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Abstract

In this paper, mixed dominating set, mixed domination number , mixed strong domination number and
mixed weak domination number of an M-strong fuzzy graph G = (o, i) are defined. Also these numbers
are determined for various standard fuzzy graphs. The relationship between these numbers and other well
known numbers are derived.
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1 Introduction

Zadeh [13] introduced the concept of Fuzzy sets in the year 1965. In 1975, Fuzzy graph was introduced
by Rosenfeld [7]. Rosenfeld has obtained the fuzzy analogues of several basic graph-theoretic concepts like
bridges, paths, cycles, trees, connectedness and established some of their properties. Fuzzy trees were char-
acterized by Sunitha and Vijayakumar [11]]. They have obtained a characterization for blocks in fuzzy graphs
using the concept of strongest paths [12]. Bhutani and Rosenfeld have introduced the concepts of strong
arcs , fuzzy end nodes and geodesics in fuzzy graphs [2]. Mordeson and Peng [6] introduced strong fuzzy
graph using effective edges. Bhutani and Battou [1] consider the strong fuzzy graph of Mordeson and Peng
as M-strong fuzzy graph.

The concept of domination in fuzzy graphs was defined by Somasundaram and Somasundaram [9]. The
vertex neighbourhood number and edge neighbourhood number of an M-strong fuzzy graphs are introduced
by S. Ismail Mohideen and A. Mohamed Ismayil [3} 4].

Mixed domination in crisp graph was introduced by E. Sampathkumar and S.S. Kamath [8]. In this paper,
Mixed dominating set and mixed domination number in an M-strong fuzzy graph are defined. Mixed strong
domination number and mixed weak domination number in an M-strong fuzzy graph are also defined. The-
orems related to these mixed dominating sets and mixed domination numbers are stated and proved. The
relation between these numbers and other well known parameters are derived.

2 Preliminaries

Definition 2.1. Let V be a finite non empty set and E be the collection of two element subsets of V. A fuzzy graph
G = (o, p) is a set with two functions o : V. — [0,1] and p : E — [0,1] such that u(u,v) < o(u) A o(v)for all
u,veV.

Definition 2.2. Let G = (0, y) be a fuzzy graph defined on V and S C V. Then the scalar cardinality of S is defined
by Y_,cs 0(u). The order (denoted by p) and size (denoted by q) of a fuzzy graph G = (o, i) are the scalar cardinality
of o and p respectively.
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Definition 2.3. A fuzzy graph Gy = (o1, 1) is called the fuzzy sub graph induced by V1 if oy (u) < o(u) for all
u € Vyand py(u,v) < op(u) Aoy (v) A p(u,v) forall u,v € Vi and is denoted by (V7). A fuzzy graph G = (01, 1)
is called the full fuzzy sub graph induced by Vi if o1 (u) = o(u) forallu € Vy and pqy(u,v) = u(u,v) forallu,v € ¥y

and is denoted by ((V1)).

Definition 2.4. An edge e = (u,v) of a fuzzy graph is called an effective edge if u(u,v) = o(u) Ao(v). If e = (u,v)
is an effective edge, then u and v are adjacent vertices and e is incident with u and v. A fuzzy graph G = (o, p) is said
to be M-strong fuzzy graph [1] if u(u,v) = o(u) Ao (v) for all (u,v) € E. That is, In an M-strong fuzzy graph every
edge is an effective edge.

Definition 2.5. A fuzzy graph G = (o, ) is said to be complete fuzzy graph if p(u,v) = o(u) Ao (v) for all
u,v € V. That is, In a complete fuzzy graph every pair of verices should have an effective edge.

Definition 2.6. Let u,v € Vand e = (u,v) € E then N(u) = {v € V : u(u,v) = o(u) ANo(v)} is called open
neighbourhood of u and N[u] = N(u) U {u} is called closed neighbourhood of u. N[e] = N(u) U N(v) is called
closed neighbourhood of e. If N(u) = ¢ then u is said to be isolated vertex.

Definition 2.7. The neighbourhood degree of a vertex u is defined to be the sum of the weights of the vertices
adjacent to u and is denoted by dy(u), the minimum neighbourhood degree is oy (1) = min{dyn(u) : u € V} and
the maximum neighbourhood degree is AN (G) = max{dy(u) : u € V}.

Definition 2.8. A fuzzy graph G = (o, ) is said to be bipartite if the vertex set V can be partitioned into two sets V;
defined on o and V, defined on oy such that p(vy,v2) = 0if (v1,v3) € Vi x Vi or (v1,v2) € VoXVs.

Definition 2.9. A bipatite fuzzy graph G = (0, ) is said to be complete bipartite if u(u,v) = o(u) A o(v) for all
u € Vy defined on oy and v € V; defined on o, and is denoted by Ky, .

Definition 2.10. A path in a fuzzy graph G is a sequence of distinct vertices ug, 1, U, . . ., Uy such that u(u;_q,u;) =
o(uj—1) No(u;),1 <i <n, n > 0is called the length of the path. The path in a fuzzy graph is called a fuzzy cycle if
Uy = Uy, n > 3.

Definition 2.11. A fuzzy graph is said to be cyclic if it contains at least one cycle, otherwise it is called acyclic.
Definition 2.12. A fuzzy graph is said to be connected if there exists at least one path between every pair of vertices.
Definition 2.13. A connected acyclic fuzzy graph is said to be a tree.

Definition 2.14. A vertex in a fuzzy graph having only one neighbour is called a pendent vertex. Otherwise it is
called non-pendent vertex.

Definition 2.15. An edge in a fuzzy graph incident with a pendent vertex is called a pendent edge. Otherwise it is
called non-pendent edge.

Definition 2.16. A vertex in a fuzzy graph adjacent to the pendent vertices is called a support of the pendent edges.

Definition 2.17. [10] A vertex covering of fuzzy graph G is a subset K of V such that every effective edge of G has
at least one end in K. The minimum scalar cardinality of vertices in K is called a vertex covering number of G and
is denoted by . wo-set is a vertex cover with minimum scalar cardinality. Similarly edge cover number(xq), vertex
independence number(By) and edge independence number (B1) can be defined.

Theorem 2.1. [10] For any fuzzy graph G, ag + Bo = p.

Definition 2.18. Let G = (o, i) be a fuzzy graph and let u,v € V. If u(u,v) = o(u) A o(v) then u dominates v (or
v is dominated by u) in G. A subset D of V is called a dominating set in G if for every v ¢ D there exist u € D such
that u dominates v. The minimum scalar cardinality taken over all dominating set is called domination number and
is denoted by the symbol 7.

Definition 2.19. A set S C V in an M-strong fuzzy graph G(o, u) is a vertex neighbourhood set of G if G =
Unes ((N[u])) , where ((N[u])) is the full fuzzy sub graph of G induced by N[u] and is denoted by n-set. The minimum
scalar cardinality taken over all n-set of G is called vertex neighbourhood number and is denoted by ny.

Theorem 2.2. [3] For any M-strong fuzzy graph G without isolated vertices. Then
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1. 7(G) < no(G) < ag(G)
2. no(G) < m(G)

Corollary 2.1. [3] If G is a M-strong fuzzy graph without isolated vertices and having no triangles, then ng(G) =
o (G).

Definition 2.20. Let e = (u,v) be an edge in an M-strong fuzzy graph G(o,u). A set M C E in G is an edge
neighbourhood set of G if G = Uyecs ((Nle])) , where ((Nle])) is a full induced fuzzy sub graph of G and is denoted
by en-set. The minimum scalar cardinality taken over all en-set of G is called edge neighbourhood number and is
denoted by ny.

Theorem 2.3. [4]] For any M-strong fuzzy graph G
1. v —m < ny < ng, where m is the number of edges in minimum en-set.
2. m <y < min(ag, a1, 1)
3. n1 < Bo.

4. ny < p/2, where p is the order of G.
3 Mixed Domination in an M-strong fuzzy graph

Definition 3.21. Let G = (0, u) be an M—strong fuzzy graph defined on V. A vertex v € V dominates an edge e € E
ife € ((N[v])) Where ((N[v])) is a full induced fuzzy sub graph of G. An edge e = (u,v) € E dominates v € V if
v € Nle|, where N[e] = N(u) U N(v).

Note 1. If v dominates e, then e dominates v but the converse is not true.

Example 3.1. In the fuzzy graph given in Figure[T} Here ey dominates v3 but v does not dominate e; .

V1(9.5) ¢1(0.2) Vz((lZ) €(0.2) V3(£).4)

Figure 1:

Now, using this concept the vertex-edge dominating set , edge-vertex dominating set and mixed dominat-
ing sets in an M-strong fuzzy graphs are defined.

Definition 3.22. A set S C V in an M-strong fuzzy graph G is a vertex-edge dominating set (ved — set) if every
edge of G is dominated by a vertex in S. The minimum scalar cardinality taken over all ved-set is called ve-domination
number and is denoted by the symbol 7yye. A ved-set with minimum scalar cardinality is called y,e-set. The I'y, is called
the maximum scalar cardinality of a minimal ved-set of G.

Remark 3.1. Every ng — set in an M-strong fuzzy graph without isolated vertices is an 7y, — set and converse also
true. That is vy, = ny.

Definition 3.23. A set M C E in an M-strong fuzzy graph G is an edge-vertex dominating set (evd — set) if every
vertex of G is dominated by an edge in M. The scalar cardinality taken over all evd-set is called ev-domination number
and is denoted by the symbol ye,. An evd-set with minimum scalar cardinality is called «yep-set. The Ty is called the
maximum scalar cardinality of a minimal ved-set of G.

Remark 3.2. Every ny — set in an M-strong fuzzy graph without isolated vertices is an evd — set but converse not true.
That is Yev < M1

Definition 3.24. A set D C V U E in an M-strong fuzzy graph G is a mixed dominating set (md-set) if

1. every vertex v ¢ D is dominated by at least an edge e € D and
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2. every edge e ¢ D is dominated by at least one vertex inv € D.

The minimum scalar cardinality taken over all md-set is called mixed domination number and is denoted by the
symbol yy,. Ty, is called the maximum scalar cardinality of a minimal md-set of G.

Note 2. A ved-set with minimum scalar cardinality is called yye-set, similarly yeo-set and y,-set.

Observation 1. Let K, be a complete fuzzy graph with more than two vertices defined on V, ype = Yoo = minycyo(u)
and vy, = 2mingcyo(u).

Observation 2. Let K, be a complete fuzzy graph with two vertices defined on V, yve = Yev = Ym = minycyo(u).

Observation 3. Let Ky, o, be a complete bipartite fuzzy graph, oy defined on Vy and o defined on V, respectively and
V = V1 U Vo Then vy = min{|o1], |02|}, Yeo = min,eyo(u) and vy = Yoe + Yeo-

Theorem 3.4. For any M-strong fuzzy graph without isolated vertices G

Yeo < Yoe < Ym < Yev + Yoe-

proof: The first inequality follows from the fact that an evd-set is obtained by choosing one edge incident at each vertex
v in yye — set. The second inequality follows from the fact that by replacing each of the edges in y-set by one of its end
vertices with minimum membership grade, we get a ved-set. The last inequality follows from the fact that the union of
ved-set and an evd-set is an md-set.

Note 3. Let wg, a1, Bo and By are the vertex cover, edge cover, vertex independent and edge independent numbers of a
fuzzy graph G.

Theorem 3.5. For any M-strong fuzzy graph G without isolated vertices , The following results are true:
1. vve < wg, where wg is a vertex cover number of G.
2. Yeo < Bo where By is a vertex independent number of G.
3. ym < p, where p is the order of G.

proof: (1)From the remark 3.1} o = ng and from the theorem2.2f1), ng < ag. Hence yge < ao.
(2)From the remark[3.2} vep = ny and from the theorem[2.3(3), ny < Bo. Hence yep < Po.
(3) By theorem 3.4} ym < Yeo + Yve < & + Po and theorem2.1)ag + Bo = p. Hence vy < p.

Theorem 3.6. If G is an M-strong fuzzy graph without isolated vertices and no triangles. Then
1. Yoe = o
2. Yeo SV < Yoo
3. Ym < Yoo+ 5
4. ym < v+ ag.

proof:(1)From the remark[3.1} yoe = ng and from the corrolery[2.1} ny = ag. Hence ag = Yo

(2) Every dominating set is an evd-set, because a vertex v in a dominating set dominates only adjacent vertices but
en edge e in e, — set dominates adjacent vertices of both the end vertices of e. Hence 7., < <. Every ved-set is a
dominating set, since G has no triangles. Hence v < 7yye.

(3) An edge will definitely dominate at least two vertices in an evd-set, therefore 7y, < g = Yev < % 4+ Yve + Yev — Ym
by theorem Hence v < Yoe + g

(4) From theorem 3.4} ym < Yeo + Yoe < ¥ + o

Theorem 3.7. For any M-strong fuzzy graph G without isolated vertices, v, < min{p,q}. Where p and q be the order
and size of G respectively.

proof: Let G be an M-strong fuzzy graph without isolated vertices and let p and q be the order and size of G.

The vertex set V.= {v1,v9,03,...,0,} is an md — set, since very edge of E is incident with at least two vertices in V.
Hence vy < p—— — —(i).

The edge set E = {e1,€z,€3,...,en} is also an md — set, since every vertex of V is incident with at least one edge in E.
Hence v, < g — — — —(ii).

From (i) and (ii) we obtain vy, < min{p,q}.
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Theorem 3.8. Let Ty be a tree in an M-strong fuzzy graph G. If r and s are the scalar cardinality of the pendent vetices
and supports of the pendent edges of T respectively. Then vy, (T,) < p+ s —r — 0o, where oy = min,cyo(u).
proof: Let T, be a tree in an M-strong fuzzy graph. Given r and s are the scalar cardinalitry of the pendent vertices and
supports of the pendent edges of T, respectively.

Let M, N and R be the set of all non-pendent edges, supports of the pendent edges and non-pendent vertices in Ty
respectively. Then the Union of M and N form an md-set. Therefore vy, < |M| + |[N| —(1)
The set of non-pendent edges of T, also form a tree. Therefore |M| < |R| — 0y, where 0y = minycyo(u). From (1)
Yu(Ty) <|R|—0p+ |N| < p—r+s—op.

Theorem 3.9. Let G be an M-strong fuzzy graph without isolated vertices and [N (v)| = An, ife; = (v,v;),1 <i <,
r=31" ule;)ands =min{p(e;)}, i =1ton. Then vy, < p+q—Ax—71+s.

proof: Let v be a vertex of an M-strong fuzzy graph G and {vq,va, ..., v, } open neighbourhood set of v. Let Ay be
the maximum neighbourhood degree of G. That is [N(v)| = An . Ife; = (v,v;),1 <i <k r = Zf.‘zl u(e;) and
s = min{u(e;)}, i = 1tok. Then the set {V —{v1,va,..., 0} U{E — {eq,e2,...,ex}} U{e;} such that e; is the
minimum of y(e;), Vi, is an md-set. Therefore vy < p+q— ANy —7 +s.

4 Mixed strong(Weak) Domination in an M-strong fuzzy graph

Definition 4.25. Let v € V and e = (u,v) € E in an M-strong fuzzy graph G. Then
1. v and e strongly dominates each other if e € ((N[v])) and
2. vand e weakly dominates each other if v € NJe].

Definition 4.26. A set D C V in an M-strong fuzzy graph G is a vertex-edge strong dominating set of G, if every
edge in G is strongly dominated by at least one vertex in D. 1t is denoted by vesd — set. The minimum scalar cardinality
taken over all vesd-set is called vertex-edge strong domination number and it is denoted by the symbol yyes.
Similarly edge-vertex strong domination number (7.ys), vertex-edge weak domination number (Yyew) and
edge-vertex weak domination number (Yev) can be defined.

Observation 4. For any M-strong fuzzy graph G without isolated vertices:
1. avertex v dominates an edge e < a vertex v strongly dominates an edge e. Therefore yyes = Yoe.
2. an edge e dominates a vertex v < an edge e weakly dominates a vertex v. Therefore Yevw = Yev.
3. avertex v dominates an edge e = a vertex v weakly dominates an edge e. Therefore Yyew < Yove.
4. an edge e strongly dominates a vertex v = an edge e dominates a vertex v. Therefore ey < Yevs.

Remark 4.3. For some of the M-strong fuzzy graph G that we considered, there is no relation exist between yyeyy and

Yevw-

Example 4.2. Consider the M-strong fuzzy graphs given in Figures 2Jand Figure[]

V1(06)

€1(0.2) v3(0.5) e0.1)  vi(0.1)

vZ(OZ)

Figure 2:

From the Figure. vew —set = {v2} = Ypew = 0.2 and
Yevw = {64} = Yevw = 0.1
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vi(0.6) €1(0.2)  vx0.2)

V:0.1) ex0.1) vo(0.6) ex0.1) ve(O.1)

Figure 3:

Hence Yepw < Yoew-

From the Figure. "yvew —set = {v3} = Ypew = 0.1 and

Yevw = {32; 65} = Yeow = 0.2

Hence yyew < Yevw. Therefore there is no relation exist between “yew and yevw.

Remark 4.4. Similarly, for some of the M-strong fuzzy graph G that we considered, there is no relation exist between
Yoes And Yevs.

Example 4.3. Consider the M-strong fuzzy graphs given in Figure[d|and Figure|5|

V1(O.4)

V3(0.1) ex(0.1)  vi(0.3)

Figure 4:

vi(0.5) €1(0.5) vx(0.8) x0.4) vx(0.4) e50.3) vi(0.3)
o &

Figure 5:

From the Figure. %es —set = {v3} = Yyes = 0.1 and

Yevs = {32/ 34} = Yeps = 0.2
Hence yyes < Yevs.

From the Figure. 'yves —set = {v1,03} = Ypes = 0.9 and
Yevs = {elr 63} = Yevs = 0.8

Hence Yeps < 7Yoves. Therefore there is no relation exist between yyes and eps.
Theorem 4.10. For any M-strong fuzzy graph without isolated vertices G,

L. Yvew < Yves = Yoe-

2. Yeo = Yeow < Yevs-

Proof. (1) From the Observation[d(1) Yves = 0e and the Observation[#3)yvew < Yve. Hence Yoew < Yoes = Yoe-
(2) From the Observation 2) Yevw = Yev and the Observation 4)%7) < vyevs. Hence Ve = Yevw < Yevs- O

Definition 4.27. A set D C V U E in an M-strong fuzzy graph G is a mixed strong(weak) dominating set of G, if

1. every vertex v € V not in D is strongly(weakly) dominated by at least one edge in D and
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2. every edge e € E not in D is strongly(weakly) dominated by at least one vertex in D.

The mixed strong(weak) dominating set is denoted by msd-set(mwd-set). The minimum scalar cardinality taken over all
msd-set(mwd-set) is called mixed strong(weak) domination number and it is denoted by the symbol s (Ymw)-

Theorem 4.11. For any M-strong fuzzy graph without isolated vertices G,
1. Yyoew < Ymw < Yvew + Yevw-

2. Yoes < Yms < Yoes + Yevs-

Proof. (1)LetS = {v1,v2,...,Pm, €41, €m+2, - - -, €n} De @ Yy — set in an M-strong fuzzy graph G. Replace each
¢ of Sby v; such that O’(Z)j) = y(ej), m+1 < j < nandformthes’. Therefores’ = {v1,v2,...,0m, Vi1, Vms2, -+, Un}-
Hence Ypew < Ymw- Also the union of vewd-set and evwd-set forms an mwd-set. Therefore v < Yoew +

Yevw-
(2) Similarly we can prove Yoes < Yims < Yoes + Yevs- Cl

Theorem 4.12. For any M-strong fuzzy graph without isolated vertices G , Ymw < Ym < Yms-

Proof. Let D = {vy,vy,...,Um,€1,€2,...,6n} —— — —(i) be any 7y, — set in an M-strong fuzzy graph G. Letv €
D = v, — set. Then v dominates at least one edge e € E — D. By Observation[4(3), v weakly dominates at least
oneedgee € E—D.— — —(ii). Also,lete € D. Then e dominates at least one vertex v € V — D. By Observation
E] (2), e weakly dominates at least one vertex v € V — D. — — — —(iii) Hence by (i), (ii) and (iii) every 7,, — set
is a mixed weak dominating set. The scalar cardinality of mixed dominating set < 7,,. — — — —(iv) Hence
Ymw < Ym-

Let S = {vy,v2,...,0m,€1,62,...,64} — — — —(v) be any yus — set. Let v € S = 75 — set. Then v strongly

dominates at least one edge ¢ € E — S. By Observation [ (1), v dominates at least one edge e € E — 5. —
— — —(vi) Also, let e € S. Then e strongly dominates at least one vertex v € V —S. By Observation [4]

(4), e dominates at least one vertex v € V — S. — — — —(vii) Hence by (v), (vi) and (vii) every 7yms — set
is a mixed dominating set . The scalar cardinality of mixed dominating set < <,s. — — — —(viii) Hence
Ymw < Ym < Yms- 0

Example 4.4. Consider an M-strong fuzzy graph given in Figurel6]
Yoe — set = {v1,03,05} = Ype = 1.2.

vi(0.2)  e(0.2)  vy(0.3)

e:(0.2) 0 4)3 0.4) ex(0.4) v0.5)
C4(V.

vs(0.7) es(0.6)  vs(0.6)
Figure 6:

Yev — set = {e1,e2} = Yer = 0.5.

Ym — set = {v3,vs5,e1,e2} = v = 1.5.
Yoew — Set = {02} = Yyew = 0.3.

Yeow — Set = {e1,e2} = Yevw = 0.5.

Ymw — set = {vg,e1,e2} = Ymw = 0.8.

Yoves — Set = {01,03,U5} = Ypes = 1.2.

Yevs — set = {eq,e3,€q,67} = Yers = 1.4.
Yms — set = {v3, e1,e,€6,€7} = Yms = 1.8.
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