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Abstract

In this paper the author introduces the notion of partially nonlinear D-set-contraction mappings in a par-
tially ordered normed linear space and prove some hybrid fixed point theorems under certain mixed con-
ditions from algebra, analysis and topology. The applications of abstract results presented here are given to
perturbed nonlinear hybrid functional integral equations for proving the existence as well as global attrac-
tivity of the comparable solutions under certain monotonic conditions. The abstract theory developed in this
paper is also useful to develop the algorithms for the solutions of some nonlinear problems of analysis and
allied areas of mathematics.
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1 Introduction

The topological methods or fixed point theorems involving the compactness arguments are useful tools
to prove the existence of the solutions of some nonlinear equations but these, do not give any computational
scheme or algorithm for solving such problems. See Burton [4], Burton and Zhang [5], Krasnoselskii [20] and
the references therein. However if we combine the compactness (or its generalizations in terms of measure of
noncompactness) with some algebraic arguments then it is possible to develop an algorithm for solutions of
the nonlinear problems under some suitable conditions. The work along this line is of great interest and which
is the main motivation of the present paper. Here, we combine the topological arguments with some order
related hypotheses to prove some hybrid fixed point theorems for the mappings in partially ordered spaces
and apply newly developed abstract results to obtain an algorithm for the solutions of a certain nonlinear
functional integral equation under some mixed compactness and monotonic conditions. The results of this
paper seem to be new in the literature.

The topological concept of compactness is very much useful in the development of nonlinear analysis to
derive some far reaching conclusions. It is interesting to measure numerically the degree of noncompactness of
sets in a normed linear space in terms of certain characteristics of the compactness property. The Kuratowskii
[21] and Hausdorff [18] measures of noncompactness are well-known tools for discussing different aspects of
the theory of nonlinear equations in the literature. However, an axiomatic way of approach of the measures of
noncompactness is sometimes useful in the study of various qualitative properties of the dynamical systems
in nonlinear analysis (cf. Appell [1] and Banas and Goebel [2]). In this article, we follow the axiomatic way of
approach to define a new partial measure of noncompactness in a partially ordered normed linear space and
which is subsequently exploited to derive some interesting consequences. We continue the study presented in
Dhage [11], Nieto and Lopez [22] and Ran and Reurings [23] and prove some new hybrid fixed point theorems
(FPTs) for partially condensing mappings in a partially ordered complete normed linear space and apply our
abstract results to a certain nonlinear hybrid functional integral equation for proving the existence as well
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as global attractivity results on the unbounded intervals of real line. The abstract theory developed here is
useful to develop the algorithms for the solutions of some nonlinear problems of analysis and allied areas of
mathematics and mathematical sciences.

2 Partially Ordered Linear Spaces

Let E be a real vector or linear space. We introduce a partial order < in E as follows. A relation < in E is
said to be a partial order if it satisfies the following properties: For any a,b,c,d € Eand A € R,

1. Reflexivity: a < aforalla € E,
2. Antisymmetry: a < band b < aimpliesa = b,
3. Transitivity: a < band b < cimplies a < ¢, and

4. Order linearity: a <band c 2d=a+cb+d;
and a <b = Aa <X Ab for A > 0.

The linear space E together with a partial order < becomes a partially ordered linear or vector space.
Two elements x and y in a partially ordered linear space E are called comparable if either the relation x <y
or y = x holds. We introduce a norm || - || in a partially ordered linear space E so that E becomes now a
partially ordered normed linear space. If E is complete with respect to the metric d defined through the above
norm, then it is called a partially ordered complete normed linear space. We frequently need the concept of
regularity of E in what follows. It is known that E is regular if {x,} is a nondecteasing (resp. nonincreasing)
sequence in E such that x, — x* as n — oo, then x;,, < x* (resp. x, > x*) for all n € IN. The details of an
ordered Banach space and operator theoretic techniques are given in Heikkild and Lakshmikantham [19] and
Dhage [11] and Carl and Hekkil4 [6] and the references therein.

The following definitions have been introduced in Dhage [11] and are frequently used in the subsequent
part of this paper.

Definition 2.1. A subset S of a partially ordered normed linear space E is called partially bounded if every chain in
S is bounded. S is called uniformly partially bounded if all chains in S are bounded with a unique bound.

It is noted that every bounded set S in a partially ordered normed linear space E is uniformly partially
bounded and every uniformly partially bounded set S is partially bounded, however the reverse implication
may not hold.

Definition 2.2. A mapping 7 : E — E is called isotone or monotone nondecreasing if it preserves the order
relation =<, that is, if x < y implies Tx =< Ty forall x,y € E. Similarly, T is called a monotone nonincreasing if x < y
implies Tx > Ty forall x,y € E. A monotone mapping T is one which is either monotone nondecreasing or monotone
nonincreasing on E.

Definition 2.3. A mapping T : E — E is called partially continuous at a point a € E if for € > 0 there exists a
0 > Osuch that ||Tx — Ta|| < € whenever x is comparable to a and ||x — a|| < . T called a partially continuous on E
if it is partially continuous at every point of it. It is clear that if T is a partially continuous on E, then it is continuous
on every chain C contained in E.

The following terminologies may be found in any book on nonlinear operators, equations and applications.

An operator 7 on a normed linear space E into itself is called compact if 7(E) is a relatively compact
subset of E. 7 is called totally bounded if for any bounded subset S of E, 7 (S) is a relatively compact subset
of E. If T is continuous and totally bounded, then it is called a completely continuous on E. The details of
completely continuous operators on Banach spaces appear in Zeidler [24].

Definition 2.4. A mapping T : E — E is called partially bounded if 7 (C) is a bounded subset of E for all totally
ordered sets or chains C in E. Finally, T is called uniformly partially bounded if 7 (C) is a bounded by a unique
constant for all totally ordered sets or chains C in E. T is called partially compact if 7 (C) is a relatively compact
subset of E for all totally ordered sets or chains C in E. T is called uniformly partially compact if 7(C) is a
uniformly partially bounded and partially compact on E. T is called partially totally bounded if for any totally
ordered and bounded subset C of E, T (C) is a relatively compact subset of E. Finally, if T is partially continuous and
partially totally bounded, then it is called a partially completely continuous on E.
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Remark 2.1. Note that every compact mapping on a partially normed linear space is partially compact and
every partially compact mapping is partially totally bounded, however the reverse implications do not hold.
Again, every completely continuous mapping is partially completely continuous and every partially com-
pletely continuous mapping is partially continuous and partially totally bounded, but the converse may not
be true.

Definition 2.5 (Dhage [11). The order relation < and the metric d on a non-empty set E are said to be compatible
if {x} is a monotone, that is, monotone nondecreasing or monotone nondecreasing sequence in X and if a subsequence
{xn, } of {xn} converges to x* implies that the whole sequence {x, } converges to x*. Similarly, given a partially ordered
normed linear space (E, =, || - ||), the order relation < and the norm || - || are said to be compatible if < and the metric d
defined through the norm || - || are compatible.

Clearly, the set R of real numbers with usual order relation < and the norm defined by the absolute
value function has compatibility property. Similarly, the finite dimensional Euclidean space R possesses
compatibility property w.r.t. the usual componentwise order relation and the usual standard norm in it.

The following applicable hybrid fixed point theorem in partially ordered normed linear spaces is proved
in Dhage [11].

Theorem 2.1 (Dhage [11). Let (E, =, || - ||) be a partially ordered linear space and suppose that the norm in E is
such that E is a complete normed linear space. Let T : E — E be a nondecreasing, partially compact and continuous
mapping. Further if the order relation < and the norm || - || in E are compatible and if there is an element xg € E
satisfying xo = Txg or xg > Txg, then T has a fixed point x* and the sequence {T"xo} of successive iterations
converges to x*.

Remark 2.2 (Dhage [12]). The assertion of above Theorem[2.1|also remains true if we replace the compatibility
of the order relation < and the norm || - || in E with the compatibility of the order relation < and the norm || - ||
in every compact chain C of E. The later condition holds if every partially compact subset of E possesses the
compatibility property with respect to < and || - ||.

We note that Theorem [2.1]is very much useful for proving the existence theorems for several dynamical
systems in nonlinear analysis modeled on nonlinear differential and integral equations (cf. Dhage and Dhage
[14]). Here, in the following section we generalize above hybrid fixed point theorem under weaker condi-
tions via partial measure of noncompactness and apply it to obtain the existence of the solutions of a certain
nonlinear functional integral equation in a constructive way.

3 Nonlinear D-set-contraction Mappings

Assume that (E, || - ||) is an infinite dimensional partially ordered Banach space with zero element 6. If C
is a chain in E, then C’ denotes the set of all limit points of C in E. The symbol C stands for the closure of C in
E defined by C = CUC . The set C is called a closed chain in E. Thus, C is the intersection of all closed chains
containing C. Clearly, inf C,sup C € C provided inf C and sup C exist. The sup C is an element z € E such that
for every € > 0 there exists a ¢ € C such that d(c,z) < e and x < z for all x € C. Similarly, inf C is defined in
the same way.

In what follows, we denote by Py (E), Ppa(E), Prep(E), Pen(E), Pod,ci(E), Prep,cn(E) the family of all
nonempty and closed, bounded, relatively compact, chains, bounded chains and relatively compact chains
of E respectively. Now we introduce the concept of a partial measure of noncompactness in E on the lines of
usual classical theory.

Definition 3.6. A mapping u? : Pyg(E) — Ry = [0, 00) is said to be a partial measure of noncompactness in E if
it satisfies the following conditions:

190 # (W)~ ({0}) € Prepen(E),

20 P (C) = ¥ (C)

3% uP is nondecreasing, i.e., if C; C Co = uP(Cy) < uP(Cy)

4° If {Cy,} is a sequence of closed chains from Pyy o, (E) such that C,, .1 C Cy (n =1,2,...) and zfr}gr;o uP(Cy) =0,

then the intersection set Coo = (1 Cy is nonempty.
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The family of sets described in 1° is said to be the kernel of the partial measure of noncompactness u¥ and is
defined as
ker u? = {C € Pygen(E) | uP(C) = 0}.

Clearly, ker y? C Py cn(E). Observe that the intersection set Coo from condition 4° is a member of the family
ker pP. In fact, since u?(Co) < u?(Cy) for any n, we infer that u”(Co) = 0. This yields that Co € ker p?. This
simple observation will be essential in our further investigations.

The partial measure p” of noncompactness is called sublinear if it satisfies
50 ;ﬂ’(Cl + Cz) < ‘Z/lp(C1) + ]lp(C2) forall C;,C, € Pbd,ch(E)r and
6° uP(AC) = |A|uP(C) for A € R.

Again, uP is said to satisfy maximum property if

7w (C1UC) = max {u?(Cr), w7 (Co)}.
Finally, u* is said to be full if
8% ker uf = Prcp,ch(E)'

Example 3.1. Define two functions a”, B¥ : Py, ,(E) — R4 by

n
af(C) = inf{r >0 ’ C= UCi, diam (C;) < rVi} ,
i=1

where C € Py, ,(E) and diam (C;) = sup{||x —y|| : x,y € C;}, and

n
BP(C) = inf{r >0 ‘ Cc UB(xi,r) for some x; € E} ,
i=1

where B(x;,r) = {x € E: ||x; — x|| < r}. Itis easy to prove that a” and BP are partial measures of noncompact-
ness called respectively the partial Kuratowskii and partial ball or Hausdorff measures of noncompactness in
E.

The above two partially Kuratowskii and Hausdorff measures of noncompactness a” and 8 are sublinear,
full and enjoy the maximum property in E. The verification of this claim is similar to classical Kuratowskii
and Hausdorff measures of noncompactness given in Appell [1] and Banas and Goebel [2]. So we omit the
details.

Definition 3.7. A mapping ¢ : R, — Ry is called a dominating function or, in short, D-function if it is an upper
semi-continuous and monotonic nondecreasing function satisfying ¥ (0) = 0.

There do exist D-functions and commonly used D-functions are

Y(r) = kr, for some constant k > 0,

P(r) = KLi—:r' for some constants L > 0,K > 0,
¢(r) =tan"lr,

P = —1,

P(r) = tanhr,

{(r) = sinhv,

P(r) =log(l+r), and

P(r) =r—log(1+r).

The above defined D-functions have been widely used in the existence theory of nonlinear differential and
integral equations. See Dhage [7,[8,9,[10, 11, 12] and the references therein.

Remark 3.3. If ¢, R — R are two D-functions, then i) ¢ + ¢, ii) A ¢, A > 0, and iii) ¢ o ¢ are also D-functions
on Ry.. The set of all D-functions is denoted by .



66 Bapurao C. Dhage / Nonlinear D-set contractions...

Definition 3.8. A nondecreasing mapping T : E — E is called partially nonlinear D-set-Lipschitz if there exists a
D-function ¢ such that

U (TC) < 9(u"(C))

for all bounded chain C in E. T is called partially k-set-Lipschitz if ¢(r) = kr, k > 0. T is called partially k-set-
contraction if it is a partially k-set-Lipschitz with k < 1. Finally, T is called a partially nonlinear D-set-contraction
in E if it is a partially nonlinear D-Lipschitz with ¢(r) < r forr > 0.

The following lemma (see Dhage [11, page 159]) is frequently used in the analytical fixed point theory of
metric spaces. See also Dhage [7, /8] and the references cited therein.

Lemma 3.1 (Dhage [11l). If ¢ is a D-function with ¢(r) < r for r > 0, then lim, ..o ¢"(t) = 0 forall t € [0, c0) and
vice-versa.

Our main result of this section is as follows.

Theorem 3.2. Let S be a non-empty, closed and partially bounded subset of a reqular partially ordered complete normed
linear space (E, <, || - ||) such that the order relation < and the norm || - || are compatible in every compact chain C of
S. Let T : S — S be a nondecreasing, partially continuous and partially nonlinear D-set-contraction. If there exists
an element xo € S such that xo < T xg, then T has a fixed point x* and the sequence {T"xy} of successive iterations
converges monotonically to x*.

Proof. Define a sequence {x,} of points in S by
Xpi1=7Tx,, n=012.... (3.1

Since 7 is nondecreasing and xy < 7 xg, we have that

Xo 2xp XX R Sx 2 (3.2)
Denote
Cn = {x'rlr Xn41s-- - }
forn =0,1,2,.... By the construction, each C, is a bounded chain in S and

Ch=T(Cy_1), n=12,....
From the definition of C,’s, it follows that
CooCiD---DCy D,

and so

CoD>CiD---DCyD---. (3.3)

Therefore, by nondecreasing nature of ¥ we obtain

u(Cn) = p(T(Cy-1))
< l;b(]/‘p(cn—l))
< le(Vp(Cnfz))
< 9" (WP (Co)). (3.4)

Taking the limit superior as n — oo in the above equality (3.4), in view of Lemma 3.1 we obtain,

#P(Co) = lim P (Cy) < limsup 9" (" (Co)) = lim ¢" (u?(Co)) = 0. (3.5)

n—oo n—00

Hence, by condition (4°) of u?,

Eoo = ﬂ C}’l ?é @ and Coo S P}'Cp,ch(E)‘

n=1
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From (3.5) it follows that for every € > 0 there exists an 1y € IN such that
P (Cp) <€ VY mn>ny.

This shows that Cy,, and consequently Cy is a compact chain in E. Hence, {x,} has a convergent subse-
quence. Further since the order relation < and the norm || - || are compatible in every compact chain of S, the
whole sequence {x,} = {7"x(} is convergent and converges monotonically to a point, say x* € Cy. Since the
ordered space space E is regular, we have that x, < x*. Finally, from the partial continuity of 7, we get

Ty =T (lim xn) = lim T, = lim 2,1 = x".

n—oo n—oo

This completes the proof. O

Remark 3.4. The regularity of E and the partial continuity of 7 in above Theorem 3.2l may be replaced with
the continuity of the operator 7 on E.

Remark 3.5. If the set F7 of solutions to the above operator equation 7x = x is a chain, then all the solutions
belonging to Fr are comparable. Further, if u? (Fr) > 0, then u? (Fr)) = u? (T (Fr)) < (P (Fr)) < uP(Fr)
which is a contradiction. Consequently, 77 & ker pu”. This simple fact has been utilized in the study of
different qualitative properties of the comparable solutions of the dynamic systems under consideration.

Remark 3.6. Suppose that the order relation < is introduced in E with the help of an order cone I which is a
non-empty closed set K in E satisfying (i) £ + K C £, (ii) AKX C K and (iii) {—K} N K = {0} (cf. [19]). Then
the order relation < in E is defined as x <y <= y —x € K. The element x( € E satisfying xp < 7 x( in above
Theorem 3.2)is called a lower solution of the operator equation x = 7 x. If the operator equation x = 7 x has
more than one lower solution and set of all these lower solutions are comparable, then the corresponding set
F(Q) of solutions to the above operator equation is a chain and hence all solutions in F(Q) are comparable.
To see this, let xg and y( be any two lower solutions of the above operator equation such that xy < yp and let x*
and y* respectively be the corresponding solutions under the conditions of Theorem 3.2} Then, by definition
of <, one has yp — xp € K and from monotone nondecreasing nature of 7 it follows that 7"yg — 7"xg € K.
Since K is closed, we have that y* — x* € K or x* < y*.

Theorem 3.3. Let S be a non-empty, closed and partially bounded subset of a regular partially ordered complete normed
linear space (E, =<, | - ||) such that the order relation < and the norm || - || are compatible in every compact chain C of
S. Let T : S — S be a nondecreasing, partially continuous and partially nonlinear D-set-contraction mapping. If there
exists an element xo € S such that xo = Txq, then T has a fixed point x* and the sequence {T"xy} of successive
iterations converges monotonically to x*.

Proof. The proof is similar to Theorem 3.2]and so we omit the details. O

Observe that Theorems [3.2land 3.3|improve and generalize the hybrid measure theoretic fixed point theo-
rems of Dhage [11}[12]], Dhage and Dhage [15] and Dhage et.al. [16] under weaker compatibility condition. As
a consequence of Theorems [3.2land [B.3] we derive some interesting corollaries.

Corollary 3.1. Let S be a non-empty, closed and partially bounded subset of a reqular partially ordered complete normed
linear space (E, <, || - ||) such that the order relation < and the norm || - || are compatible in every compact chain C of S.
Let T : S — S be a nondecreasing, partially continuous and partially k-set-contraction with k < 1. If there exists an
element xy € S such that xo < Txg or xg = T xg, then T has a fixed point x* and the sequence {T"xg} of successive
iterations converges monotonically to x*.

We remark that Corollary [3.1|is very much useful for proving the existence results in the theory of non-
linear differential and integral equations. See Dhage [12] and the references therein. Before giving a further
generalization of Theorem 3.2} we state a useful definition.

Definition 3.9. A nondecreasing mapping T : E — E is called partially condensing if for any bounded chain C in E,
WP(T(C)) < pb(C) for p#(C) > 0.

We remark that every partially compact and partially nonlinear D-set-contraction mappings are partially
condensing, however the reverse implications may not hold.
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Remark 3.7. It is clear tat every partially k-set-contraction is a partially nonlinear D-set-contraction and every
partially nonlinear D-set-contraction is partially condensing, however, the converse implications may not
be true. Actually, it is very difficult to prove practically a selfmaping of a normed linear space is partially
condensing and we rarely come across a mapping of this kind. But the mappings with nonlinear D-set-
contraction and k-D-set-contraction are easily available in the literature.

Theorem 3.4. Let S be a non-empty, closed and partially bounded subset of a reqular partially ordered complete normed
linear space (E, =<, || - ||) such that the order relation < and the norm || - || are compatible in every compact chain C of S.
Let T : S — S be a nondecreasing, partially continuous and partially condensing mapping. If there exists an element
Xg € S such that xg = Txg or xg = T xo, then T has a fixed point x* and the sequence {T"xy} of successive iterations
converges monotonically to x*.

Proof. The proof is standard and hence we omit the details. O

Corollary 3.2. Let S be a non-empty, closed and partially bounded subset of a reqular partially ordered complete normed
linear space (E, =, || - ||) such that the order relation < and the norm || - || are compatible in every compact chain of S.
Let T : S — S be a nondecreasing, partially continuous and partially compact mapping. If there exists an element
xg € S such that xo < Txq or xo = T xg, then T has a fixed point x* and the sequence {T"xq} of successive iterations
converges monotonically to x*.

We remark that the hybrid fixed point theorems proved above improve and generalize the hybrid fixed
point theorems of Dhage and Dhage [14] and Dhage et.al. [16] under weaker compatibility condition.

Remark 3.8. We note that the proof of Theorems and 3.4/ do not make any use of the linear structure
of underlined space E, and therefore, Theorems and [3.4] also remain true in the setting of a partially
ordered complete metric space E.

In view of above Remark 3.8} the slight generalizations of Theorems and [3.4]are as follows.

Theorem 3.5. Let S be a non-empty, closed and partially bounded subset of a regqular partially ordered complete metric
space (E, =,d) such that the order relation < and the norm || - || are compatible in every compact chain C of S. Let
T : S — S be a nondecreasing, partially continuous and partially condensing mapping. If there exists an element
xg € S such that xo < Txq or xg = T xg, then T has a fixed point x* and the sequence {T"xo} of successive iterations
converges monotonically to x*.

Corollary 3.3. Let S be a non-empty, closed and partially bounded subset of a regular partially ordered complete metric
space (E, =,d) such that the order relation < and the norm || - || are compatible in every compact chain C of S. Let
T : S — S be a nondecreasing, partially continuous and partially nonlinear D-set-contraction. If there exists an
element xy € S such that xy < Txg or xg = Txg, then T has a fixed point x* and the sequence {T"xg} of successive
iterations converges monotonically to x*.

Corollary 3.4. Let S be a non-empty, closed and partially bounded subset of a regular partially ordered complete metric
space (E, =,d) such that the order relation < and the norm || - || are compatible in every compact chain C of S. Let
T : S — S be a nondecreasing, partially continuous and partially k-set-contraction with k < 1. If there exists an
element xy € S such that xo < T xg or xg = Txg, then T has a fixed point x* and the sequence {T"xg} of successive
iterations converges monotonically to x*.

Again, the regularity of E in above Theorem [3.5| and Corollaries [3.3| and [3.4] may also be replaced with
a stronger condition of continuity of the operator 7 on E. The following hybrid fixed point theorems are
employed for proving the existence and uniqueness of the solutions of nonlinear equations. Before stating
these results, we consider the following definition in what follows.

Definition 3.10. Let (E, =<, || - ||) be a partially ordered normed linear space. A mapping T : E — E is called partially
nonlinear D-Lipschitz if there exists a D-function ¢ : Ry — Ry such that

1Tx =Tyl < ¢(lx—yl) (3.6)

for all comparable elements x,y € E. If ¢(r) = kr, k > 0, then Tis called a partially Lipschitz with a Lipschitz
constant k. If k < 1, T is called a partially contraction with contraction constant k. Finally, T is called partially
nonlinear D-contraction if it is a partially nonlinear D-Lipschitz with ¥ (r) < r forr > 0.
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Lemma 3.2. Let (E, =, | - ||) be a partially ordered complete normed linear space. If T : E — E is a nondecreasing and
partially nonlinear D-Lipschitz mapping, then for any bounded chain C in E,

a7 (TC) < p(a? (C)) (3.7)
where a? is a partial Kurotowskii measure of noncompactness and  is a associated D-function of T on E.

Proof. The proof is similar to standard result for usual nonlinear D-Lipschitz mapping with the classical Kuro-
towskii measure of noncomactness « in the Banach space E. We omit the details. O

Corollary 3.5 (Dhage [11]). Let S be a non-empty, closed and partially bounded subset of the partially ordered complete
metric space (E, <, || - ||) such that the order relation < and the norm || - || are compatible in every compact chain C of S.
Let T : S — S be a nondecreasing and partially nonlinear D-contraction. Suppose that there exists an element xy € E
such that xg < Txg or xo = Txg. If T is continuous or E is reqular, then T has a fixed point x* and the sequence
{T"x0} of successive iterations converges monotonically to x*. Moreover, the fixed point x* is unique if every pair of
elements in E has a lower and an upper bound.

Proof. by Lemma[3.2} 7 is a partially nonlinear D-set-contraction on S. We simply show that the order relation
=< and the metric d are compatible in every compact chain C of S. Let C be arbitrary compact chain in S.
Assume that {x,} is monotone nondecreasing or monotone nonincreasing and that a subsequence {x;, } of
{xn} is convergent. Now it can be shown as in Dhage [11] that {x,} is a Cauchy sequence in S. Hence the
whole sequence {x;} is convergent and converges to a point in S. Consequently, < and the metric d are
compatible in C. Now the desired conclusion follows by an application of Theorem This completes the
proof. O

We notice that Corollary [3.5|includes a well-known hybrid fixed point theorems of Nieto and Lopez [22]
and Dhage [11] for partially contraction and monotone mappings in a partially ordered complete metric space.

4 FPTs of Krasnoselskii and Dhage Type

The study of hybrid fixed oint theorems for the sum of two operators is attributed to Krasnoselskii [20]
whereas the study involving the product of two operators in Banach algebra is attributed to Dhage [7]. Again
the study of fixed point theorems in a Banach algebras involving the sum as well as product of operators
is credited to Dhage [11]. Here, we prove the analogous results for the sum and the product of operators
in a partially ordered complete normed linear space which are useful in applications to perturbed nonlinear
differential and integral equations for proving the existence and attractivity of the solutions under weaker
mixed partially compact, partially Lipschitz and monotonic conditions (cf. Dhage et.al. [17]).

4.1 FPTs of Krasnoselskii type

Theorem 4.6. Let S be a non-empty, closed and partially bounded subset of a regular partially ordered complete normed
linear space (E, =<, || - ||) such that the order relation < and the norm || - || are compatible in every compact chain C of S.
Let A : E— Eand B : S — E be two nondecreasing operators such that

(a) A is partially nonlinear D-contraction,

(b) B is partially completely continuous,

(c) Ax+Bx e Sforallx € S, and

(d) there exists an element xy € S such that xo < Axy + Bxo.

Then the operator equation
Ax+ Bx = x (4.8)

has a solution x* in S and the sequence {x, } of successive iterations defined by x, 1 = Ax, + Bx,, n=0,1,...; converges
monotonically to x*.
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Proof. Define a mapping 7 on S by
Tx = Ax + Bx.

By hypothesis (c), 7 defines a mapping 7 : S — S. Since A and B are nondecreasing, 7 is nondecreasing
on S. From the partial continuity of the operators A and B and the continuity of the binary composition
addition, it follows that the operator 7 is partially continuous on S. Again, by hypothesis (c), xo < 7 x. Next,
we show that 7 is a partially nonlinear D-set-contraction on S. Let C be a chain in S. Then by definition of 7,

we have
T(C) C A(C)+ B(C).

Since 7 is nondecreasing and partially continuous, 7 (C) is again a chain in S which is bounded. By
properties (5°) and (8°), a” is subadditive and full. As a result,

aP(TC) < a? (A(C)) +a”(B(C)) < y(a”(C))

which shows that 7 is a partially nonlinear D-set-contraction on S. Next, the order relation < and the norm
| - || are compatible in every compact chain C of S, so the desired conclusion follows by an application of
Theorem 3.2} This completes the proof. O

Theorem 4.7. Let S be a non-empty, closed and partially bounded subset of a reqular partially ordered complete normed
linear space (E, =<, || - ||) such that the order relation < and the norm || - || are compatible in every compact chain C of S.
Let A : E— Eand B : S — E be two nondecreasing operators such that

(a) Ais partially nonlinear D-contraction,

(b) B is partially completely continuous,

(c) Ax+Bx e Sforallx € S, and

(d) there exists an element xg € S such that xq = Axg + Bxp.

Then the operator equation has a solution x* in S and the sequence {x, } of successive iterations defined by x, 11 =
Axy + Bxy, n=0,1,...; converges monotonically to x*.

4.2 FPTs of Dhage type

Let (E, <, | - ||) be a partially ordered normed linear algebra. Denote
E" = {x € E| x = 6, where 0 is the zero element of E }

and
K={E" CE|uveE" forall u,veE"}. 4.9)

The elements of the set K are called the positive vectors in the normed linear algebra E. Then the following
lemma is immediate and is useful in the hybrid fixed point theory in Banach algebras and applications.

Lemma 4.3 (Dhage [9). If uq, u,v1,v € K are such that uy < vy and uy < vy, then uquy < v10;.
Definition 4.11. An operator T : E — E is said to be positive if the range R(T) of T is such that R (T) C K.
For any two chains C; and C; in E, denote
CiCG={x€E|x=cicy, cp €Crandc; € Cy}.
Then we have the following lemma.

Lemma 4.4. If Cy and C; are two bounded chains in a partially ordered normed linear algebra E, then
aP(C1C) < (|Cofla”(Cr) + [ Crlja? (Ca) (4.10)
where ||C|| = sup{||c|| | c € C}.

Theorem 4.8. Let S be a non-empty, closed and partially bounded subset of a regular partially ordered complete normed
linear algebra (E, =, || - ||) such that the order relation < and the norm || - || are compatible in every compact chain C of
S.Let A,B : S — KandC : E — E be three nondecreasing operators such that
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(a) Aand C are partially nonlinear D-Lipschitz with D-functions y 4 and ¢ respectively,
(b) B is partially continuous and compact,

(d) AxBx+Cx e Sforallx €S,

(c) Mpy(r)+e(r) <r, v >0, where M = ||B(S)||, and

(e) there exists an element xo € S such that xo < Axg Bxg + Cxg or xo = Axg Bxg + Cxg.

Then the operator equation
AxBx +Cx =x (4.11)

has a solution x* in S and the sequence {x,} of successive approximations defined by x,.1 = Ax, Bx, + Cxy,
n=0,1,...; converges monotonically to x*.

Proof. Suppose that there exists an element xy € S such that xg < Axy Bxg + Cxg. Define a mapping 7 on S by

Tx = Ax Bx + Cx.

By hypothesis (c), 7 defines a mapping 7 : S — S. Since A and B are positive and A, B and C are
nondecreasing, T is nondecreasing on S. From the partial continuity of the operators .4, B and C and the
continuity of the binary compositions addition and multiplication, it follows that the operator 7 is partially
continuous on S. Again, by hypothesis (d), xop < 7x. Next, we show that 7 is a partially nonlinear D-set-
contraction on S. Let C be a chain in S. Then by definition of 7, we have

T(C) C A(C) B(C) +C(C).

Since 7 is nondecreasing and partially continuous, 7 (C) is again a chain in S. By properties (5°) and (8°),
P is a subadditive and full partial measure of noncompactness. As a result, we have

aP(TC) < [JAO)|a"(B(C)) + IB(C)[[a” (A(C)) + P (C(C))
< |B(E)[la(A(C)) +a”(C(C))
< Mypa(@?(C)) + e(a?(C))
= P(aP(C)), (412)

where (1) = My 4(r) + ¢e(r) < r, v > 0 and the constant M exists in view of the fact that B is compact
operator on S. This shows that 7 is a partially nonlinear D-set-contraction on S. Next, the order relation

=< and the norm || - || are compatible in every compact chain C of S, so the desired conclusion follows by an
application of Theorem [3.2} Similarly, if xo = Axo Bxg + Cx, then using Theorem [3.3]it can be proved that 7
has a fixed point. This completes the proof. O
Remark 4.9. If we take ¢ 4(r) = % and ¢ (r) = Ly, then hypothesis (d) of the above hybrid fixed point
theorem takes the form ?fr\f + Ly < 1 for each real number r > 0. Similarly, if 4(r) = L1 7, and ¢ (r) = I%:r,

LM

e < 1 for each real

then hypothesis (d) of the above hybrid fixed point theorem takes the form ML, +
number r > 0.

Corollary 4.6. Let S be a non-empty, closed and partially bounded subset of a regular partially ordered complete normed
linear algebra (E, =, || - ||) such that SN K # @ and the order relation < and the norm || - || are compatible in every
compact chain C of S. Let A, B : S — K be two nondecreasing operators such that

(a) Ais partially nonlinear D-Lipschitz with D-function 1 4,
(b) B is partially continuous and compact,

(c) AxBx e Sforallx €S,

(d) Mp(r) <r,r>0,where M = ||B(S)||, and

(e) there exists an element xy € X such that xq < Axg Bxg or xg = Axg Bx.
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Then the operator equation
AxBx = x (4.13)

has a positive solution x* in S and the sequence {x,} of successive iterations defined by x,,1 = Ax, Bx,, n=0,1,...;
converges monotonically to x*.

Remark 4.10. The hypotheses (b) and (c) of Theorem (4.8 may be replaced with the weaker hypotheses as
follows:

(b’) B is partially continuous and uniformly partially compact, and
(c") Mypa(r) +pe(r) <r,r >0, where M = sup{||B(C)|| : C € Py(S)}.

The proof of Theorem [4.8lunder these new hypotheses is essentially the same as that given in the theorem.
Similarly, the conclusion of Corollary4.6|also remains true under the corresponding changes in the hypotheses
(b) and (c) thereof. We mention that Theorem and Corollary are useful in the study of quadratic
nonlinear differential and integral equations for discussing the qualitative aspects of the solutions.

5 Functional Integral Equations

In this section, we are going to prove a result on the existence and uniform global attractivity of the solutions
of a nonlinear functional integral equation. Our investigations will be carried out in the Banach space of real
functions which are defined, continuous and bounded on the right half real axis Ry. The integral equation
in question has rather general form and contains as particular cases a few of other functional equations and
nonlinear integral equations of Volterra type. The main tool used in our considerations is the technique of
partial measures of noncompactness and the measure theoretic hybrid fixed point result established in Theo-
rem [3.2] The partial measure of noncompactness used in this paper allows us not only to obtain the existence
of solutions of the mentioned functional integral equation but also to characterize the comparable solutions in
terms of uniform global ultimate attractivity. This assertion means that all the possible comparable solutions
of the functional integral equation in question are globally uniformly attractive in the sense of notion defined
in the following section.

5.1 Notation, Definitions and Auxiliary facts

As mentioned earlier, our considerations will be placed in the function space BC(R,R) consisting of all
real functions x = x(f) defined, continuous and bounded on IR.. We place the HFIE in the space E =
BC(R4,R). Define anorm || - || and the order relation < in E by

x|l = sup{[x(t)] : ¢ > 0}. (5.14)

and
x <y <= x(t) <y(t) (5.15)
forallt € R;. Clearly, E is a partially ordered Banach space with respect to the above norm || - || and the order

relation <. The following lemma follows immediately by an application of Arzella-Ascoli theorem.

Lemma 5.5. Let (BC(Ry,R), <, || - ||) be a partially ordered Banach space with the norm || - || and the order relation <
defined by and respectively. Then the norm || - || and the order relation < are compatible in every partially
compact subset of BC(R 4, R).

Proof. Let S be a partially compact subset of BC(R,R) and let {x;, } be a monotone nondecreasing sequence
of points in S. Then we have
() <xof) < <xu(t) < - (%)

foreacht € Ry.

Suppose that a subsequence {x,, } of {x,} is convergent and converges to a point x in S. Then the sub-
sequence {xy, (t)} of the monotone real sequence {x,(t)} is convergent. By monotone characterization, the
whole sequence {x,(t)} is convergent and converges to the point x(¢) in R for each ¢t € R;. This shows that
the sequence {x,(f)} converges point-wise in S. To show the convergence is uniform, it is enough to show
that the sequence {x,(t)} is equicontinuous. Since S is partially compact, every chain or totally ordered set
and consequently {x,} is an equicontinuous sequence by Arzeld-Ascoli theorem. Hence {x,} is convergent
and converges uniformly to x. As a result || - | and < are compatible in S. This completes the proof. O
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For our purposes we introduce a partial measure of noncompactness which is a handy tool of the partial
Hausdorff measure of noncompactness in the study of the solutions of certain nonlinear integral equations.
To define this partial measure, let us fix a nonempty and bounded chain X of the space BC(R,R) and a
positive real number T. For x € X and € > 0 denote by w? (x,€) the modulus of continuity of the function x on
the interval [0, T] defined by

wl(x,€) = sup{|x(t) —x(s)| : t,s € [0,T], |t —s| <e}.

Next, let us put
wl(X,e) = sup{w!(x,€): x € X},
WF(X) = limwT (X, €),
and

wo(X) = lim wd (X) .

The partial Hausdorff measure of noncompactness 7 in the function space C([0, T], R) of continuous real-
valued functions defined on a closed and bounded interval [0, T] in R, is very much useful in the applications
to nonlinear differential and integral equations and it can be shown that

B (X) = el (X)

for all bounded chain X in C([0, T],R). The proof of this fact follows from the arguments that given in Banas
and Goebel [2] and the references therein. Similarly, wy is a handy tool of partial measure of noncompactness
in the ordered Banach space BC(R,R) useful for some practical applications to nonlinear differential and
integral equations.

Now, for a fixed number ¢t € R} and a fixed bounded chain X in BC(IR, R), let us denote

X(t) ={x(t) : x € X}.

Let
0a(X(t)) = |X(t)| = sup{[x(t)| : x € X},
8a (X(t)) = sup 84(X(t)) = sup |X(t)|
t>T t>T
and

82(X) = lim 81 (X(t)) = limsup |X(t)].

T—eo t—o0

Again, for a fixed real number ¢, denote

Xt)—c={x(t)—c: xe X}

and
Sp(X(t)) = [X(t) —c| = sup{|x(t) —c[: x € X} .
Define
51 (X(t)) = sup &(X(t)) = sup | X () — c|
t>T t>T
and
5p(X) = lim oL (X(t)) = limsup |X(t) —c|.
— 00 t—00
Similarly, let

0c(X(t)) = diam X(t) = sup{|x(t) —y(£)| : x,y € X},

6T (X(t)) = sup 8(X(t)) = sup diam X(¢)
t>T t>T
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and
5:(X) = lim 6T(X(t)) = limsup diam X(t).

T—o0 t—o0

The details of the functions &,, &, and . appear in Dhage [12]. Finally, let us consider the functions uJ, ylf
and p! defined on the family of bounded chains in BC(R ., R) by the formula

ph (X) = max {wo(X), 6.(X)}, (5.16)

up (X) = max {wo(X), 6,(X) } (5.17)
and

pé (X) = max {wo(X), 5:(X)} . (5.18)

It can be shown that the function u}, yf and ! are partially measures of noncompactness in the space
BC(R4,R). The components wy and ¢, are called the characteristic values of the partial measure of noncom-
pactness y,’; . Similarly, wy, §; and wy, é. are respectively the characteristic values of the partial measures of
noncompactness yf and yf in BC(Ry,R).

Remark 5.11. The kernel ker y! consists of nonempty and bounded chains X of BC(IR;, R) such that functions
from X are locally equicontinuous on IR and the thickness of the bundle formed by the functions from X
tends to zero at infinity. Similarly, the kernels ker u}, and ker yf consist of nonempty and bounded chains X
of BC(R4,R) such that functions from X are locally equicontinuous on R and the thickness of the bundle
formed by functions from X around the lines respectively x(f) = c and x(¢) = 0 tends to zero at infinity. These
particular characteristics of ker u}, ker VZ and ker pf have been useful in establishing the global attractivity
and global asymptotic stability of the comparable solutions of the considered functional integral equations.

In order to introduce further concepts used in the paper, let us assume that () is a nonempty chain of the
space BC(R4, R). Moreover, let Q be an operator defined on Q) with values in BC(R4, R).

Consider the operator equation of the form
x(t) = Qx(t), t € Ry. (5.19)

Definition 5.12. We say that comparable solutions of the equation (5.19) are locally attractive if there exists a
ball B(x,r) in the space BC(R+, R) such that for arbitrary comparable solutions x = x(t) and y = y(t) of the
equation (5.19) belonging to B(xp, ) N Q) we have that

tlirn [x(t) —y(t)] =0. (5.20)

In the case when limit (5.20) is uniform with respect to the set B(xg, ) N (), i.e. when for each € > 0 there
exists T > 0 such that

x(t) —y(H)[ < e (5.21)

for all x,y € B(xg,r) N Q) being the comparable solutions of (5.19) and for t > T, we will say that the compa-
rable solutions of the operator equation (5.19) are uniformly locally ultimately attractive defined on R

Definition 5.13. A solution x = x(t) of equation (5.19) is said to be globally ultimately attractive if
holds for each comparable solution y = y(t) of on R, . Other words we may say that the comparable
solutions of the equation are globally ultimately attractive if for arbitrary comparable solutions x(t) and
y(t) of the condition (5.20) is satisfied. In the case when condition is satisfied uniformly with
respect to the set B(xo,7) N (), i.e. if for every € > 0 there exists T > 0 such that the inequality is satisfied
for all x,y € O being the comparable solutions of and for t > T, we will say that the comparable
solutions of the equation are uniformly globally ultimately attractive on R..

Let us mention that the concept of asymptotic stability may be found in Banas and Dhage [3] and references
therein whereas the concept of global attractivity of solutions is introduced in Dhage [9] and proved attractiv-
ity results for certain nonlinear integral equations. We mention that the present approach is constructive and
different from that given in the above stated papers.
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5.2 Integral Equation and Attractivity Result

Now, we will investigate the following nonlinear hybrid functional integral equation (in short HFIE)

B(t)

x(t) = f(t x(ar(t)), x )+ [ &t s, x(71(s)), x(72(s))) ds (5.22)

o\

for all t € R4, where the functions f : Ry x RXxR - R, ¢g: Ry xRy xRxR — Rand«;, v : Ry — Ry
fori = 1,2, are continuous.

By a solution of the HFIE (5.22) we mean a function x € C(R;,R) that satisfies the equation (5.22), where
C(R4, R) is the space of continuous real-valued functions on R..

Observe that the above integral equation has been discussed in Dhage [9] under strong Lipschitz condi-
tion for the attractivity of solutions and includes several classes of functional, integral and functional-integral
equations considered in the literature (cf. [1}, 3] O] and references therein). Let us also mention that the func-
tional integral equation considered in [3, 9] is a special case of the equation (5.22), where a1(t) = ay(t) =

Bt) = (t) = t.
The equation (5.22) will be considered under the following assumptions:

(Hp) The functions aq,ap : Ry — Ry satisfy aq(f) > tand ap(t) > tforall t € Ry.

(Hz) The function F : Ry — Ry defined by F(¢) = |f(t,0,0)| is bounded on R with
Fy = sup;- F(t).

(H3) There exist constants L. > 0 and K > 0 such that

Lmax{x1 —y1, X2 —y2}

ng(t,XLXQ)_f(t yllyZ) K+max{x1 1 xz_yz}

forallt € Ry and (x,x2), (y1,2) € v x R with x; > y1 and xp > y,. Moreover, L < K.
(Ha) g(t,5,x,y) is nondecreasing in x and y for each f,s € R.

(Hs) There exists an element u € C(J,R) such that

B(t))
u(t) < f(t u(ag(t)), u(az(t)) +/ 8(t,s,u(1(s)), u(2(s))) ds

to

forall t € R;.

(Hg) There exist continuous functions a,b : Ry — IR such that

18t s, x,y)| < a(t)b(s)

fort,s € Ry and x,y € R. Moreover, we assume that

B(t)
tlim a(t) / b(s)ds =
0

(H7) There exists a real number ¢ such that f(t,c,c) = cforall t € R,.

The hypotheses (H1)-(H;) and (Hy), (Hg) have been widely used in the literature in the theory of nonlinear
differential and integral equations. The special case of hypothesis (H3) with L < K is considered in Nieto
and Lopez [22]. Now we formulate the main existence result for the integral equation under above
mentioned natural conditions.
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Theorem 5.9. Assume that the hypotheses (Hy) through (Hg) hold. Then the functional integral equation has at
least one solution x* in the space BC(R.,R) and the sequence {x, } of successive approximations defined by

Xu(t) = f(t xn-1(a1(F)), xn1(aa(t)))
B(t)
+ [T gt (), v (20, e Ry 623)
for each n € IN with xy = u converges monotonically to x*. Moreover, the comparable solutions of the equation

are uniformly globally ultimately attractive on R ..

Proof. We seek the solutions of the HFIE (5.22) in the space BC(IR,R) of continuous and bounded real-
valued functions defined on R . Set E = BC(R{,R). Then, in view of Lemma every compact chain in E
possesses the compatibility property with respect to the norm || - || and the order relation < in E.

Define the operator Q defined on the space BC(RR, R) by the formula
B(t)
Qx(t) = f(t, x(ar(t)), x(az(t))) + / 8(t,5,x(11(s)), x(72(s))) ds, t € R (5.24)
0

Observe that in view of our assumptions, for any function x € E the function Qx is continuous on R..
As a result, Q defines a mapping Q : E — E. Let xp = u and define an open ball B(xg,r) in E, where
r = ||xo|| + L + Fo + V. We show that Q satisfies all the conditions of Theorem[3.2jon S = B(x, r). This will be
achieved in a series of following steps:

Step I: Q is a nondecreasing on S.
Let x,y € S be such that x < y. Then by hypothesis (H3)-(Hy), we obtain

B(t)
Qux(t) = f(fIX(M(f))IX(Wz(t)))Jr/O 8(t,s,x(71(s)), x(72(s))) ds

B(t)
< flbylaa(t), yla(t) + /0 8(ts,y(11(s)),y(72(5))) ds
= Qu()
for all t € Ry. This shows that Q is a nondecreasing operator on S.

Step II: Q maps a closed and partially bounded set S into itself.
Let X be a chain in S and let x € X. Since the function v : R, — R defined by

t—o00

o(f) = lim a(t) /0 M () ds (5.25)

is continuous and in view of hypothesis (He), the number V' = sup,.,v(t) exists. Moreover if x > 0, then for
arbitrarily fixed t € IR} we obtain:

B(t)
QO = 1@ ), @)+ [ I35 ds
< 1F(t 2@ (D), x(@2()) — £(£,0,0)
B(t)
+\f(t,0,0)|+a(t)/ b(s) ds
0
L max{Jx(a ()], [x(aa(1))])
S K max{x(a ()], eaa )y T+ )
L]
< K+||x||+FO+V
= L+FR+V (5.26)

Similarly, if x < 0, then it can be shown that |Qx(#)| < L+ Fy + V for all t € R... Taking the suremum over
t, we obtain ||Qx|| < L+ Fy+ V for all x € X. This means that the operator Q transforms any chain X into a
bounded chain in E. Moreover, we have

[lx0 — Qx| < [lxoll + [Qx[| < [lxol| + L+ Fo + V
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for all x € X. More precisely, we infer that the operator Q transforms every chain X in B(x,r) into the
chain Q(X) contained in the ball B(xq,r), where r = ||xo| + L + Fp + V. As a result, Q defines a mapping
Q : Pp(B(xg,7)) — Pen(B(x0,7)) and so Q maps a closed and partially bounded set S = B(xg, r) into itself.
Moreover, in view of Lemma every compact chain in S possesses the compatibility property with respect
to the norm || - || and the order relation < in E.

Step III: Q is a partially continuous on S.

Now we show that the operator Q is partially continuous on S. To do this, let X be a chain in S and let us
fix an arbitrary € > 0 and take x,y € X such that x > y and ||x — y|| < €. Then we get:

|Qx(t) = Qy(t)| < |f(t, x(a1(t)), x(az(t))) — f(t,y(ar (1)), y(aa(t)))|

B(t)
+ / g(t, 5, x(71(5)), x(72(5))) ds
0

B(t)
- /O 9(t5,y(11(5)), y(12(5))) ds
< £ x(aa (1)), x(@2(8))) — £ty (), y(aa()|
B(t)
+ /O 1905, y(11(5)), y(72(5))) | ds

B(t)
+/ 19065, 9(71(5)), y(72(5)))| ds
0

y(r
L max{[x(a1(t)) — y(a1(#))], [x(a2(t)) — y(aa(t))]}
— K+max{|x(a(t)) — y(ar(£))], |x(az(t)) — y(az(t))|}

B0
+2a(t)/ b(s) ds
0
L|lx =yl
T K+ |[x -yl
< e+2v(t).

+20(t)

Hence, by virtue of hypothesis (Hg) we infer that there exists T > 0 such tha v(t) < § for t > T. Thus, for
t > T we derive that

1Qx(t) — Qu(t)] < 2. (5.27)

Further, let us assume that f € [0, T]. Then, evaluating similarly as above we get:

1Qx(t) = Qu(t)] < |f(t x(a1 (), x(a2(t))) — f(£ y(ar(t)), y(aza(t)))]

B(t)
+/O [Ig(t,s,x(711(s)), x(72(5))) — g(£,5,y(71(5)), y(72(s)))[] ds

Lmax{|x(a1(#)) — y(aa(1))], |x(aa(t)) — y(aa(t))[}
— K+ max{fx(ay (£)) — y(ai(£))], |x(az(t)) — y(az(t))[}

Br
+/0 [1g(t;s,x(11(s)), x(72(5))) — g(t,8,y(11(s)), y(12(s)))|] ds
< e+,BTw (g,€), (5.28)

where we have denoted
Br =sup{p(t): t€[0,T]},
and .
wy (g,€) =sup {Ig(t,s,x,y) — g(t,5,w,2)| :
t,s€[0,T], x,y,wz € [-r71], |x—w|<e |y—z| <e}.

Obviously, in view of the continuity of 5, we have that 7 < co. Moreover, from uniform continuity of
the function ¢(t,s, x,y) on the compact [0, T] x [0, T] x [~7,7] x [~r, 7] we derive that w] (g,€) — 0as e — 0.
Now, linking (5.27), and the above established facts we conclude that the operator Q maps partially
continuously the closed ball B(xg, r) into itself.
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Step IV: Q is a nonlinear D-set-contraction w.r.t. characteristic value wy.

Further on let us take a bounded chain X in S with bound r > 0, i.e., the chain X belonging to the ball
B(8,r). Next, fix arbitrarily T > 0 and € > 0. Let us choose x € X and ¢4, t; € [0, T] with |f; — t1] < €. Without
loss of generality we may assume that x(a1(t1)) > x(a1(t2)) and x(ap(t1)) > x(a(f2)). Then, taking into
account our assumptions, we get:

Qx(t) — Qx(t2)| < [f(tr, x(a1(t1)), x(ar(tr))) = f(t2, x((t2)), x(a2(t1))) |

B(t1)
n / g(t15,2(11(5)), x(12(5))) ds
0

B(t2)
- /O 8t 5, 2(71(5)), x(72(5))) ds
< |f(t, x(a(tr)), x(az(t1))) — f(t2, x(a(t2)), x(a2(t2)))]
B(t1)
[ sttsxtn(o), xtaa(en) ds

+

B(t2)
- /0 8(t2,5,x(11(5)), x(72(s))) ds

B(t1)
+ / g(tn, 8, x(11(8)), x(12(s))) ds
0

B(t2)
— [ st 301 (9)), x(72(5))) ds
< |f(t, x(ar (b)), x(aa(tr))) = f(b2, x(a1(t2)), x(a2(f2))) ]
B(t1)
+/0 8(t1,8,x(71(5)), x(72(5))) — 8(t2,8,x(71(5)), x(72(s)))| ds

+

B(t1)
/ﬁ 190t 5, 2(71(5)), x(72(5))) | ds

(t2)

< |f(tr, x(a1(f1)), x(ax(t1))) — f (b2, x(a1(£2)), x(a2(t2)))]

Br
+/0 |8(t1, 5, x(71(s)), x(72(5))) — &(t2, 8, x(71(s)), x(72(s)))| ds
+ Gt o(t) —v(t2)], (5.29)

where
Gr =sup{|g(t,s,x,y)|: t€[0,T], s € [0,Br], x,y € [-7,7]}

which does exist in view of continuity of the function g on compact [0, T] x [0, B1] x [—7,7] X [—r,7].
Now combining (5.28) and (5.29) we obtain,

1Qx(t2) — Qx(t1)] < |f (b1, x (a1 (tr)), x(aa(
L max{|x(aq(t1)) — x(ap(t2)

) —
t2))], [x(a1(t1)) — x(az(t2))[}
K+ max{[x(a1(t1)) — x(aa(t2))], [x(a1(t1)) — x(a2(t2))|}
Br

+ ; 8(t1, 8, x(71(5)), x(72(5))) — 8(t2,8,x(71(5)), x(72(s)))| ds
+ Gt [v(t1) —o(t2)]

L max {wT (x,wT(a1,€)), 0T (x, wT (a,€)) }

~ K+max {wT (x,wT(ay,€)), 0T (x,wT(az,€)) }

t))
|

f(t2, x(w1(h)), x(2(t))) |
) t2)
)

+wy (fe)

Br
+ / wl(g,€)ds+ Grwl(v,e), (5.30)
0

where we have denoted
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wT(le,e) = sup{|zx1(t2) —le(tl)| : b € [O,T], ‘tZ - t1| < 6} p
wT((Xz,G) = sup{|tx2(t2) —ap(t1)|: 1,02 € [0, T), |ta — t1| <€},

wT(v,e) =sup{|v(t2) —v(t1)|: t1,t2 € [0, T], |t — 1] < €},

w/ (f,e) = sup{|f(ty,x,y) — f(tr,x,y)|: t,t2 € [0, T],
lth —t1]| <€, x,y € [-1,71]},

and
wl(g,€) =sup {|g(tr,s, x,y) —g(t, s, x,y)| : t, b € [0, T], |h—t1| <€,
s €10,B7], x,y € [-1,7]} .

From the above estimate we derive the following one:

T L max {w (x,wT(a1,€)), 0T (x, wT (az,€)) } T
W (QX).€) < K+ max {wT (x,w™ (a1,€)), wT (x,wT (a2, €)) } +wr(fo€)
+ o wl(g,€)ds+ Grw! (v,e). (5.31)
0

Observe that w! (f,€) — 0and w/ (g,€) — 0 as € — 0, which is a simple consequence of the uniform con-
tinuity of the functions f and g on the sets [0, T] x [—r,7] x [—r,r] and [0, T] x [0, Br] X [—7,7] X [, 7] respec-
tively. Moreover, from the uniform continuity of a1, a», v on [0, T}, it follows that wT((xl, €) —0, wT (p,€) — 0,
w'(v,€) — 0as e — 0. Thus, linking the established facts with the estimate we get

Lwl (X)
T 0
X)) £ ———~+—.
@ Q00 <
Consequently, we obtain

L wo(X)

@ (QUX)) < g

(5.32)

Step V: Q is a nonlinear D-set-contraction w.r.t. the characteristic value o.

Now, taking into account our assumptions, for arbitrarily fixed t € Ry and for x,y € X with x > y, we
deduce the following estimate (cf. the estimate (5.28)):

[(Qu)(#) = (Qy)(B)] < [f(E x(ar(t)), x f(ty(aa(t)), y(aza(t)))]

+2<( )
Emax{x(es() - ylas )L (a2 ~ y(as))

— K+ max{|x(ar(t)) — y(as(£))], [x(aa(t)) — y(az(t))[}
+20(t).

From the above inequality it follows that

diam (QX (1)) <

L max{diam (X (a1 ( +o(t)
1

), diam (X(aa(t)))}
K + max{diam (X (a (¢ )

t
(1)), diam (X (az(#))

for each t € R. Therefore, taking the limit superior over t — oo, we obtain

}
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0:(QX) = limsup diam (Q(X(t)))

t—oo

L max {lim sup diam (X(a1(t))), limsup diam (X(az(t)))}

t—o00 t—o00

IN

K+ max {lim sup diam (X («q(t))), lim sup diam (X(zxz(t)))}

t—o0 t—o0

L limsup,_, ., diam (X(t))
~ K+limsup,_,, diam (X(t))

Lé.(X)

T K+6.(X) (539

Step VI: Q is a partially nonlinear D-set-contraction on S.

Further, using the measure of noncompactness y! defined by the formula (5.18) and keeping in mind the
estimates (5.32) and (5.33), we obtain

He (QX) = max {wo(QX), 6¢(QX)}

Lwp(X)  Lé(X)
maX{K+wO(X) ’ K—HSC(X)}

IN

L max {wp(X), 6:(X)}
~— K4 max {wo(X), 5c(X)} '

LX)
K+ pE(X)

for all chains X in S. Since L < K, the operator Q is a partially nonlinear D-set-contraction on S with D-

L
function (r) = Ki—:r Again, by hypothesis (Hs), there exists an element xy = u € S such that xy < Qxp, that
is, xq is a lower solution of the HFIE (5.22) defined on R .

Thus Q satisfies all the conditions of Theorem[3.2Jon S. Hence we apply it to the operator equation Qx = x
and deduce that the operator Q has a fixed point x* in S. Obviously x* is a solution of the functional integral
equation (5.22) and the sequence {x; } of successive approximations defined by

Xu(t) = f(txp-1(a1(t)), xu-1(az(t)))

B(t)
+/O 8(ts,xy-1(71(5)), xu—1(72(s))) ds, t € R4,

for each n € IN converges monotonically to x*. Moreover, taking into account that the image of every chain
X under the operator Q is again a chain Q(X) contained in the ball B(xo,r) we infer that the set 7 (Q) of all
fixed points of Q is contained in B(xo,r). If the set 7(Q) contains all comparable solutions of the equation
, then we conclude from Remark [3.5/that the set F(Q) belongs to the family ker u!. Now, taking into
account the description of sets belonging to ker u! (given in Subsection 5.1) we deduce that all the comparable
solutions of the equation are uniformly globally ultimately attractive on R. This completes the proof.
O

Theorem 5.10. Assume that the hypotheses (Hy) through (Hy) hold. Then the functional HFIE has at least
one solution x* in the space BC(R4,R) and the sequence {x,} of successive approximations defined by con-
verges monotonically to x*. Moreover, the comparable solutions of the equation are uniformly globally ultimately
attractive and asymptotically stable to the line x(t) = ¢ defined on R .

Proof. As in Theorem[5.9] we seek the solutions of the HFIE (5.22) in the Banach space E = BC(IR 4, R). Define
the closed and bounded set S = B(xq,r), where r = ||xg|| + L + Fy + V and define the operator Q on S into
itself by (5.24). Then proceeding as in the Step IV of the proof of Theorem [5.9|it can be proved that Q is a
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nonlinear D-set-contraction with respect to the characteristic value w, with D-function ¥(r) = KL—L, ie., the

inequality (5.32) holds on E.

Next, we show that Q is a partially nonlinear D-set-contraction with respect to the characteristic value &j,.
Now, taking into account our assumptions, for arbitrarily fixed ¢ € R} and for x € X with x > con R4, we
deduce the following estimate:

[(Qx)(8) —c| < [f(t x(ar(t)), x(az(t))) — f(E ¢, 0)]

B(t)
+ / 19065, x(71(5)), x(12(5))) | ds
0

L max{]x(a1() — ¢, [x(aa(t)) — e}
K+ max{[x(ay (1)) — ], k(@ (D) e}

From the above inequality it follows that

L max{|X(a (1)) — cl, X (az(t)) — |}
t

QX == R max{[X(an (1)) — cl, X (aa(8)) — e[}

+o(t)

for each t € R, . Therefore, taking the limit superior over ¢t — oo, we obtain

5,(QX) = limsup |Q(X(#)) |

t—o0

L max { limsup |X(aq(t)) —c|, limsup | X(a2(t)) — c|}

t—o00 t—o00

IN

K 4+ max { limsup |X(aq(t)) —c|, limsup | X(az(t)) — c|}
t—oo t—o0
L limsup,_ ., |X(t) —c]|
~ K+limsup,_ , |X(t) —c|

L p(X)

T K+6(X) 639

Further, using the partial measure of noncompactness VZ defined by the formula l) and keeping in
mind the estimates (5.32) and (5.34), we obtain

P (QX) = max {wo(QX), 6,(QX)}

Lawg(X)  Léy(X) }
K+ wo(X) " K+ 6,(X)

gmax{

L max {wo(X), 5(X) }
~ K+max{wo(X), 6(X)}

_ Lpx)
K+ ul)(X)

for all chains X in S. Since L < K, the operator Q is a partially nonlinear D-set-contraction on S with D-
function ¢(r) = KL—L Again, by hypothesis (Hs), there exists an element xo = u € S such that xg < Qxo, that
is, xg is a lower solution of the HFIE defined on R . The rest of the proof is similar to Theorem[5.9and
now we conclude from Remark 3.5/ that the set 7(Q) belongs to the family ker ys . Now, taking into account
the description of sets belonging to ker yf (given in Section 5.1) we deduce that the equation has a
solution x* and the sequence {x,} of successive iterations defined by converges monotonically to x*.
Moreover, all the comparable solutions of the equation are uniformly globally ultimately asymptotically
stable to the line x(¢) = ¢ on R4.. This completes the proof. O

If ¢ = 0 in hypothesis (H7), we obtain the following existence result concerning the asymptotic stability of
the comparable solutions defined on R+..
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Theorem 5.11. Assume that the hypotheses (Hy) through (Hy) hold with ¢ = 0. Then the functional HFIE
has at least one solution x* in the space BC(R4,R) and the sequence {x} of successive approximations defined by
(5.23) converges monotonically to x*. Moreover, the comparable solutions of the equation are uniformly globally
ultimately asymptotically stable to O defined on R...

Remark 5.12. We remark that if a nonlinear hybrid integral equation has more than one lower solution,
then they are comparable in view of the fact that E is a lattice. In consequence, it may have a number of
comparable lower solutions. The case of upper solution is similar. Furthermore, the order relation < in
C(R4, R) is same as the order relation induced by the order cone

K={xeCR4R)|x(t) >0 forallt € Ry}

in C(R4,R). Hence, by virtue of Remark[3.5/the integral equation (5.22) has a number of comparable solutions
defined on IR, . As a result, under the given conditions of Theorem [5.9| all the comparable solutions of the
nonlinear functional integral equation (5.22)) are uniformly globally ultimately attractive on R,

Remark 5.13. The conclusion of Theorems and remains true if we replace the hypothesis (Hs)
with the following one:

(H5) There exists an element v € C(R,R) such that

B(t))
vu>zf@vmuw»vwxﬂrg/ 3(t,5,0(11(5)), 0(12(s))) ds

to
forallt € Ry.

The proof under this new hypothesis is similar to Theorems [5.9) and and now, the desired conclusion
follows by an application of Theorem

Remark 5.14. The conclusion of Theorems and also remains true if we replace the hypothesis
(Hs) with the following one:

(Hj) There exists a continuous and nondecreasing function ¢ : R — R such that

0 < f(tx1,%) — f(t,y1,y2) < p(max{x; —y1, x2 — y2})
forallt € Ry and x1, x2,y1,y2 € R with x1 > y1, x2 > y». Moreover, ¢(r) < r forr > 0.

Example 5.2. Consider the linearly perturbed nonlinear hybrid functional integral equation,

3t q
x(t) = tan~! x(2t) —i—/o Y g(s,x(s/2))ds (5.35)

forall t € R4, where g : R4 x R — R is a function defined by
1, if x<0,
(b %) = x?>+1, if 0<x<1,
4x

PRT if x>1.
We shall show that all the hypotheses of Theorem [3.2]are satisfied by the functions involved in HFIE (5.35).
Here, a(t) = 2¢, (t) = 3t and (t) = t/2 and so, &, B, 7y are continuous on R into itself and «a(¢) > ¢ for all
t € R;. Thus, hypothesis (Hp) is satisfied. Again, f(t,x) = tan~! x so that f is continuous on R; x R and
nondecreasing in x for each t € R,.. The kernel k(t, s) is given by k(t,s) = ﬁ Obviously k is continuous and
nonnegative function on R x Ry and so (Hy) holds. Next, g(#, x) is defines a continuous and nondecreasing
function in x for each t € R... Moreover, f(f,0) = 0. So the hypotheses (H1), (H;), (H4) and (Hs) are held.

Next, we show that f satisfies hypothesis (H;) on R, x R. Let x,y € R with x > y. Then,

0< f(t,x)— f(t,y) =tan 'x —tan"ly =

ey



Bapurao C. Dhage / Nonlinear D-set contractions... 83

_r
1+8
Furthermore, g(t,x) <4 forall t € R} and x € R. Therefore,

3 12t
t) = —— Ads = ———.
o(t) /0 P11 TP TR

forally < § < x, and so hypothesis (Hj) is satisfied with 0<g<r.

Therefore,

. . 12¢
fim v(6) = Jim, 5 =

Finally, it is easy to prove that u = 0 is a lower solution of the HFIE (5.35) defined on IR and hence the
hypothesis (Hg) is held. Thus all the conditions of Theorem are satisfied and by a direct application, we
conclude that the HFIE (5.35) has a solution x* and the sequence {x,} of successive approximations defined

3t 1
Xpi1(t) = tan~1 x,(2¢) —1—/0 Pl Q(s,x4(s/2))ds

converges monotonically to x*, where xy = 0. Moreover, the comparable solutions of the HFIE (5.35) are
uniformly asymptotically attractive and stable to zero defined on R .

Example 5.3. Consider the hybrid differential equation with a linear perturbation of first type, viz.,

3t
x(8) = £t x(28)) + / ' tanhx(s/2) ds (5.36)
0 3 +1
forall t € Ry, where f : R4 x R — R is a function defined by

1, if x<0,
f(trx) = x

1+ ——, if x>0.
x+1

We shall show that all the hypotheses of Theorem 3.2]are satisfied by the functions involved in HFIE (5.36).
Here, as before, a(t) = 2t, B(t) = 3tand y(t) = t/2 and so, &, B, 7y are continuous on R into itself and a(¢) > ¢
for all t € R4. Thus, hypothesis (Hy) is satisfied. Again, f(f, x) is continuous on R4 x R and nondecreasing
in x for each t € IR;. The kernel k(¢, s) is given by k(t,s) = ﬁ Obviously k is continuous and nonnegative
function on R4 x R4 and so (Hy) holds. Next, g(f, x) = tanh x is a continuous and nondecreasing function in
x for each t € Ry. So the hypotheses (H;), (H), (Hs) and (Hs) are held.

Now, we show that f satisfies hypothesis (H3) on R, x R. Let x,y € R with x > y. Then,

x Yy Xy Xy
0< t/ - t/ = - == S
<=y = T~ T Taxay oy S 1+x—y
and so, the hypothesis (Hj) is satisfied with ¢(r) = 1 :_ p forr > 0.

Furthermore, |g(t, x)| = |tanh x| <1 forall t € Ry and x € R. Therefore,

3t 2
o(t) = / Eoqgs =2
0

BP+r1 T T B+1
Therefore,
lim v(t) = lim i =
t—o0 T e #3 +1 -

Finally, it is easy to prove that u = 0 is a lower solution of the HFIE (5.36) defined on IR and hence the
hypothesis (Hg) is held. Thus all the conditions of Theorem are satisfied and by a direct application, we
conclude that the HFIE (5.36)) has a solution x* and the sequence {x,} of successive approximations defined

3ty
Xp1(t) = f(t, xn(21)) +/0 1 tanh x,,(s/2)) ds

converges monotonically to x*, where xy = 0. Moreover, the comparable solutions of the HFIE (5.36) are
uniformly globally attractive on R..
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Remark 5.15. In this paper we have been able to weaken the Lipschitz condition to nonlinear one-sided
Lipschitz condition which otherwise is considered to be a very strong condition in the existence theory of
nonlinear differential and integral equations. However, we needed an additional assumption of monotonicity
on the nonlinearities involved in the integral equation in order to guarantee the required characterization of
attractivity of the comparable solutions.

Remark 5.16. The existence theorems proved in Section 5 may be extended with appropriate modifications to
the generalized nonlinear hybrid functional integral equation

B(t)
x(t) = f(t, x(a1(t)), ..., x(an(t))) —1—/0 g(t,5,x(71(8)),--.,yn(s))) ds (5.37)

forallt € Ry, wherea;, B,vi: Ry =Ry, i=1,2,...,n f: Ry xR" - R,and g : Ry x Ry x R" — R are
continuous functions.

Remark 5.17. The study of the present paper may be extended to other types of nonlinear hybrid integral
equations with different linear as well as quadratic perturbations of first and second type. The detials of
different types of perturbations are given in Dhage [8] and the references therein.

6 Conclusion

Observe that the main measure theoretic hybrid fixed point theorems of this paper may be applied to other
nonlinear equations like hybrid causal and fractional differential, integral and integro-differential equations
for proving the existence results, however unlike existence theorem for nonlinear hybrid integral equations
discussed in Dhage [11] we do not require the assumption that E to be a lattice. Again the continuity of
the functions f(t,x) and g(¢,s, x) in the variable x means that they are partially continuous on R since R is
a totally ordered set, and therefore, the corresponding operators defined in the proof of above theorem are
partially continuous on the domains of their definition which is contrary to the case considered in Dhage
[9]. The advantage of the present approach over the previous ones lies in the fact that we have been able to
develop an algorithm for the solutions of the considered integral equation which otherwise is not possible
via classical approach of measure of noncompactness treated in Banas and Goebel [2]. Another interesting
feature of our work is that we generally need the uniqueness of the solution for predicting the behavior of the
dynamic system related to the considered nonlinear functional integral equation, however with the present
approach it has become possible for us to discuss the qualitative behaviour of the systems even though there
exist a number of comparable solutions. Finally, while concluding this paper, we mention that the existence
theorem proved in this paper for the considered nonlinear integral equation may also be proved by using
the Krasnoselskii type hybrid fixed point theorem, Theorem [4.6| under weaker Carathéodory condition than
continuity of the function ¢ with appropriate modifications. Some of the results in the above mentioned
direction will be reported elsewhere.
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