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Abstract

In this paper, we obtain some inequalities of Hermite-Hadamard type for functions whose derivatives
absolute values are prequasiinvex function. Applications to some special means are considered.
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1 Introduction

Many inequalities have been established for convex functions but the most famous is the Hermite-Hadamarad
inequality, due to its rich geometrical significance and applications, which is stated as in [1]

Let f : I C R — R be a convex function defined on the interval Iof real numbers and a,b € I, witha < b.

Then f satisfies the following well-known Hermite Hadamard inequality

b
(E52) 51 o< L 20

In many areas of analysis applications of Hermite-Hadamard inequality appear for

different classes of functions with and without weights; see for convex functions [4,5], [7-10] [18-20].

In [5] Dragomir and Agarwal obtained the following inequalities for differentiable

functions which estimate the difference between the middle and the rightmost terms in the above inequal-
ity.

Theorem 1. Let f : [ C R — R is a differentiable function on I® a,b € I° with a < b,and If |f'| is convex
function on [g, b],then the following inequality holds:

b
O LA 1 g <

D117 @]+ o))

Theorem 2. Let f : I° C R — R is a differentiable function on I a,b € I° with a < b,and If |f’|p/(p_l) is
convex function on [g, b],then the following inequality holds:

o -1/
f(ﬂ);L —a/f 1/p Uf )’P/(P 1)+]f (b)‘P/(P 1)} p=hir
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In [11], Pearce and J. Pecaric gave an improvement and simplication of the constants

in Theorem 2and consolidated this results with Theorem 1. The following is the main

result from [11]:

Theorem 3. Let f : [ C R — Ris a differentiable functionon I’ a,b € I° witha < b,and If | f'|7 is convex
function on [g, b for some fixed q > 1.then the following inequality holds:

f(ﬂ) —a/f

If |f'|7 is concave function on [a, b], for some fixed g > 1.then

3102 Froal s (42)]

Now we recall that the notion of quasi-convex functions generalized the notion of convex functions. More
precisely, a function f : [a,b] — R is said to be quasi-convex on [a, b] if

fAx+ (1 =A)y) <max{f(x),f(y)}, Vxy¢lab]

Clearly, any convex function is a quasi-convex function but the reverse are not true. Because there exist quasi-
convex functions which are not convex, (see for example [8]).

Recently, D.A.Ion [8] obtained two inequalities of the right hand side of Hermite-Hadamard'’s type func-
tions whose derivatives in absolute values are quasi-convex functions, as follows:

Theorem 4. Let f : I° C R — R is a differentiable function on I° 4,b € I° with a < b, and If |f’| is
quasi-convex function on [a, b], then the following inequality holds:

f(ﬂ) —a/f

Theorem 5. Let f : I C R — R is a differentiable function on I a,b € I° with a < b, and If [f'|? is
quasi-convex function on [a, b], for some fixed p > 1. then the following inequality holds:

[f’( )\";If’ <b>|"]3

< 7max[|f

Af @]

s Lb L
p R af dx b_a{f(x)g(x)dx

< _b-a [max { f (a)|P/(P*1) ! (b)|P/(P*1)

2(p+1)/P

H(P*U/P'

In [2] Alomari , Draus and Kirmaci established Hermite-Hadamard inequalities for quasi-convex functioss
whose give refinements of those given above in Theorem 4 and Theorem 5.
Theorem 6. Let f : I C [0,00) — R be differentiable mapping on I’ 4,b € I° with a < band If || is
quasi-convex on [a, b],then the following inequality holds:
%) \} |
1O}

b
|f(ﬂ)42rf(b)_b1a/f(x>dxSb—a{ {17 @ | 14

+ max {
Theorem 7. Let f : [° C [0,00) — R be differentiable mapping on I° a,b € I° with a < band If |f'|7 is
quasi-convex on[a, b], p > 1.then the following inequality holds:

b
|f(”>§f W - 55 [ Fx)dx
a
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Theorem 8. Let f : I C [0,00) — R be a differentiable mapping on I° such that f’ € L ([a, b]) for a,b € I with
a < b,If | f'(x)] is quasi-convex on [a, b], then

Ne— =

‘f(ﬂ)‘gf(b) ﬁ f(x)dx

< &5 [max {IF @,

Y ol () o]

Alomari, Darus and Dragomir in [3] introduced the following theorems for twice differentiable quasi-convex
functions which are generalizations of Theorems 3, 4 and 5.

Theorem 9. Let f : I C R — R is a differentiable function on I a,b € I° with a < b,and If |f"| is
quasi-convex on [a, b],then the following inequality holds:

‘f(a) _a/f s

Theorem 10. Let f : [ C R — R be twice differentiable function on I° a,b € I° with a < b,and If | f”|” /(=1
is quasi-convex on [4, b],then the following inequality holds:

<X 2 max{‘f” a)| +[f" )|}

b)
‘f( a)+f(b) ff

—a2 7T1/P 1/ " "
g%)(%) (5@1’3)) (max {17 (@)1 + 1" (B,

Theorem 11. Let f : I C R — R be twice differentiable function on I® a,b € I° with a < b,and If |f”|7 is
quasi-convex on[a, b], g > 1.then the following inequality holds:

b 2
PP foae] < P20 (max {7 @ + 7 00]7}) "

Let K be a closed set R” and let f : K — Rand % : K x K — R be continuous functions. Let x € K, then the set
K is said to be invex at x with respect to# (.,.),

Ifx+ty(y,x) € K,Vx,y € K, t €0,1].

K is said to be an invex set with respect to 7 if K is invex at each x € K. The invex set K is also called a
n-connected set.

Definition 12. The function f on the invex set Kis said to be preinvex with respect to 7, if

fu+ty(ou) <+0A—t)f(u)+tf(v),Vu,veK,tel01].

The function f is said to be preconcave if and only if —f is preinvex.

It is to be noted that every convex function is preinvex with respect to the map 7 (x,y) = x — y but the
converse is not true.

Definition 13. The function f on the invex set K is said to be preinvex with respect to 7, if

fu+ty(v,u)) <max{f (u),f(v)},Vu,veK,tel01].

Also Every quasi-convex function is a prequasiinvex with respect to the map # (1, v) but the converse does
not holds, see for example [21].

In the recent paper, Noor [18] has obtained the following Hermite-Hadamard inequalities for the preinvex
functions:

Theorem 14. Let f : [a,a+ 1 (b,a)] — (0,00) be a open preinvex function on the interval of real numbers
K (the interior of K°) and a,b € K witha < a + 7 (b, a) . the following inequality holds:

2a+1 (b,a) 1 f(a) + f(b)
() < ] oty
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Barani, Ghazanfari and Dragomir in [16], presented the following estimates of the right-side of a Hermite-
Hadamard type inequality in which some preinvex functions are involved.

Theorem 15. Let K C R be an open invex subset with respect to 77 : K x K — R. Suppose that f : K — R
is a differentiable function. If [f'| is preinvex on K, then for every a,b € K with 7 (b,a) # 0 the following
inequality holds:

a+n(b,a)

f@+fa+nba) 1 Foda] < 10

2 7 (b, a)

@)+ |f )]}

a

Theorem 16. Let K C R be an open invex subset with respect to 7 : K x K — R. Suppose that f : K — R is

P
a differentiable function. Assume p € R with p > 1. If |f'|#-D is preinvex on K, then for every a,b € K with
1 (b,a) # 0 the following inequality holds:

|f(a)+f(;+f7(h,a))_ L s

= =
< _1ba) If'(a)] +\f/ (®)]
= 2014p)l/? '

In [15] Barani, Ghazanfari and Dragomir gave similar results for quasi-preinvex functions as follows:

Theorem 17. Let K C R be an open invex subset with respect to 77 : K x K — R. Suppose that f : K — Ris
a differentiable function. If | f'| is quasi-preinvex on K, then for every a,b € K with 17 (b,a) # 0 the following
inequality holds:

a+1(b,a)
foefla b L g < 160

sup {|f" (a)|,[f" (D)[}-

a
Theorem 18. Let K C R be an open invex subset with respect to 77 : K x K — R. Suppose that f : K — R is

_p_
a differentiable function. Assume p € R with p > 1. If |[f'| -1 is preinvex on K, then for every 4,b € K with
1 (b,a) # 0 the following inequality holds:

’f(ﬂ)+f(”2+'l(b/“)) 1 f f(x)dx

P P
(-1 (r-1)
< a7 ™ {|f'<>|’“ Af ®)17 }

The main aim of this paper is to establish new refined inequalities of the right-hand side of Hermite-Hadamard
result for the class of functions whose derivatives in absolute values are quasi-preinvex. Then we give some
applications for some special means of real numbers.

2 Main results

Before proceeding towards our main theorem regarding generalization of the Hermite-Hadamard inequal-
ity using prequasinvex . We begin with the following Lemma.

Lemma 1. Let K C R be an open invex subset with respect to 77 : Kx K — Rand a,b € Kwitha < a+
11 (b,a) suppose f : K — R is a differentiable mapping on K with a,b € I witha < b, f” € L([a,a+ 7 (b,a)]).
Then for every a,b € K with 7 (b, a) # 0 the following inequality holds:

2 70.)

Sfa-2) ( (52) nb.a))da+f (a+ (152) n (b,a)) dr}.

f@+flatnba) 1 f "

I
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=
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Proof. Integrating by parts, we have

=] (=) (o () rw0)o

0
G T G ) | P A
= —) O Off (“ + ( 2 )77 (b,a))
) 2Af' (a+ (152 )n(ba))
_ 2(17,\2)f/(a+b(¥);7(b,a)) _ ZL fﬂl(ba)
) o 100 — gf (a + (%) 1 (b,a)>
1
2a+7(b, _
— —”(,f,a)f/ ( a 712( a)) + q(g,a)f(”) — ;7(2,“) {f a4+ (12/\> 1 (b,a))

Setting x = a + (TA) 1 (b,a) and dx = Md)\ which gives
1
a+51(b,a)

_ 2a+1(b,a)
L = U(l%,g)f/( a Z “) ba zf( ) ba))3 ) f(x)dx

Similarly we can show that

1
_ Of (1—A2)f" (g + (%) 1 (b,a)) dA
b
b f () R f by b)) - s [ f(xdx

(n(ba))”

a+51(b,a)
2
(71(!{,60)) (L + ]
_ (q(ba)? 8
Therefore - 16 [(17(!1,11))2 (f( )+f(a+17 (b a) hﬂ))3 ff ]
f@tfargba) 1 T
= 2 - - 17([7,11) f f(x)dx

Which completes the proof.

In the following theorem, we shall propose some new upper bound for the right-hand side of Hermite-
Hadamard inequality for functions whose second derivatives absolute values are prequasiinvex, which is
better than the inequality had done in [3,6].

Theorem A. Let K C [0,00) be an open invex subset with respect to 7 : K x K — R and 4,b € Kwith
a < a+n(b,a)suppose f : K — R is a differentiable mapping on Ksuch that f” € L ([a,a + 7 (b,a)]) . If | f"] is
preinvex on K, then for every a,b € K with 17 (b,a) # 0 the following inequality holds:

a+(b,a)
f@fanta) 1
a

2 n(b,a)
' (a+dno,m)|} ] | @1)

< () SuP{\f” (@),
ST +suP{ i (a—&—%ﬂ(b,a)) , f”(ﬂ-f—ﬂ(b,a))\}

Proof. From Lemma 1, and Since |f”| is prequasinvex, then we have

’f(a)+f(¢;+'1(b,a))_ TR SSPNN
[ =) (a+ (1) 1 00) [ an
f - (o 02 o) s
(1-22) sup{|f” (@), [f" (a+%17 (b,a))}}d)\

(1-A%)sup { f (a + 17 (b,a))

ba 2
< (1tba)

2

\ /\

2

Af" (@t (b,a))]  dA

e
of
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'I(ba Sup{\f” f”(ﬂ+z’7 b”)‘}ofl(l—)\z)d)\
{f// <a+277 (b, a)) f//(a—|—17(b,a))|}b/1’(1_)\2)d/\

sup{w I (o o)}
2 up {1 o+ 6. 0 516001

)
c
jae)

which completes the proof.
Corollary 1. Let f be defined as in Theorem A, if in addition

1. |f"] is increasing, then we have

faysfaryeay 1 "
2 “aea ] S 2.2)
< WSO 17 (a4 (b)) + |7 (a4 3y () )|
2. |f"| is decreasing, then we have
a+n(b,a
f(u)+f(g+11(b,a))_’7(;ﬂ) '7f( >f(x)dx 05
<! [|f"< )|+ f” (e+dn@m)l]-

Remark 2.1. we note that the mequahtles 2) and (2.3) are two new refinements of the trapezoid inequality
for quasipreinvex functions, and thus for convex functlons

Observation 1. If we take 7 (b,a) = b — a in Theorem A, then inequality reduces to the [Theorem 2.1, 6]. If
we take 17 (b,a) = b — a in corollary 1, then and reduce to the related corollary of Theorem 2.1 from
[6].

The corresponding version for powers of the absolute value of the second derivative is incorporated in the
following result:

Theorem B. Let K C [0,00) be an open invex subset with respect to 4 : K x K — R and a,b € K with
a < a+mn(ba)suppose f : K — R is a differentiable mapping on Ksuch that f” € L ([a,a+ 1 (b,a)]).If | f"|F
is preinvex on K,from some p > 1, then for every a,b € K with % (b, a) # 0 the following inequality holds:

‘f(”)‘*’f(g'“?(brﬂ)) _ 17(;,11) f f(x)dx
1 p=1
a))? T 1/p b 17 1" p i
< W2 ()R] (sup {1 @171 [ (a4 dn )7 ) @4

p—1

17 @by} |

_P_
-1

1
2 \1/p P "
0592 () [ ) (e {o (o wm)
Whereq =p/(p —

Proof . From Lemma 1, and using the well known Holder integral inequality, we

a+n(b,a)
|f(‘1)+f(';+’7(brﬂ)) _ U(;/ﬂ) af f(x)dx
2 1
< WGE T a=w) ] (o (2) 1 @) |ar
2 1
U [ (a-x)] (a+ (52) n(,0)]dr
1 F 5
2 p -1 r
< (11(1;6@) (f (1 _ Az)P> (f J& (a+ (%) 1 (b,a)) P dA)
0 0 1
.
_pr




S.Qaisar et al. / Generalization of integral... 105

p1
P

_p_
a p,1, f//

(a+ 47 (b,a))prl}dA>
(a+ 3n o) |f'a+n<ba»|“}dA)I’
;(wp@ﬁ%>

e won)) )’
st ()7 [ftgzp]” (soe{l (ov i) [ a ey })
Which completes the proof.

Corollary 2. Let f be defined as in Theorem B, if in addition

==

1. |f”|P/P~V is increasing, then we have

flayefarna) g T
. ~ yba) { f(x)dx
1
<M(ﬁ>1/’” r(p+1) |7 (2.5)
-2 r(3+p)

<[ @+ )|+ |7 (a+ 2y (b)) |]

2. |f"|P/P~"is decreasing, then we have

a+n(ba)
b,
|f(u)+f(g+i7( @) _ ”(;,u) af Fx)dx
1
(1(b,2))? /v r(p+1) (2.6)
< () r(3+9)

<[l @1+ |f" (a+ 3 o))

Observation 2. If we take 57 (b,a) = b — a in Theorem B, then inequality reduces to the [Theorem 2.2, 6]. If we
take # (b,a) = b — a in corollary 2, then and reduce to the related corollary of Theorem 2.2 from [6].

Theorem C. Let K C [0,00) be an open invex subset with respect to 4 : K x K — Rand a,b € Kwith
a < a+1n (b,a)suppose f : K — Ris a differentiable mapping on Ksuch that f” € L ([a,a+ 7 (b,a)]) . If |f"|"is
preinvex on K, g > 1, then for every a,b € K with 7 (b,a) # Othe following inequality holds:

a+n(b,a)
farfeenea) L o g
a

7(b,a)
< ea)? (sup{|fu @7, | (a+%17 (b/ﬂ))‘q})
+% (Sup{ % (a+%;7 (b,a)) q,lf”(a+17(b,a))\q})ﬁ-

Proof . Suppose thatg > 1. From Lemma 1 and using the well known power mean inequality, we have

2.7)

=

(ba)
f(a)+f(g+rl(b/ﬂ)) _W(bl,a) ;1[ f(x)dx
) 1
< (i) Of(l_Az) % (a+(%);7(b,a))‘d/\
2 1
RUICE) {(1 22 | (LH_(%)q(b,a))‘dA
1 1
q q
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Since |f”|7 is quasi-preinvexity, we have

" <a+ (1;)\> n (b,a)> T <a+ %17 (b,a)>
7 (a4 (B52) ww)| <swp (| (a+ 30 0a))|
|f<a>+f<;+n(b,a>> T

£ (a+ s w)['})

7 (as o) 1F @ e )

q

)

I (a+i7(b,a))|q)

< sup (!f” ()

7

==

< WG (sup {1 @),
Jr(ﬂ(llbg)) (Sup{

Which completes the proof.
Corollary 3. Let f be defined as in Theorem C, if in addition

1P/ P s increasing, then we have

flaytfaeyba) 1 T
L — x)dx
2 1(b.a) lzf ) 2.8)
< WO (17 (0 (b,)) | + |7 (a+ by (0,0)) |
2. |f"|P/P~1 is decreasing, then we have
a+1(b,a)
a)+f(a+n(ba
f(a) f( na) 77(;,11) 7[ f(x)dx (2‘9)
< WO (1 (@) + |7 (a+ 2y ) ]

Observation 3. If we take y (b,a) = b — a in Theorem C, then inequality reduces to the [Theorem 2.3, 6]. If we
take 77 (b,a) = b — a in corollary 3, then and reduce to the related corollary of Theorem 2.3 from [6].]

3 Application to some special means

In what follows we give certain generalization of some notions for a positive valued function of a positive
variable.
Definition 3[14]. A function M : R — R, is called a mean function if it has the following properties:

1. Homogeneity: M (ax,ay) = aM (x,y) foralla > 0,

2. Symmetry: M (x,y) = M (x,y),

3. Reflexivity: M (x,x) = x,

4. Monotonicity: If x < x"and y < v/, then M (x,y) = M (x, ),
5. Internality: min {x,y} < M (x,y) < max{x,y}.

We consider some means for arbitrary positive real numbers 4, b(see for instance [14]).
We now consider the applications of our theorem to the special means.

The Arithmetic Mean;
a-+b

2

A:=A(ab) =

The Geometic Mean;

G :=G(a,b) = Vab
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The Power Mean;

2
The Indentric Mean: ,
1(b i
I:I(a,b):{ e (ua - ifa#b
a, ifa=b
The Harmonic Mean: oab
a
H:=H( 'b)_a+b ,
The Logarithmic Mean:
a—b
L=L(ab)= m/ |a| # [b]
The p- Logarithmic Mean:
L,=L,(ab)= bt ettt a#b
S R

p € R \{-1,0}kab >0
It is well known that Lp is monotonic nondecreasing over p € R with L_; := Land L¢ := I. In particular,

we have the following inequalities
H<GLLLI<LKA.

Now let a and b be positive real numbers such that 2 < b. consider the functiona < b. M : M (b,a) :
[a,a+1n(b,a)] x [a,a+1n (b,a)] — R, which is one of the above mentioned means, therefore one can obtain
variant inequalities for these means as follows:

1 (b,a) = M (b,a)in 2.1), and (2.7), one can obtain the following interesting inequalities involving
means:

+M(b,
f(a)+f(a2 (ba)) M(lb,u) f f(x)dx

s (H 1M(b a))‘} (3.10)
(a+M(b,a))|} '

| a+M(b,a)

<

(M(b,a))? SuP{|f"( )
# +sup{f” a+1Mba),

f@)+faiMpay g MO
2 - J flx)dx
a

M(b,a)

1
M (VP [T |7
< o ()" et

x(wp@ﬂ()”lf”@+éMwaD
e (6) [y )
x <sup{ f'(a+iM b, a))’

o)

fasfamea) 1 e

2 M(b,a)
B (sup {77 @)1 | (a-+ 301 0,00 |'})”
+ 0" (sup {|f" (a+ EM(b,0) [, 1" @+ Mba))IT}) "

For g > 1.Letting M = A,G, P, I, H, L, Ly in (3.10), (3.11) and (3.12), we can get the required inequalities, and
the details are left to the interested reader.

—
—~
NI

-1

"1}) P (3.11)

P
p

_r_
-1

177 a4 M (o, )77 })

(3.12)

IN

=
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