zeC:|z] <1}.
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1 Introduction

Let A be the class of functions
f(z) =z+a2®+... (1.1)
which are analyticin A = {z € C: |z] < 1}.
A function f € A is said to be of bounded turning, starlike and convex respectively if and only if for z € A,
Re f'(z) > 0, Re ij(iz)) > 0 and Re (1 + ZJ][(,,((ZZ))> > 0. By usual notations, we denote these classes of functions

respectively by R, S* and C. Let n > 0 and g > 1. The " Hankel determinant is defined as:

an Apy1 --- Apgg—1
An+1
Hq(”) =
Ap+g-1 - An12(9-1)

This determinant has been considered by several authors. For example, Noor in [11] determined the rate
of growth of H,(n) asn — oo for functions f given by with bounded boundary. In particular, sharp upper
bounds on Hy(2) were obtained by authors of articles [5} 16,7, 13} [14] for different classes of functions.

The class Cf is defined as follows.

Definition 1.1. Let f be given by . Then f € Cf if and only if

Re{Ef2) a2 (2))

}>/3, zeA0<B<1,0<a<].

f'(z)
The choice of &« = 0, B = 0 yields Re {1 + Zj{:/((z'? } > 0,z € A, the class of convex functions C [12]].
The choice of & = 0, yields Re {1 + ZJ{:/((ZZ)) } > B, z € A, the class of convex functions of order B denoted by C(B) [12].
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In the present investigation, our focus is on the Hankel determinant, H3(1) for the class C,f in A. By
definition, H3(1) is given by
ap az 4as
H3(1) = |az a3 a4
ag aqg as

for f € A, a; =1, so that
Hj(1) = a3(a2a4 — a3) — a4(as — a2a3) + a5(a3 — a3)
and by triangle inequality, we have
|Hs(1)| < |as||azay — a3 + |ag|lazas — aa| + |as||as — a3]. (1.2)

In this paper, we find the sharp upper bound for the functional |ayaz — as|, |a2a4 — a3| and |a; — a3 respec-
tively for the functions belonging to the class cf . Our proofs are based on the techniques employed by [8] 9]
which has been widely used by many authors (see for example [5, 6} [7, [14]).

2 Preliminary Results

Let P denote the class of functions
p(z) =1+ciz+cz 4+ 2.3)

which are regular in A and satisfy Re p(z) > 0,z € A. Throughout this paper, we assume that p(z) is given by
and f(z) is given by (L.1). To prove the main results we shall require the following lemmas.

Lemma 2.1. [3] Let p € P. Then |cx| < 2,k =1,2,... and the inequality is sharp.
Lemma 2.2. [8,19] Let p € P. Then

200 = cf +x(4—c}) (2.4)
and
4oy = 3 +2xcy (4 —c3) — xPc (4 — ) +2y(1 — |x]?) (4 — ¢3) (2.5)
for some x,y such that |x| < 1and |y| < 1.
Lemma 2.3. [2] Let p € P. Then
2 2(1-0) ife <0,
Cz—(TEl: 2 Ucogo—gzl

2(0—-1) ifc>2.

3 Main Results

Lemma 3.1. Let f € Cf . Then, we have the best possible bound for
ﬁ x=0,8=0
4283 —aa] < 4
Sl AL By + (44 — A1) (By+B3)] 0<a<10<p<1,

where,

A1 = 4(4+23x + 4842 + 360> — B — 2uap),

Ap = 3(4 + 200 + 64a? + 4843 + 2 + 20aB — 2% — 12aB?),
By = —3a + 3B+ 22ap — 28% — 12a% + 164> + 1243,

By = 3+ 16a + 3242 + 24a3,

By =1+ 7a + 16a% + 1243,

M = 48(1 4 2a)%(1 + 3a)(1 + 4a).
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Proof. For f € CP, there exists a p € P such that

f1(2) +2f"(2) + a2’ " (2) + 20zf"(z) = [(1 - B)p(2) + Bf'(2)-

Equating the coefficients,

_a(l-5) e o(l-p5) + ci(1-B)?

T 2(1+2a)” T 6(1+3x) ' 6(1+2a)(1+3a)

~ c3(1-B) c162(3 4 8a)(1 — B)? . a(1-p)°

T12(14-4a)  24(1+2a)(1+3a)(144a)  24(1 +2a)(1 + 3a) (1 + 4a)’

_ 1 c163(1 = B)*(4 + 4w) ci(1-p)* 3(1-B)?
4 = 20(1+5a) | 3(1+2a)(1+4a) ' 6(1+2a)(1+43a)(1+4a)  2(1+3a)

cea(1 - B)*(6 + 20w)
6(11+ 20)(1 4 3a) (1 - 4a) T ca(1 - ﬁ)} :

Thus, we have

s — g — |20 =21 G- BP(1+6)
2 T 41T+ 20) (14 3a) (1 + 4a)  24(1 + 2a)2(1 + 3a) (1 + 4ax)
c3(1—p)
12(1 + 4a) (3.6)
Suppose now that ¢; = ¢. Since |c| = |c1| < 2 ,using the Lemma we may assume without restriction

c € [0,2]. Substituting for c; and c3, from Lemma [2.2|and applying the triangle inequality with p = |x|, we
obtain
(1 —B)[—3a + 3B +22aB — 22 — 12ap% + 16a% + 1243
48(1 4+ 2a)2(1 4 3a)(1 + 4a)
pc(1—B)(4 —c?)(3 + 10a + 12a% — B)
48(1 4 2a)(1 + 3a) (1 + 4u)

LPU-A1-Pe-2) 20— P~

48(1 + 4a) 48(1 + 4a)

lazasz — ay] <

= E(p).
Differentiating F(p), we get

F'(p) = c(1-B)(4—c*)(B+10a+12a2 - B) p(4—c2)(1—PB)(c—2)
P 48(1 + 2a) (1 + 3a) (1 + 4at) 24(1 + 4a) '
Note also that F/(p) > F/(1) > 0. Then there exist a ¢* € [0,2] such that F'(p) > 0 for ¢ € (c*,2] and F'(p) <0

otherwise.
Then, forac € (c*,2], F(p) < F(1), thatis:

(1 — B)[—3a + 3B+ 22aB — 2% — 1242 + 1642 + 124°]
48(1 4+ 2a)2(1 4 3a)(1 + 4a)
c(1—B)(4—c?)(3+10a + 1242 — B)
48(1 +2a)(1 + 3a)(1 + 4a)

L=A(1-p)c=2) , 21-p)4-0)
48(1 + 4a) 48(1 + 4a)

lazaz — ay] <

= G(c).

Ifa =0,8=0,wehave G(c) = 6(417?2). By elementary calculus, we have G/(c) = 2 éc ,G"(c) = —§ < 0. Since

¢ € [0,2] by our assumption, it follows that G(c) is maximum at ¢ = 2/+/3. Otherwise, again by elementary

calculus G(c¢) is maximum at ¢ = 4/ % and is given by

Gl < 1~ A’? LBy + (442 — A1) (By + B))
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Now suppose ¢ € [0,c*], then F(p) < F(0), that is:

(1 —B)[3a +3B +22ap — 22 — 12ap? + 16a% +1243]  2(1 —B)(4 —c?)
28(1+ 20)2(1 + 3a) (1 + 4a) TR+ 4w

Flp) =
= G(c),
D 4(1420)%(143
which implies that G(c) turns at ¢ = 0 and ¢ = -5 +22a(ﬁjzg§—<12tc ﬁ? Ty

with its maximum at ¢ = 0. That is G(c) < %.

Thus for all admissible ¢ € [0, 2], the maximum of the functional |apa3 — a4 are given by the inequalities of the
theorem.

If p(z) € P, withe¢y = 2/v3,c = —2/3 and ¢3 = —10/31/3, then we obtain p(z) =1+ 2, %22 — 1034

V3 3v3
-+ € P which shows that the result is sharp. O
Lemma 3.2. Let f € Cf . Then ,we have the best possible bound for
% x=08=0
|a2ay — 3| < .
OE (M VI Vs + (4V — Vi) {Ma Vi + ViP + Py} 0<a<1,0<B<],
where,
M = [22a3 +31a? + 11a — 28% — 58 — 3aB — 842f],
My =3+ 118a% — 45a + 440> — B — 3ap — 8a2B,
Py = (14 27a% —10a)(1 + 2«),
P, = (8 +48a + 64a2)(1 +2a),
Vi =2M; +8M; + 8P — 2P,
Vo = 4M, + 4P,
N = 288(1 + 2a)%(1 4 3a)?(1 + 4«).
Proof. Let f € Cf . Then proceeding as in Lemma we have
laray — a3| =
ac(1-p? cqoB+8)1-p)° c(1-p)*
24(142a)(1 4+ 4a)  48(1+20)%(1+30)(1 +4a)  48(1+2a)%(1 + 3) (1 +4ax)
_30-p? i1 pt 263es(1 - B)° 67

36(1+30)2  36(142a)2(1+3a)2  36(1+2a)(1+3a)2|

Suppose now that ¢; = c. Since |c| = |¢1| < 2, Using Lemma[2.1) we may assume without restriction ¢ € (0,2].
Substituting for c; and c3, from Lemma [2.2)and applying triangle inequality with p = |x|, we obtain
1 { (1—p)>c*[22a® + 2302 + 84> + 11a — 2% — 5B — 3up — 8a?p
144 2(1+20)%(1 + 30)?(1 + 4a)
pc?(4 —c?)(1 — B)?[3 + 118a% — 45a + 440> — B — 3 — 8a2f]
2(1+20)%(1 + 30)?(1 + 4a)
n 0%(4 —c2)(1 — B)?[8 + c* + 48a + 64a> + 27c%a® — 10c%«]
2(1+2a)%(1 + 3a)2(1 + 4ax)
36— - )1 p? }
(1+42a)(1+4a)

= F(p).

Differentiating F(p), we get,
F(p) = 1 { (4 —c2)(1 - B)?[3+ 11842 — 45a + 44a* — B — 3 — 8a2f]
144 2(1+20)%(1 + 3a)2(1 + 4a)
N 20(4 —c)(1 — B)?[8 + ¢ + 48 + 64a? 4 27c%a — 10c2a]
2(1+2a)%(1 + 3a)2(1 + 4u)
L2 pE)
(1+20)(1+4a) |~

|apay — a3 <

+
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Note also that F'(p) > F/(1) > 0. Then there exist a c* € [0,2] such that F/(p) > 0 for ¢ € (c¢*,2] and F'(p) <0
otherwise.
Then fora c € (¢*,2], F(p) < F(1), that is:

gty — 3 < L { (1—p)?[224° 4 314 + 11a — 2% — 58 — 3ap — 8ap]c*
20408 = g 2(1 4 20)2(1 + 30)2(1 + 4a)
(1— B)?[3 + 11842 — 45a + 44a3 — B — 3aB — 8a?B|c*(4 — c?)
2(1+2a)%(1+30)2(1 + 4a)
(1—PB)%(4 — c2)(8 + c* + 48x + 644> + 27c%a* — 10c%a)
2(1 4 2a)(1 + 3a)?(1 + 4a) }

+

+

= G(c).

_ _ 3c%(4—c?) (4—c?)(2+8) / _ 3
Ifa =0, B =0, we have G(c) 5 + > . By elementary calculus we have, G'(c¢) = 8c — 8¢,
G"(c) = 8 —24c? < 0. Since ¢ € (0,2], by our assumption it follows that G(c) is maximum at ¢ = 1. Otherwise,

(
again by elementary calculus G(c) is maximum at c = 4/ % and is given by

a2
G(c) < a Nﬁ) [MiV1Va + (4Vo — Vi) {Ma V) + V1 Py + Pa}.

Now suppose ¢ € [0,c*], then F(p) < F(0), that is:

1 1— B)2[22a3 + 3142 + 11a — 282 — 58 — 3aB — 842

F(p)gu{( - 2(1+2a)2(1+3a)€(1+§a) pop
3(4—c*)(1-p)?

(14 2a) (1 + 4a) }

= G(c),

224343142 +11a—2B2—-58—3af—8a2B)
3(1+2a) (143«)2 ’

which implies that G(c¢) turnsatc = 0 and ¢ = \/ (
L . _ . 12(1-p)

with its maximum at ¢ = 0. That is, G(c) < ((FETE=TE

Thus for all admissible ¢ € [0,2], the maximum of the functional [aya, — a3| are given by the inequalities of the

theorem.

If p(z) € P,withc; =1,c0 = —1,c3 = =2, then p(z) = 1:1222 =1+z—2%-22%+ ... € P which shows that

the result is sharp. O

Lemma 3.3. Let f € Cf . Then we have the best possible bound for

1

3 x=0,=0
|a3_a%|§{315 0<a<1,0<p<1

sirem 0<asl0<ps<l

Proof. Let f € Cf . Then proceeding as in Lemma we have

- 2(1-B)?(1+5
6(1+3a) 12(1 +2a)2(1 + 3a)
and
2 _ _(1-P) ci(1—p)(1+50)
lag —a5| = 0 —
6(1+ 3a) 2(1 4 2a)?
Setting o = %, using Lemma we have |a3 — a3| < %
If p(z) € Pwithc; =0, cp = 2, then p(z) = %Zi = 14222 +2z* + ... € P, which shows that the result is

sharp. O
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Remark 3.1. Let f € ch. By Lemma we have
a(1-p) ,  A1-pP
6(14+3a) 6(1+2a)(1+3a)|’
(1-pB)(3+2x—2p)
3(1+2a)(1+3a) ’

oy = |20 =B) acB+80)(1-p)? (1-p)°
71201+ 40) T 24(1T +20) (14 3a) (1 +4) ' 24(1 + 2a) (1 +3a) (1 + 4a) |
(1—B)(6+6a%+2B%+13x — 7B — 8ap)
6(1+2a)(1+3a)(1 +4a) ’
25| = 1 c1e3(1— B)% (4 + 4n) ct(1-p)* c3(1-p)?
17201 +5a) | 3(1+2a)(1+4a) ' 6(1+2a)(1+3a)(1+4a)  2(1+3a)

c2ea(1— B)3(6+20a) (- ﬁ)}

laz| =

IN

IN

6(1+ 2a)(1 +3a) (1 + 4a)

_ (1-p)(120+ 40842 + 5000 — 576aB — 432423 + 160a 82 + 1883 + 962)
- 120(1 4 2a) (1 4 3a) (1 + 4a) (1 + 5a)

This leads to the next theorem which gives a sharp result by using Lemmas and [3.3|and Remark[3.1}

Theorem 3.1. Let f € Cf . Then

(1—B)?(3+20—28)

1< 30 2a) (1 1 20)

a2
{(1Nﬁ>[M1V1V2 + (4V2 = Vi) {M V1 + V1P + PZH}

(1—B)(6+6a>+2B% 4130 — 7B — 8ap)
6(1 + 2a) (14 3a)(1 + 4a)

{ (}\/I_Af) %[Bl + (4A2 — A1) (By + Ba)]}

N (1 — B)(120 + 408a? + 5000 — 5764 — 43242 B + 160a > + 1888 + 96?)
120(1 + 2a) (1 + 3a) (1 + 4a) (1 + 5a)

(1-8)
* 31 +3a)

When o = 0, B = 0, we have the following corollary due to [1]].
Corollary 3.1. Ifa =0, =0, then

_ 32 +33V3

= 0.714933452973167.
T 723

[H3(1)]
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