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Abstract

We investigate in this paper the existence of mild solutions for the fractional differential equations of
neutral type with nonlocal conditions and infinite delay in Hilbert spaces by employing fractional calculus
and Krasnoselski-Schaefer fixed point theorem. Finally an example is provided to illustrate the application of
the obtained results.
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1 Introduction

The main purpose of this paper is to prove the Existence of the mild solution for fractional differential
equations of neutral type with infinite delay in Hilbert spaces of the form.

D z(t) — h(t,ze)] = Alx(t) — h(t, )] + f(E, x4) + fioo o(t,s,xs)dW(s) teJ=]0,b
(1.1)
LE(O) + /J(l’) =To = ¢(t) le (—O0,0],

Here, z(.) takes value in a real separable Hilbert space H with inner product (-, -)i and the norm ||-||;. The
fractional derivative “°D®, a € (0, 1), is understood in the Caputo sense. The operator A generates a strongly
continuous semigroup of bounded linear operators S(t),t > 0, on H. Let K be another separable Hilbert space
with inner product (., .)x and the norm ||-||. W is a given K-valued Wiener process with a finite trace nuclear
covariance operator () > 0 defined on a filtered complete probability space (€2, F, (F;)¢>0,P). The histories
z : @ — C, defined by z; = {x(t + 0),0 € (—o0,0]} belong to the phase space C,, which will be defined in
section 2. The initial data ¢ = {¢(t),t € (—o0,0]} is an Fy- measurable, C,-valued random variable indepen-
dent of W with finite second moments,and h: J x Cy — H, h: J xC, — H, 0 : J x J; x C, — L(K, H) are
appropriate functions, where .JJ; = (—oo, b] and £3(K, H) denotes the space of all Q-Hilbert Schmidt operators
from K. into H. i : C(J,H) — His bounded and the initial data ¢ is an F adapted H-valued random variable
independent of Wiener process W.

The fractional differential equations arise in many engineering and scientific disciplines as the mathemat-
ica modeling of systems and processes in the fields of physics,
chemistry, aerodynamics, electrodynamics of a complex medium, polymer rheology,etc.,
involves derivatives of fractional order. It is worthwhile mentioning that several important problems of the
theory of ordinary and delay differential equations lead to investigations of functional differential equations
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of various types (see the books by Hale and Verduyn Lunel , Wu , Liang et al [17], Liang and Xiao
, and the references therein).

In particular the nonlocal condition problems for some fractional differential equations have been attrac-
tive to many researchers Mophou et al studied existence of mild solution for some fractional differential
equations with nonlocal condition. Chang et al [[7]] investigate the fractional order integro-differential equa-
tions with nonlocal conditions in the Riemann-Liouville fractional derivative sense.

In this paper, we prove the existence theorem of mild solution for neutral differential equation with non-
local conditions and infinite delay by using the Krasnoselski-Schaefer fixed point theorem. An example is
provided to illustrate the application of the obtained results.

2 Preliminaries

Next we mention a few results and notations needed to establish our results.

Let (H, ||-||) and (K, ||-||x) be two real separable Hilbert spaces. We denote by £(K, H) the set of all linear
bounded operators from K into H, equipped with the usual operator norm ||.||. In this article, we use the
symbol ||.|| to denote norms of operators regardless of the spaces involved when no confusion possibly arises.

Let (Q, F, (Fi)i>0,P) be a filtered complete probability space satisfying the usual condition, which means
that the filtration is a right continuous increasing family and F( contains all P-null sets. W = (W;);>0 be
a Q-Wiener process defined on (€2, F, (F;):>0,P) with the covariance operator Q such that tr@Q < oco. We
assume that there exists a complete orthonormal system {e;};>1 in K, a bounded sequence of nonnegative
real numbers ) such that Qe = Ageg, k = 1,2, ..., and a sequence of independent Brownian motions {8y} x>1
such that

(W(t),e)x = Z VArler, e)xBiu(t) ecK t>0
k=1

Let £J = £2(Q2K, H) be the space of all Hilbert Schmidt operators from Q=K to H with the inner product
(0, 0) g = trlpQe”].

The semigroup S(-) is uniformly bounded. That is to say, ||S(¢)|| < M for some constant M/ > 1 and every
t>0.

Assume that v : (—o0,0] — (0, +00) with [ = fi)oo v(t)dt < 400 a continuous function.
Recall that the abstract phase space C,, is defined by

Co = {¢ : (—00,0] — H, for any a > 0, (E |p(6)|*)!/? is bounded and measurable

function on [—a, 0] and fEOO v(s) sup (E|@(0)]*)/2ds < +00}.
5<0<0
If C, is endowed with the norm

0
lelle, = / o(s) sup (Elo(0))ids, ¢eC,

—o0 s<6<0

then (C,, |||l ) is a Banach space (see ).

Let us now recall some basic definitions and results of fractional calculus.

Definition 2.1. The fractional integral of order o with the lower limit 0 for a function fis defined as

wp_ L " [(s)
If—F(a)/O(t_S)l_ads t>0 a>0

provided the right-hand side is pointwise defined on [0, 00), where I'(.) is the gamma function.

Definition 2.2. The Caputo derivative of order o with the lower limit 0 for a function f can be written as

‘Df(t) = 1 /t () ds=1""f™M (), t>0,0<n—-1<a<n
CT(n—a) fy (t—s)atl-n" ’ b=



The Caputo derivative of a constant equal to zero. If f is an abstract function with values in H, then the
integrals appearing in the above definitions are taken in Bochner’s sense (see [21]).

Lemma 2.1. 5| Let H be a Hilbert space and ®1, ®, two operators on H such that

i) ®, is a contraction and
ii) @ is completely continuous.
Then either
a) the operator equation ®1x + ®ox = x has a solution or
b) G = {zr € H: A®(§) + Aoz = x} is unbounded for X € (0,1).

Lemma 2.2. Let v(.),w(.) : [0,b] — [0, 00) be continuous function. If w(.) is nondecreasing and there exist two
constants 0 > 0and 0 < o < 1 such that

v(t)Sw(t)—&-@/Ot(t_v(S)lads, teld

then
n—1 9ba 7
1) < " (@(a)™ " /T (ne) b ¢
v(t) <e E " w(t),

0

<

for every t € [0,b] and every n € N such that noc > 1.

3 Existence results

Definition 3.3. An H- valued stochastic process {x(t), t € (—oc,b]} is a mild solution of the system([L.1)if z:(0)+p(z) =
xo = ¢(t) on (—oo, 0] satisfying ||¢H(22v < +00, the process x satisfies the following integral equation

x(t) = Sa(t)[(0) — p(x) — h(0, )] + h(t, x1) + /O (t =) Talt — 5)f(s,25)ds

+/0t(t— $) 1T (- s) [/_ o(s, 7, xT)dW(T)} ds

(oo}

where - -
Sulth = [ GOS0, Tu(thr=a [ 06,(0)S(t0)ads
and (,, is a probability densityfunct?on defined on (0, 00) i
The following properties of S, (t) and T, (t) appeared in are useful.
Lemma 3.3. The operators S.(t) and T, (t) have the following properties
i) Forany fixed t > 0, Sq(t) and T, (t) are linear and bounded operators such that for any x € H

M,
<M T <
ISa(®)elly < Mzl and |Tazls < 5 o5 ol

ii) S, (t) and T, (t) are strongly continuous and compact.
To study existence of mild solutions of [I.1}, we introduce the following hypotheses.
(Hp) : The function h, f : J x C,, — H are continuous and there exist some constants M}, My, such that
E|h(t,2) = h(t,y) g < Mallz = ylc, 2.y € Coy tEJ
E [h(t2) [ < Mu(1+ Jlzlic,)
E|f(t,2) = f(t,9)li < My |lv = ylle, 2.y €Co, tET
E £ )5 < My(1+ Jl2lle,)



(H3) : pis continuous and there exists some positive constants M, such that
2 2
Ellp(z) = ny)llz < My llz —ylle, 2,y € Coy teJ
2 2
Ellp@)lg < Mu(1+l2llc,)

(H3) : Foreach ¢ € C,,
0

k(t) = lim o(t,s,o)dW(s)

exists and is continuous. Further, there exists a positive constant A, such that

2
E k)l = Mk

(H4) The function o : J x J; x C, — L(K, H) satisfies the following:

i) foreach (t,s) € JxJx,o(t,s,.): C, — L(K, H)is continuous and for eachz € C,, o(., ., z) : JxJ — L(K, H)

is strongly measurable;

ii) there is a positive integrable function m € L'([0,b]) and a continuous nondecreasing function M, :

[0,00) — (0, 00) such that for every (¢,s,z) € J x J x C,, we have

Mo (r)

r

ds=A < o0

t
/ E|o(t,s,z)| 50 ds < mB)My(|lz|2 ), lim inf
0 2 v T—00
iii) For any z,y € C,,t > 0, there exists a positive constant L, such that

t
2 2
| Elott.s.a) =~ ottty ds < Lo o -y,
0

No = 21*{12M*M,, + 4M},}

Ny =2|¢|2, +2°F

M 2 po
No=8I°—2—) =M
’ <F<1+a)> ot
M 2 po
Ny=16b2 | —2 ) —T
3 <F(1+a)> 5 (@)
N, N, N
K= — = K3 =
YTTON O TTTISN, P 1IN

F = 12M2(Cy + Cy) + 12M> My, + 4My + 4 (fles )" B My + 80 (e ) 25 M

Now, we consider the space,

/

C, ={z:(—00,b] > H,zg = ¢ €Cy}
Set ||.||, be a seminorm defined by

2 ’
[zll, = llzolle, + sup (E|z(s)[)?, x€C,
s€[0,b]

We have the following useful lemma appeared in [20].

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)



Lemma 3.4. @] Assume that x € C;, then forall t € J, x¢ € C,,, Moreover,

UE [2(t))? < ladlle, <1 sup (B |o(s)]*)?

s€0,t]
where | = f_ooo v(s)ds < o
The main object of this paper is to explain and prove the following theorem.
Theorem 3.1. Assume that assumptions (Hy) — (Hs) hold.Then there exists a mild solution

Proof Consider the map IT : C,, — C,, defined by

o(t) te (—o0,0]
(W) = 0 5, (1)[6(0) — pu(x) — h(0, $)] + h(t,z2) + [1(t — 8)* Tl — 8)f (s, 2.4)ds (3.7)
+ fot(t —8)2 1T, (t — s) [ffoo o(s,T, CET)dW(T):| ds telJ

In what follows, we shall show that the operator II has a fixed point, which is then a mild solution for

system [T}

For ¢ € C,, define

o(t) t e (—o0,0]
o(t) = (3.8)
Sa(t)p(0) teJ

Then ¢ € C,. Let z(t) = ¢(t) + 2(t), —oo < t < b. It is easy to see that z satisfies if and only if z satisfies
zo = 0 and

#(t) = Sa(t) [—u(é +2) = h(0, ¢)} +h(t ¢+ 2) + /O (t—5)" "Talt — 5) f(5, bs + 25)ds

— 0o

—+A%t—@“*fﬂt—$[/ﬁ<ﬂ&ﬂ$r+20dwqﬂ]%

Let
C.={2€C,,20=0€eC,)}
For any z € C,, we have

1 1
Izll, = llzolle, + sup (E|z(s)]*)? = sup (E]z(s)|*)>
s€[0,b] s€[0,3]

Thus (C,,, ||.l,) is a Banach space, set
B, ={z¢€ c,, ||z||§ < ¢}, for some ¢ > 0

then, B, C C, is uniformly bounded.
then, for each q, B, is clearly a bounded closed convex setin C". For z € B,, from Lemma we have
-2
)
1 swp Elz(s i Jaall2, + 2 sup & [36s)[" + ], )

s€[0,t]

~ 12
atd, <2003, +|

v

A

<42(q+ M2E | $(0) ) + 4ll9¢,
=q

Define the operator ® : C,, — C. by



0 te(—o0,0]
PO =9 8-+ 2) = b0, 6)) + hlt o+ 20) + 3t = ) Tult = ) (5.0 + 2)ds
+ fot(t — 5)* 1T (t — ) [fjoo o(s, 7, ¢r + ZT)dW(T)] ds teJ

Observe that ® is well defined on B, for each ¢ > 0.

Now we will show that the operator ¢ has a fixed point on B,, which implies that E.q [I.1| has a mild

solution. To this end, we decompose ® as ¢ = ®; + ¥, where the operators ¢, and ®, are defined on B,
respectively, by

(@12)(t) = Sa(O)[~p(d + 2) = h(0, §)] + h(t, d; + z)

(2)(1) = / (£ — 8) Tt — )f (5, G + 22)ds

+/0t(t—s)"_1Ta(t—s) U 0 (5,7, 67 + 27)dW (7) | ds

— 00

Thus, the theorem follows from the next theorem
Theorem 3.2. If assumption (Hy) — (Hs) hold, then ®4 is a contraction and O is completely continuous.

Proof To prove that ®; is a contraction on C,,, we take u,v € C,,. Then for each ¢ € J we have

E | ®1u(t) — 1o(t)| < 2E’

Sa() (i + ) — ptd + )|

H
} N 2
4 2F Hh(t, G+ ur) = h(t, e +ve)||
< 2M?M,, |ju — v||gv +2Mp, [Jug — Ut”gv
< 2(M2Mﬂ + Mp) |lue — Ut”?:v

< 2(M*M,, + M)

2 2 2
[22 sup Ellu(s) = v(s)I” + 2 [uolle, +2lvollc, ]
se|0,

< 42(M2M,, + Mp)E |[u(s) — v(s)|?

< sup LoFE |u(s) — v(s)[”
s€[0,b]

where we have used the fact that ||u ||?3U =0, |Jug H(Q: =0.
Thus,

[@1u — @1v[| < Lo [Ju — v

and by assumption 0 < Lo < 1 it is clear that ¢, is contraction.

Now, we show that the operator @, is completely continuous, firstly we prove that ®, : C, — C, is contin-
uous.

Let {2"(t)}22o,with 2 — z in C, . Then, there is a number ¢ > 0 such that |2"(t)| < ¢, for all n and a.e.
te J.Soz™ € B,and z € B,.

Ft, 2 + &) — f(t, 2 + )

o(s, 7,20 +6.) = o(s, 7, 20 + ¢7)



for ¢t € J, and since

Bl 57 + 60 — £tz + 0| <2My (1)

/

~ - 2
E||lo(s, 7,2 + 62) = o(s,m, 2 + 6] < 2m(6)M, (o)

By the dominated convergence theorem we obtain continuity of ®,

2

2
‘ <2sup F

E Hq>z§"> ~ 3,z b
te

=T T = )i ) = 0.2l

2

+ 2bsup E ‘
teJ

/Ot(ts)alTa(t 5) U [0(s,7,2) — (s, T, ZT)]dw(T)] s

—0o0

§2(F(ﬁ“0)) i:/ EH [f(t, ™) — f(t,zs)]Hst

+2b(r(i\{‘: )bm H[ sT,zgm)_a(s,r,zf)]dw(f)}ds

2

— 0asn — o0

Next, we prove that &, maps bounded sets into bounded sets in C,, .
For each z € B, from , we have

<4l(¢+ ME|$(0)[3) +4l¢llc, = a

~ 112
2t +
[ &,

- 2
B[ @:2(0); < 2Bt = )2 Tult = 5)f (5,65 + 2)||
s 2
+2F H(t —8)* T, (t — s)[/ o(s,7,br + 2, )dW (1)]ds
S -
M, ba a—1 2

M, )b~ o ) )
+{r<1+a> } > /0 (t = )" (2My + 2T7(Q)m(s) Mo (|6 + 24|
Ma 2 b2a ,
] B RUARR

)ds.

v

IN

S

1Y
N b2a ’
“2{ i) O T )

<

Which implies that for each z € B, |<I>22||§ <r.

Next, we establish the compactness of ®;. We employ the Arzela-Ascoli theorem to show the set V(t) =
{(®22)(t), z € By} is relatively compact in H. Le 0 < ¢t < bbe fixed and ¢ be a real number satisfying 0 < € < ¢.
For § > 0, for z € B,, We define



(@5°2)(t) = a

O\
>
|
m

‘ /:O O(t — 5)* 104 (0)S((t — 8)“0) f (5, bs + 25)ds

+

a / k /500 0(t — 5)* 1 (0))S((t — 5)°0)] / (7 2 AW (s

— 00

S

+S(ea5)a/0 h /;o e(t—s)a*na(e))S((t—s)e—e“é)[/ o(s,7,6r + 2 )dW (7)]ds

— 00

Since S(t),t > 0, is a compact operator, the set V, 5 = {®5°(),z € B,} is relatively compact in H for every
e € (0,t), d > 0. Moreover, for each z € B,, we have

B @20 - @550
2

t )
< 40’E /0/0H(tfs)o"lna(ﬁ)S((tfs)aﬁ)f(s,zs+q§s)dt9ds

H
2

w0 [ /;O%—s)a1na<0>s<<t—s>ae>f<s,zs+és>dods

H
2

+40?E /0 t /0 " 0t — )° . (O)S((t — £)°6) [ [ ;a(s,f,szT)dW(T)] d0ds )

+402E /t:/:o(ts)alna(e)S((ts)ae) U a(s,T,zTﬂZT)dW(T)} dfds 2

— 00 H

, J AMPE2Mp(1+q)
< AM2D2 M4 (1 / On,, (0)dO /
< £ ( +Q)<O 1a(0) ) + T2(1 + )

¢ 5 2
+ 404M2b°‘/0 (t — 8)* Y (2M}, + 2T7(Q) M, (¢ Ym(s))ds (/0 Hna(ﬁ)cw)

4o M2 t o /
] /t (t = 8)*~H(2M), + 2Tr(Q) My (g )m(s))ds

—€

where we have used the equality (see [22} 29])

> . ~ I'(1+g)
~/O 9"704(0)_11(14_0&)

We see that for each z € B,
€,0 2
E H(Cbgz)(t) (@ )HH . 0aset — 0,6 — 0.

Since the right-hand side of the above inequality can be made arbitrarily small, there is relatively compact
Ve,s arbitrarily close to the set V'(t). Hence, the set V() is relatively compact in B,. It remains to showt hat ®,
maps is bounded set into equicontinuous sets of C, .

Let0 < e <t<bandd > 0such that [|T,(s1) — Tu(s2)| <, forevery si,s2 € J.



with [s; — s2| < d. For z € B,, we have

B||®22(t + h) — $22(t)||5:
2

<6L

/0 [+ h—$)>0 — (¢ — ) Ta(t + h — 5) (5, s + 22)ds

H
2

t+h B
Y / (4B — ) VT (t + b — ) (5, Gs + 24)ds
t H
2

+6F /0‘(15 — ) T (t 4+ h — 5) — Ta(t — 5)|f (s, ¢s + 25)ds
H

s 2

+6E /0 [(E4h—8)" — (¢ — ) Tu(t + h s)[[ (5,7, G + 2)dW (7)ds]

H

+6E

t+h s -
/t (t+h— 8Tt + b — 8] / 0 (5,7, br + 27)dW (7)ds]

— 00 H

2

L 6E (75)0471[ (t+h*s)7Ta(tfs)][/s a(s,T,<;~ST+zT)dW(T)d5}
oo H
{ 1+a} / }t+h—s —(t—s)a_1|2Mf(1+q/)ds
{ } t—l—h—s)a_lfo(l—i—q/)ds

/ |t~ a1|2Mf(1+q/)ds+6{Iﬁ]\4—|%}2/Ot [(t+h—s)t = (t—s)a*1|2

’

X (2Mj + 2Tr(Q)m(s)Mo(q ))ds

L 7511712 r m(s ’ <
*6{r<1+a>} / [+ h— ) F @M+ 2Tr(@Q)m(s) My ()

/

+ 662 i |(t _ S)a71| (2Mk + QTT(Q)m(S)MU(q ))ds

It is known that the compactness of 7, (t),t > 0 implies the continuity in the uniform operator topology.
Therefore, for e sufficiently small, the right-hand side of the above inequality tends to zero as h — 0. Thus,
the set {®22, z € B, } is equicontinuous.

This completes the proof that ®; is completely continuous.

To apply the Krasnoselski-Schaefer theorem, it remains to show that the set

G={zeH: )@1()\) + A®yz = z} is bounded for A € (0,1)

We consider the following nonlinear operator equation,

z(t) = A(Sa(t)[¢(0) — pu(z) — h(0, @)]) + Ah(t, )
+)\/ VO T (t — 8) f(s, 26)ds

+)\/0 (t — )71 T, (t — s) [/_SOO o(s,7,2:)dW(7)| ds



E|z()]” < El|Sa(t)(#(0) — u(x) = h(0, o) + 411 (t, z0) I

+4E‘ /Ot(t —8) T T (t — 5) f(s,2)ds i
+4E‘ /Ot(t— 8)* I, (t — s) U_w o(s,T, xT)dW(T)} ds ;

< 12M2(Cy + Cp + M) + 12M3(1 + |22

M, 2b2a 9
w1 (e ) M el
Mo \°b [t o
i (F(l—|—a)) o /0<t—s) L (2My, + 217 (Q)m(s) My (||z4I3, )ds

Now, we consider the function v defined by
9(t) = sup{ B Ja(s)|2,0 < s < 11,0 < £ < b
From lemma and the above inequality, we have

E|z@)|* =26lZ, + 21 sup (E|z(s)]?)
0<s<t

Therefore, we get

Mo

2 120
2 2( 2 b
() < 2||9llc, + 207{F + 12M9(t) + 4 <F(1+a)> 2 Ms0()

M. N\ [t -
+8b <F(1—|—o¢)) 7/0 (t = s)* " Tr(Q)m(s)M,(I(s))ds}

(07

where F'is given in . Thus, we have
t ﬁ(S) t
I(t) < Ky + Kz/ mds + K3/ m(s)Mq(9(s))ds
0 - 0

where K1, Ky, K3 are given in (3.5). By Lemma [2.2]], we have
¢
¥ < Bo(K7 + Kg/ m(s)My(9(s))ds)
0

Where

n—1 a\ J
By = @0 /M) § <K2b )
=0

Denoting by v(t) the right hand side of the last inequality, we have v(0) = By K1
v(t) < BoKsm(t)Ms9(¢)

U(t) < BoKsm(t)Mo(9(t))

This implies

I/(t) dS /b ( ) [e%e) dS
— < w(s)ds < —_—
v(0) M, (s) 0 Bok, Mo(5)

This inequality implies that there is a constant p such that v(t) < p, t € J and hence 9(t) < p, t € J.
Furthermore, we get ||xt|\?:u < I(t) < v(t) < p,t € J, where p depends only on b and on the functions 7 (s)
and M, (s).

Theorem 3.3. Assume that the hypotheses (H1) — (Hs) hold. Then problem has at least one mild solution on J.

10



Proof. Let us take the set

D(®) ={z¢€ C 2= )\@1( ) + A®5z for some A € [0,1]} (3.9)
Then, for any z € D(®), we have by theorem ... that ||w||cv < K,t € J,and hence
121l = l20ll3, +sup{E |=(t)*;0 < t < b}
= sup{E ||2(t)[* : 0 < ¢ < b}
-2
< sup{E [|z(t)||* : 0 < t < b} + sup{E H(;S(t)H L0<t<b)

<sup{l” [lz(t)||5, : 0 < ¢ < b} +sup{||sa(t)(0)]| : 0 < ¢ < b}
<1~ p+ M [|4(0)[

O

This implies that D is bounded on J. Consequently by Lemma , the operator ® has a fixed point z € C, .
So Eq.(1.1) has a mild solution.Theorem is proved.

Example 3.1. As an application of the above result,consider the following fractional order neutral stochastic partial
differential system with non local conditions and infinite delay in Hilbert space.

D¢z f_ (s,7)ds] = ax2 f_ (s,x)ds] + n(t,z)

+f_000 a(s)sinz(t + s,x) ds+f f o(t,z,s —t)dsdB(s,x) te€J=][0,0
(3.10)

z(t,0) =z(t,m) =0 teJ

Z(O’J") + foﬂ’ k1 (x,y)z(t,y)dy =T = (p(t,l‘) te (_007 OL

Where <D is a Caputo fractional partial derivative of order o € (0,1), and K;(z,y) € H = L?([0,7] x [0, 7]) and
I _OOO la(s)|ds < 4o0. B(t) is a one-dimensional standard Wiener process on filtered probability space (0, F, (F¢)i>0, P).
To rewrite this system into the abstract form , let H = L2([0, n]) with the norm ||.||. Define A : H — H by
A(t)z = 2" with the domain

D(A) = {z €H:z 2z are absolutely continuous 2 €H,2(0) = 2(n) = O}
It is well known that A generates a strongly continuous semigroup T(.),which is compact,analytic and self adjoint.

Then
Az = Zn2 (2, 2n) zn, 2 € D(A)

n=1

where z,(s) = \/g sin(ns),n = 1,2, .... is the orthonormal set of eigenvector of A. It is well known that A is thein

infinitesimal generator of ananalytic semigroup T(t)in H and is given by

T(t)z = Z e (2, 20) 2
n=1

Then the operator A== is given by

l\D\»—A

oo
g (2, zn)

on the space D(A™2) = )eEH: Z (¢, zn) zn, € H}.



Now, we present a special C,, space. Let 9(s) = e**,5 < 0, then | = fi)oo ¥(s)ds =
Let

1
L
0 9 %
Iele, = [ 1) s B (Je@)" ds

— 00 SSGSO

Then (Cy, ||-||¢, ) is @ Banach space.

For (t,p) € J x C, where p(0)(z) = ¢(0,x),(0,2) € (—00,0] x [0,7], and define the Lipschitz continuous
functions h, f : J x C,, — H, 0 : J x C, — Lg(H), for the infinite delay as follows

0
h(t, o) (x) = / ¢~ 145(0) ()b

— 00

£t 0)(@) = / a(0) sin(2(6) () d6

— 00

0
ot ) (x) = / (b, 2, 0)0(p(6) (x))db

Then, the equation can be rewritten as the abstract form as the system Thus, under the appropriate
condition so the functions h.f, and o are satisfies the hypotheses (Hy) — (Hs). All conditions of the Theorem |3.2| are
satisfied, therefore the system has a mild solution.
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