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Abstract

In this paper, we study the existence, uniqueness and other properties of solutions of a nonlinear functional second
order Volterra integrodifferential equation in a general Banach space. The techniques used in our analysis are the theory
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1 1Introduction

Let X denotes a Banach space with norm | - ||. Let C = C([—r,0], X), 0 < r < oo, be the Banach space of
all continuous functions from ¢ : [—r,0] — X with supremum norm

[¥llc = sup{[|¢(6)]

:—r < 6<0}.

If z is a continuous function from [—r, T], T > 0, to X and ¢ € [0, T] then z; stands for the element of C given
by z:(0) = z(t+0) for 6 € [-r,0]. Let B = C ([-r,T], X) denotes the Banach space of all continuous functions
x : [-r, T| — X endowed with supremum norm ||z ||p = sup {||z(t)||: —r <t < T}. We investigate the
abstract nonlinear functional second order Volterra integrodifferential equation of the form

2 (t) = Ax(t) + f(t,a:t,/o k(t,s),g(s,xs)d8>, te€0,T] (1.1)
xo(t) = @(t), —r<t<O0,
#(0) = 6 (1.3)

where A is an infinitesimal generator of a strongly continuous cosine family {C(t) : ¢ € R} in Banach space X,
f:0,T]xCxX —X, k:[0,T] x[0,T] = R, ¢g:[0,T] x C — X are continuous functions, ¢ and § are given
elements of C'= C([—r,0], X) and X respectively.

Equations of these types — are their special forms commonly come across in almost all phases of
physics and applied mathematics, see, for example [1-6] and the references cited therein. Many authors have
been investigated the problems such as existence, uniqueness and other properties of solutions of equations
— or their special forms by using various methods, see, for example [7, 8, 13, 17-22] and the references
given therein. Our attempt is to generalize some results obtained by A. Pazy [15], and C. C. Travis and G.
F. Webb [20]. It is advantageous to treat second order abstract differential equations directly rather than to
convert into first order systems, see, for example Fitzgibbon [10]. In [I0], Fitzgibbon used the second order
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abstract system for establishing the boundedness of solutions of the equation governing the transverse motion
of an extensible beam. Our work in the present chapter is motivated by the interesting results obtained by
Fattorini H. O. in [9] and is influenced by the work of Patcheu S. K. [14] and Travis C. C. and Webb G. F. [21].

The paper is organized as follows: In section 2, we present the preliminaries and statements of our results.
Section 3 proves the Theorems 2.4 and 2.5 In section 4, we discuss the proofs of Theorems 2.6 - 2.8. Finally,
section 5 presents an example to illustrate the application of our theorem.

2 Preliminaries
Before proceeding to the statements of our main results, we setforth some preliminaries from [111 18] 20]
and hypotheses used in our further discussion.

Definition 2.1. A one parameter family {C(t) : t € R} of bounded linear operators in the Banach space X is
called a strongly continuous cosine family if and only if

(a) C(0) =1 (I is the identity operator);
(b) C(t)x is strongly continuous in t on R for each fixred x € X;
(¢c) Clt+s)+C(t—s)=2C{)C(s) forallt, seR.
The associated strongly continuous sine family {S(t) : ¢t € R} is defined by

S(t)r = /Ot C(s)zds, ze€X, teR. (2.1)

The infinitesimal generator of a strongly continuous cosine family {C(t) : ¢t € R} is the operator A : X — X

defined by
d2
Az = ﬁc(t)ﬂt:m z € D(A),
where D(A) = {r € X : C(.)z € C*(R, X)}.
Definition 2.2. Let f € L'(0,T; X). The function x € B defined by

z(t) = C(t)¢(0) + S(t)d

/ S(it—s)f (5 xb,/ k(s,7)g Tﬂ:T)dT>d te[0,T] (2.2)
zo(t) = o(t), —r<t<0 (2.3)
1s called mild solution of the initial value problem —.
Definition 2.3. A set S in a Banach space X is said to be relatively compact set if its closure is compact.
Definition 2.4. An operator T : X — X is called compact if it maps bounded sets into relatively compact sets.

Consider the following initial value problems

2 (t) = Ax(t) + h(t,xt,/t k(t,s),g(s,xs)d&ul), t e [0,T] (2.4)
zo(t) = ¢(t), —r<t<0,
'(0) =46

and
2" (t) = Ax(t) + h(t,xt,/t k(t,s),g(s,xs)ds,m), te€[0,7] (2.7)
zo(t) = ¢(t), —r=<t=<0, (2.8)
7' (0) =4 (2.9)

where A is an infinitesimal generator of a strongly continuous cosine family {C(t) : ¢t € R} in Banach space X,
h:[0,T]xCxX xR—X, k:[0,T] x[0,T] = R, g:[0,7] x C — X are continuous functions, p1, s are
real parameters, ¢ € C and § € X are given elements.

For our convenience, we list the following hypotheses.
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(Hy) There are constants K > 1 and K; > 0 such that
ICH[ <K and [|S(E)]| < K,
for all t € [0, 7.
(Hs) For every t € [0,T], ¢ € C and = € X, there exist a continuous function p : [0,T] — Ry such that
1F . 2)] < p@) [[¥llc + ll=l]-
(H3) There exist a continuous function ¢ : [0, 7] — R, such that
g, V) < a(@)[[¢lle
for every ¢t € [0,T] and ¢ € C.
(Hy) For every t € [0,T],11,%9 € C and 1,22 € X, there exists a constant M such that
1f(t b1, 1) = [t a2, z2)|| < M[[r =zl + llzr — 2]
(Hs) There exists a constant N such that
lg(t, 1) — g, ¥2)|| < Nllv1 — 92llc,
for all t € [0,T] and ¥, € C.

(Hg) For each t € [0,T] the function f(t,.,.) : [0,7] x C' x X — X is continuous and for each ¢ € C and for
each x € X, the function f(.,%,z):[0,T] x C x X — X is strongly measurable.

(H7) For each t € [0,T] the function g(¢,.) : [0,7] x C — X is continuous and for each ¢ € C, the function
g(, 1) : [0,T] x C — X is strongly measurable.

(Hs) For every positive integer g there exists o, € L'([0, T, [0,00)) such that for a.e. t € [0,7] and x € B

sup1f (b, tk(t,sm(s,xs)ds) I < agl®

lzllz<q
and

1 T
liminff/ ag(s)ds = ¢ < 0.
q~>+ooq 0

(Hy) There exist constants M7 and My such that
Ih(t, 1,91, p) — Wt 2, y2, p)|| < Ml — Yalle + llyr — y2ll]

and
||h(t>1/)>y7/71) - h(tﬂ/)al/,PZ)H < MZ‘pl - 102|

We use Schauder fixed point theorem to prove our results.

Lemma 2.1. (Schauder fized point theorem [16], p-37) Let S be a bounded, closed and conver subset of a
Banach space X. If f € C(S,S), where C(S,S) is the set of all compact maps from S into S, then [ has at
least one fixed point.

The following Pachpatte’s inequality is the key instrument in our subsequent discussion.

Lemma 2.2 ([12], p. 758). Let u(t),p(t) and q(t) be real valued nonnegative continuous functions defined
on Ry, for which the inequality

u(t) <wug+ /Otp(s) [u(s) + /05 q(T)u(T)dT] ds,

holds for all t € Ry, where ugy is a nonnegative constant, then

u(t) < ug [1 + /Ot p(s) exp (/05 (p(1) + q(T))dT) ds],

holds for all t € R,..



30 P. M. Dhakane et al. / On a nonlinear functional second order...

We need the following result in the sequel.

Lemma 2.3. ([10], p.76) Let C(t), (resp. S(t)), t € R be a strongly continuous cosine (resp. sine) family on
X. Then there exists constants N > 1 and w > 0 such that

[C@)|| < Ne*ll, fort € R,

ta
/ e“*lds
ty

For more details on strongly continuous cosine and sine families, we refer the reader to [I9] and [21].

[|S(t1) — S(t2)]| < N , forti,to €R

With these preperations, now, we are in position to state our main results.

Theorem 2.4. Suppose that the hypotheses (Hy), (Hg) — (Hs) hold. Then initial value problem (I.1)-{1.3)
has at least one mild solution on [—r,T] if K1¢ < 1.

Theorem 2.5. Suppose that the hypotheses (Hi), (Hy) and (Hs) hold. Then initial value problem (1.1)-(1.3)
has at most one mild solution on [—r,T].

Theorem 2.6. Suppose that the hypotheses (Hy) — (Hs) hold. Then, every solution of the initial value problem

(T-1)-(1-3) is bounded on [—r,T].

Theorem 2.7. Suppose that the hypotheses (Hy), (Hy) and (Hs) hold. Let x1(t) and x2(t) be two solutions of
the initial value problem with initial conditions

xlo(t) = ¢(t)’ —r<t<0, xll<0) =0

and
T, (t) = x(t), —r<t<0, 25(0) =0

respectively. Then
o1 — 2allz < |Kllg = xlo + Killo - aﬂ [1 + Ky MT exp{ (K M + LN)T}|.

The following theorem investigates the continuous dependency of solutions of initial value problems (2.4) -

(2.6) and (2.7) - (2.9) on parameters.
Theorem 2.8. Suppose that the hypotheses (Hy), (Hs) and (Hyg) hold. Let x1(t) and x2(t) be the solutions of
initial value problem - (@ and - (@ respectively on [—r,T|. Then

Hl’l — £E2||B S KlMQT‘,Uq — /Jg| 1 +K1M1T€Xp{(K1M1 + LN)T} .

3 Proofs of the Theorems 2.4 and 2.5

Proof of Theorem 2.4. Define the operator F': B — B by

(b(t)? le [770’ O]a
(Fz)(t) =

C(t)p(0) + S(t)d + fot S(t—s)f (s,ms, fos k(s,m)g(T, .Z‘-,—)dT) ds, te][0,T].

Then the equivalent integral equation for the system - can be written as the fixed point problem
x = Fz. We prove that F' has a fixed point z(-) by applying the Schauder fixed point theorem. For each
positive integer ¢, let

B,={zxeB:xz(t)=¢(),t €[-r0 and |z||p < q}.

Then for each ¢, B, is clearly closed, convex and bounded subset in B. Obviously, F' is well defined on B,.
We claim that there exists a positive integer ¢ such that F'B; C B,. If this were not true for some ¢, then for
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each positive integer ¢, there is a function z, € B, with Fz, & B, that is || Fz,|| > ¢. Then 1 < %||Fa:q||7 and
hence

1< hmlnffHqu( ), t€0,T] (3.1)

q—+oo ¢

However, on the other hand by using the hypotheses (H;), (Hs) and condition in Theorem, we have

1
lim inf ~ ||F
;glg;oq\\ 2101l

—tminf = [C(t)o(0) + ()3 + [ St )1 (50 [ ks, ot ) ) ]

q—+oo q

t s
<timint = [[COISO) + ISONSI + [ 156~ 1 (00, [ ks rIgtr.a Jar ) ]
1 t s
<tinint L [Klolle + K51+ [ 5017 (5200 [ hsiar, i s

t
<lim inf [M—FKll/ aq(s)ds}
q qaJo

q—+o0

:K1< < 1a

which contradicts the condition (3.1]). Therefore, for some positive integer ¢, we must have F B, C B,.
Next we prove that F' is a compact operator on B, . For this purpose, first we prove that F' is continuous
on By. Let {z,} C B, with z,, — = in B,. By using hypotheses (Hs) and (H7), we have

¢ ¢
f(t,wm, | e s)g(s,wns>ds> = f(t,xt, | gt xs>ds> as 1 — 00,
0 0
for each t € [0,T]. Therefore by dominated convergence theorem,

[(Fan)(t) — (Fx) @)

= ||/ S(t—s { (s xns,/os k(S,T)g(T,an)dT)
(s [ Mot yir ) s

=[5t =90 1 (5.7 [ K)o, 07
- f(s,xs,/osk(s,T)g(T, mT)dT>||ds

—0 as n— oo.

This implies that ||Fz, — Fx||g — 0 as n — oo. Therefore, F' is continuous.
Next we prove that the family {Fx : € B,} is an equicontinuous family of functions. To do this, let
0 <t <ty <T;then

[(Fz)(t1) — (F) ()]
< [C(t) = CE)Ip(0)| + [[[S(ta) = S(E2)]6]l

i / It 5) = 50t 9 (s, [ btz )i s
o [ S0 - S)f(s,xs, | ks x7>df) ds|

t1

< () - Clt)Idlle + 15(tr) — S(ta) 5]
+ / ISt — 5) — S(ts — ) [lag(s)ds + / 1S(t2 — 5)[lag(s)ds

The right hand side of above inequality is independent of x € B, and tends to zero as (t2 —t;) — 0, since
C(t), S(t) are uniformly continuous for ¢t € [0,T]. The compactness of C(t), S(¢) for ¢t > 0 imply the continuity
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in the uniform operator topology (see lemma 2.3). The compactness of S(t) follows from that of C(¢). Thus
F maps B, into an equicontinuous family of functions. The equicontinuity for the cases t; < ¢ < 0 and
t; <0 <ty follows from the uniform continuity of ¢ on [—r, 0] and from the relation

[(Fy)(t1) = (Fy) ()| < [|o(t1) = ¢(0)]| + [ (Fy)(0) — (Fy)(t2)]l

respectively.

It remains to prove that V(t) = {(Fz)(t) : « € By} is relatively compact in X for each t € [—r,T]. This is
trivial for ¢ € [—r,0], since V() = {¢(¢)} which is singleton set. So let 0 < ¢ < T be fixed and € a real number
satisfying 0 < € < ¢; for € B, we define

t—e s
(Fex)(t) = C(t)o(0) + S(t)d + S(t—s)f (Sﬂcs/ k(s,m)g(T, xr)dT) ds
0

0

Since C(t) and S(t) are compact operators the set Ve(t) = {(Fez)(t) : € By} is relative compact in X for
every €, 0 < e <t. Moreover by making use of hypotheses (Hg), for every « € B,, we have

S

)0~ E)oll = [ 150515 (s [ K TIatrzar ) s

< [ st =s)lay(s)is

Therefore there are relative compact sets arbitrarily close to the set V(t) = {(Fz)(t) : * € B,}; hence the
set V() is also relative compact in X. Thus, by the Arzela-Ascoli theorem F' is a compact operator and by
Schauder’s fixed point theorem there exists a fixed point z(-) for F', which is a solution of - satisfying
x(t) = ¢(t), —r <t < 0. This completes proof of the Theorem 2.4. O

Proof of Theorem 2.5. Assume that = and y are two solutions of the initial value problem - on
[-7,T]. The function k : [0, 7] x [0,7] — R being continuous on compact set, there exists a constant L > 0
such thawt

Ik, )| <L for 0<s<t<T (3.2)

From definition of mild solution given in (2.2) - (2.3)) and using hypotheses (H;), (Hy), (Hs) and condition
we have

t S s
Joto) =] < [ 186 =) 15 (s [ ks, ot tr) = 7 (s [ k(s o) Y s
0 0 0
t s
< KlM/ {x —yillo + LN/ lzs — yT||CdT] ds (3.3)
0 0
Case 1: Suppose t > r. Then, for every 6 € [—r,0], we have t + 6 > 0. For such 6's, from lj we have
t+6 s
lote+0) oo+ o)) < Kot | [nxs o+ IN [ o chdr] s
0 0
t s
SKlM/ {|x8 —ych—i-LN/ ||~ —yT||ch]d5,
0 0
which implies
t S
o=l < KM [ [les = llo + 28 [ s~y lcar] as (3.4
0 0

Case 2: Suppose 0 < t < r. Then for all § € [—r,—t), we have t + § < 0. For such 9,8, we observe, from
£2)-E3), that
[2(t+6) —y(t + 0)|| = [|24(6) — v (0)]]
=0,

which yields
|zt — yelle = 0. (3.5)
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For 6 € [~t,0], t +6 > 0. Then, for such s we obtain as in the case 1,

tr s
et — elle < KoM / s — galle + LN / s — yllodr|ds (3.6)
0 L 0 i

Thus, for every 6 € [—r,0], (0 < ¢ <), from (3.5) and (3.6), we get

tr s 7
lze — yelle < K1M/ lzs = ysllc + LN/ l2r = yrllcdr | ds (3.7)
oL 0 J
For every t € [0, 7], from inequalities (3.4) and (3.7), we have
t s
o = wlle < 80 [ o = e+ I [ r = lodr] a5
0 0

t s
< e+K1M/ [Hxs —y5||C+LN/ 2. —yT|CdT]ds (3.9)
0 0

for an arbitrary € > 0. Thanks to Pachpatte’s integral inequality given in Lemma 2.2 and applying it to (3.8))
with u(t) = ||z: — ye]|c we get

lx: — yello < 6[1 Jr/ot K1 M exp <AS(K1M+LN)dT>dS}
<e [1 + Ky MT exp ({KlM + LN}T)]
Since ||z(t) — y(t)|| =0V t € [-r,0], it follows, for ¢t € [—r, T, that
lz(t) —y(@®)| < 6[1 + K1 MT exp {(K1M + LN)T}}

which yields
lz —ylls < 6[1 + K1 MT exp {(K1M + LN)T}}

Since € > 0 is an arbitrary, it follows that
lz—ylls =0

which implies z(t) = y(t), V ¢t € [—r,T]. This proves that the initial value problem (1.1)-(L.3) has at most one
solution. O

4 Proofs of Theorems 2.6 and 2.8

Proof of Theorem 2.6. The solution of the initial value problem (1.1))-(1.3)) is given by

2(t) = C(1)B(0) + S(t)5 + /Ot S(t— s)f(s,xs, /0 k(s, 7)g(r, l‘T)dT) ds

t € lo,T) (4.1)
xo(t) = o(t), —r<t<0

If t € [0,T) then from (4.1) and using the hypotheses (H1) — (H3) and condition (3.2]), we have
t s
@1 < IC@I 1) + [IS@ 111l +/0 1S(t = sl If(&xs,/o k(s,T)g(ﬂwr)dT)lldS

t s
SKII¢(0)H+K1II5II+/O Kip(s) [Ilﬂcsllth/0 q(T)IIxrllch}ds

Since K > 1, for —r <t < T, we get

@)l < Kol + Ko +/0 Klp(S)[IlffschrL/Os Q(T)fffllch}ds (4.3)
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From (4.3) and considering cases 1 and 2 as in the proof of the Theorem 2.5, we obtain

t t s
[Eire §K||¢|Ic+K1II5H+/ Klp(S)Hxsllcd8+/ Klp(S)/ Lq(7) |z || cdrds (4.4)
0 0 0

Thanks to Pachpatte’s integral inequality given in Lemma 2.2 and applying it to (4.4) with u(t) = ||z¢||c, we
get

feude < |Klele + Kol |1+ [ ' Kupls) exp ([ iptr+ atryyar s

< [K¢||C + K1||6||} {1 + {K Pexp(K, P + LQ)T}T] (4.5)
where
P = t = t .
tgf%]p( ), @ e, q(t)
It follows that solutions x(¢) of initial value problem (|1.1)) - (|1.3)) are bounded on closed interval [—r, T and
proof of the Theorem 2.6 is complete. O

Remark 4.1. We remark that our result in Theorem 2.6 also proves the stability of a solution x(t) if ||¢|lc, |||l
are small enough.

Remark 4.2. We note that cosine family C(t) and sine family S(t) are not bounded in R. C(t) and S(t) are
bounded only in finite interval and may have exponential growth in R. Consequently, all solutions of initial

value problem - are not bounded on R.

Proof of Theorem 2.7. By making use of the definition of mild solution given in (2.2) - , the condition
(3-2) and hypothesis (H1), (Hy4) and (Hs), we get

lea(5) — a2(0)] < [CW [6(0) — x (Ol + 1S 15— o]
+ [t -) ||f<s,w1s, / k(sm,g(ml»dv)

f( [ #em.0m @T)d7>||ds
0
t

< K16(0)  x(O)] + K15 o] + | KlM[nm 2,
0

c +LN/ |1, $2T||Cd7-:| ds (4.6)
0

From (4.6) and considering cases 1 and 2 as in the proof of Theorem 2.5, for every t € [0,T], we get

t s
for, = aalle < [Kl = xle + Kilo =l + [ Ko [lor, = oo, llo + 28 [ o, = aa flear|as @
0 0

Applying Pachpatte’s inequality given in Lemma 2.2, to the inequality (4.7) with u(t) = ||x1, — x2,]|c, We
obtain

21, = 22,lc < [Kll¢ = xllo + Kil|d — o] [1 + /Ot K1 M exp (/OS(IGM + LN)dT>d8:|
< [Kll¢ = xllc + Kil|6 — o] {1 + K1 MT exp {(KlM + LN)TH
which yields, for every ¢ € [—r, T7,
Joa(6) = a2(0)] < [Ko = xle + Kl = o] |1+ KadrTexp { (01 + L)}
and therefore, we have
o = 22l < [0~ xll + Kalla = ol |1+ KaMT exp { (K001 + LN)T }

This completes the proof of the Theorem 2.7. O
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Proof of Theorem 2.8. Using the hypotheses (Hy), (Hs), (Hg) and condition (3.2]) we have
lz1(t) — 22(t)] (4.8)
t s s
= [t (s [ ks, atr i ) (s [ gt arm)
0 0 0

+h<$7$25,/ k(5>7)9(77$2,)d77#1) _h(‘s?szv/ k(‘S?T)g(T?er)dT?:uQ)”ds

0 0
t s s

< [ Ise-9)l |h( / k(s,T)g(T,flf)dﬂm)h(&fﬂzs, / k(s,7>g<7,xzf>dm)||ds
0 0 0

t s S
+ / 1St — s)]| h(s,xgs,/ k(s,7)g(T, 22, )dT, ,u1> — h<s,x25,/ k(s,m)g(T, x2,)dT, u2> |lds
0 0 0

t s t
S / K1M1 |:|$15 —x25||c+/ LNHIL_ —1‘1T||Cd7':|d3+/ K1M2|[L1 —Mg‘ds
0 0 0

t s
S K1M2T|/,61 - ,U/QI +/ KlMl |:||l‘15 - l‘gSHC —|—/ LNHJJlT — 1, CdT:| ds (49)
0 0

From (4.9) and considering cases 1 and 2 as in the proof of the Theorem 2.5, we get

t S
21, — @2, o < K1 MoT|pq — pol +/ KM, [Hxls —x2,]lc +/ LN||z1, — $17|Cd7] ds (4.10)
0 0

Once again, thanks to Pachpatte’s integral inequality given in Lemma 2.2 and applying it to (4.10) with
u(t) = ||x1, — x2,||c, we obtain

t s
lz1, — z2, |lc < K1 MoT|py — pol [1 +/ KM, exp (/ (K1 M + LN)dT>d8:|
0 0
S |/J,1 - /,62|K1M2T |:1 + KlMlTeXp({KlMl + LN}T):|
(4.11)
Thus, for ¢t € [—r,T], we have
1 (8) — 22(8)| < Ky MaT i — o] [1 + K My T exp({Ki M + LN}Tﬂ
and hence
|21 — 22|l < K1 MoT|py — pio] [1 + K1 M T exp({ K1 My + LN}T)}

This follows that the solutions of initial value problem (2.4) - (2.6) and (2.7)) - (2.9) depend continuously on
the parameters. This completes the proof of the Theorem 2.8 O

9 Application

To illustrate the application of our main result, consider the following nonlinear partial integrodifferential
equation of the form

wu,) = 2un(w,0)+ @ (o2t =), [ (1)1 s 25 — r)is) ds,

te0, 7], 0<w<nr (5.1)
2(0,t) = 2(m,t) = 0, t € 0,7, (5.2)
z(w,t) = p(w,t), 0 <w <7, —r <t <0, (5.3)
zt(w,0) = 2p(w), 0<w<m (5.4)

where ¢ is continuous, @ : [0,T7] x RXxR — R, g; : [0,7] x R — R are continuous and strongly measurable and
k1 :[0,T] x [0,T] — R is continuous. We assume that the following condition is satisfied.
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(1) For every positive integer g there exists o, € L'([0,T7],[0,00)) such that for a.e. t € [0,T] and z € R

sup
|2 <k1

Q (t, ctwt =, [ (1, 9)g1 (5, 2, 5 — r))ds) ] < ol (1),

and

1 b
;iginogq—l/ ay, (s)ds = (" < oo.

Let X = L2[0, 7] be endowed with usual norm || - ||z2. Define the operator A : X — X by Ay =y with
domain D(A) = {y € X : y, y are absolutely continuous, y” € X and y(0) = y(r) = 0}. Then

[e.9]

Z 24, yn)yn, y € D(A),

where y,,(s) = (\/2/m)sinns, n = 1,2, 3, ... is the orthogonal set of eigenvectors of A and it can be easily shown
that A is the infinitesimal generator of a strongly continuous cosine family C(t), ¢t € R, in X and is given by
(see[18])

C(tyy = cosnt(y,yn)yn, y € X.

n=1
The associated sine family is given by
=1
Sty = Zl - sinnt(y, yn)yn, y € X.
n=

Further assume that K¢’ < 1, where K; = sup{||S(¢)|| : t € [0,T]}.
Define the functions f: [0,T] x Cx X — X, ¢:[0,T] xC — X, k:[0,T] x [0,T] — R, as follows

f(t7’¢)7I)(U) = Q(ta 1)[}(77’)(’0),1‘(1))),
9(t,¥)(v) = g1 (tp(=7)(v)),
k(t,s) = ki(t, s),

for t € [0,T],x € X,¢ € C and v € R. Then the above partial differential system (5.1)-(5.4) can be formulated
abstractly as

2 (t) = Ax(t) + f(t,act,/o k(t, s)g(s,xs)ds), te[0,T] (5.5)
zo(t) = ¢(t), —r<t<0 (5.6)
2'(0) =46

Since all the hypotheses of the Theorem 2.4 are satisfied, and hence, by an application of the Theorem 2.4, the
partial differential equations (5.1)) - (5.4) have at least one solution on [—r, T7.
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