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Abstract

This paper deals with the initial boundary value problem for the viscoelastic wave equations
up — A+ [ g1 (F—1) Au(t)dt+u = fi (u,0),
o — Do+ [ g (t—1) Ao (T)dT+ v = fo (1,0)

in a bounded domain. We obtain the global nonexistence of solutions by applying a lemma due to Y. Zhou
[Global existence and nonexistence for a nonliear wave equation with damping and source terms, Math.
Nacht, 278 (2005) 1341-1358].
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1 Introduction
In this paper we consider the following initial boundary value problem

up — Au+ [y g1 (F—1) Au(t)dt+ur = fi (w,0), (x4 €Qx(0,T),
vtt—Aerfotgg (t—71)Av(T)dTt+v = f2(1,0), (x,t) e QA x (0,T),

u(x,t) =v(xt)=0, (x,t) € 9Q2 x (0, T), (1.1)
u(x,0) =ug(x), ur (x,0) =uy (x), x e,
v(x,0) =99 (x), v¢ (x,0) =v1 (x), xe,

where ) is a bounded domain with smooth boundary dQ in R”, n = 1,2,3;and g; (.) : Rt — R*, f;(.,.) :
R? — R are given functions to be specified later.
The single viscoelastic wave equation of the form

utt—Au+/tg(t—T)Au(T)dT+h(ut) =f(u),xeQ, t>0, (1.2)
0

has been extensively studied and many results concerning nonexistence have been proved. See in this regard
[5, 1819}, 117].
The equation (1.2) without the viscoelastic term (i.e., g = 0) can be written in the following form

Uy — Au+h(u) =f(u), xeQ, t>0. (1.3)

The local existence, global existence, and blow up in finite time of solution for (1.3) were established (see
[3},16} 7,10}, [11]] and references therein).
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Agre and Rammabha [2] studied the global existence and blow up of the solution of the problem (1.1) with
gi = 0 (i = 1,2) using the same techniques as in [3]]. After that, the blow up result was improved by Said-
Houari [15]). Also, he showed that the local solution obtained in [2] is global and decay of solutions [14].

Recently, Han and Wang [4] obtained the local existence, global existence and blow up of the solution of
the problem (1.1) under some suitable conditions. Messaoudi and Houari [12] considered problem (1.1) and
improved the blow up result in [4], for positive initial energy, using the some techniques as in [15]. Also,
Houari et. al. [16] studied the general decay of the solution of the problem (1.1) by using the Lyapunov
functional method.

In this paper, we consider the problem (1.1) and prove a global nonexistence result of solutions.

This paper is organized as follows. In section 2, we present some lemmas. In section 3, we state the local
existence result. In section 4, we show the global nonexistence of solutions.

2 Preliminaries

In this section, we shall give some assumptions and lemmas which will be used throughout this work. Let
[[-Il and ||.||,, denote the usual L2 (Q) norm and L? (Q) norm, respectively. Firstly, we make the following
assumptions:

(A1) gi : Rt — R™ (i = 1,2) nonincreasing differentiable function satisfying

1—/Ooogi(s)ds:l,»>0.
(A2) gi(t) >0, Vt > 0.
Concerning the functions f1 (1,v) and f; (4,v), we take
fi(u,0) = alu+ 0PV (u+0) + b ul? 0P u,

fo(w,0) = afu+ 0P (u+0) + b |ufP 2 o] o,

where a,b > 0 are constants and p satisfies

-l1<p ifn=12,
{—1<p<1 ifn=3. 1)
According to the above equalities we can easily verify that
u fi (u,0) +0fs (4,0) = 2 (p+2) F (,0), ¥ (1,0) € R, 2.2)
where 1
- 2(p+2) p+2
F (u,v) 2752 [a\u—i—v\ +2b |uv| } . (2.3)
We have the following result.
Lemma 2.1 [12]]. There exist two positive constants ¢y and c¢; such that
_ 0 (12 t2) 20+2) < F < (1) 2(p+2) 2.4
CES) (1uPF2) 4 P2 < (2 < 500 (uPP2) 4 o) (2.4)

is satisfied.
Lemma 2.2 [13]. For any ¢ € C! (R) we have

| [ st-n100@¢ wimar = —3(5'o9p) () + 550 [99I°

Nl —= N =

t
t3g [Eev0 0~ [g@Ivolar.

Lemma 2.3 (Sobolev-Poincare inequality) [1]. Let p be a number with2 < p < co (n=1,2) or2 < p <
2n/ (n—2) (n > 3), then there is a constant C. = C, (), p) such that

lull, < C.||Vul| foru € H} (Q).
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Lemma 2.4 [18]. Suppose that ¢ () is a twice continuously differentiable function satisfying

{ P (E) + ' (1) > Copt (), >0,
¥ (0) >0, ¥'(0)>0,

where Cy > 0, & > 0 are constants. Then, ¢ (t) blows up in finite time.

3 Local existence

In this section we state local existence and the uniqueness of the solution of the problem (1.1).
Definition 3.1. A pair of functions (1, v) is said to be a weak solution of (1.1) on [0, T] if

1u,0€C ([o, T); H} (Q)) nct ([O,T);Lz (Q)) ,
ur € L2(Q x (0,T)),v; € L2(Qx (0,T)),
W e L2 (0, T;H 1 (Q) + L2 (Q)) ,
o e L2 (o, T;H 1 (Q) + 2 (Q)) )
where H™! (Q) 4+ L? (Q) is the dual space of H} (Q0) N L? (Q?). In additon, (1, v) satisfies

/ ()dex—/ ()cpdx—l—/ VuVedx

// (g1+Vu) Vgl>dxdr+//u¢dxdT
//fl (1)) pdxdr,

/ ()cpdx—/v1( godx+/wv(pdx
// (g2 % Vo) Vgodxdr+//vgodxdr
- / [ u(@),0(0) gaxie,

for all test functions ¢ € H} (Q) N L% (Q), ¢ € H} () N L? (Q) and for almost all t € [0, T].

Now, we state the local existence theorem that is proved in [4].

Theorem 3.1 (Local existence). Assume that (2.1), (Al) and (A2) hold. Then for any initial data (1, u1) €
H} (Q) x L2(Q)), (vg,v1) € H} (Q) x L? (QQ),, there exists a unique local weak solution (1, v) of problem (1.1)
(in the sense of Definition 3.1) defined on [0, T| for some T > 0, and satisfies the energy identity

t ot
E(t) +/0 (HuT O+ |oe (T)H2) dr — % /0 ((g10oVu) (1) + (850 Vo) (1)) dt

t
3 [ (@ @190 @IF + g2 (0 190 (R e

= E(0)
where E (t) is defined in (4.3).

4 Global nonexistence result

In this section, we prove the global nonexistence of the solution of the problem (1.1). In order to do so, let us
first introduce the following functionals,

J(h = ;(1—/0tg1 (T)dT) IVulP+ (1—/0tg2(r)d1‘) Vol

45l Tu) (6 + (82090 (6]~ [ Flw o) @
Q
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and

1) = (1—/Otg1 (T)dT) IVull? + (1—/0th (T)dT) Vo2

+(810Vu) (£) + (820 Vo) (£) = (p+1) /Q F(u,v)dx. (4.2)

We also define the energy function as follows

£ = (i +mlR) 3 (1- [ s @ar) v+ 3 (1- [ @) vor

[(g10 V) (1) + (320 Vo) ()] - /Q F (u,0) dx, 4.3)

+

N —

where ,
(2o¥) (t) = /0 @(t—r)/ﬂ [¥(t) =Y (1) dxdT.
Finally, we define
W = {(u,v) (u,0) € HY(Q) x HY(Q)), I(1,0) > o} U{(0,0)}. (4.4)

The next lemma shows that our energy functional (4.3) is a nonincreasing function along the solution of
the problem (1.1).
Lemma 4.1. E () is a decreasing function for t > 0 and

E' (1)

IN

— (Nl + 12uIR) + 5 [(5 0 V) (1) + (g5 Vo) (6]
< 0, Vt>0. (4.5)

Proof. Multiplying the first equation of (1.1) by u; and the second equation by v;, integrating over (), and
using (2.5) and the assumption (A1)-(A2), we obtain (4.5).
Theorem 4.1. Under the conditions of Theorem 3.1, assume that initial conditions satisfies

E(0) <0, / (upuq + vovy)dx >0,
o)

t t
+1
max sds,/ sds}gp
{/081() ng() PR —

4(p+2)
then the corresponding solution blows up in finite time. In other words, there exists a positive constant T*
such that lim (||u||2 + ||v||2) — co.
Proof. To apply Lemma 2.4, we define

and

1
9O =3 [ (1w +1of) ax @6
Therefore,
P (t) :/ (uuy + voy) dx, 4.7)
0
and
" (t) = /Q (u% + v%) dx + /Q (uuy + voy) dx. (4.8)

Then, eq (1.1) is used to estimate (4.8) as follows
") = / w2+ 02 ) dx — ([|Vul]> + | Vo
¢ (1) | (u +2t) dx = (Ivulf + 70l
t
+/ / Q1 (t —s) Vu (t) Vu (s) dsdx
0O Jo
t
+/ / g (t—s) Vo (t) Vo (s)dsdx
aJo

—/ (uut+vvt)dx+2(p+2)/ F (u,v) dx. 4.9)
O o)
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We then use Young’s inequality to estimates third and fiveth terms in (4.9);
t
/ / g1 (t—s) Vu (t) Vu (s) dsdx
O Jo
t t
= / / g1 (t—=s)Vu (t)[Vu(s) — Vu (t)| dsdx + (/ g1 (9) ds) [ Vu?
QJo

sivul+ 35 ([ 85) @ovm o+ ([ 0 0as) vul?

/ /t e (t—s) Vo (t) [Vu(s) — Vo (t)] dsdx
O Jo

< 6IVel+ (/ 2 (s )gzow (/ 2 (s ds) Vol

Inserting (4.10), (4.11) into (4.9) to get

IA

and

YO+ = (- erl?) - (1+/Otg1 (5) ds+5) |Vul?
t
—<1+/ gz(s)ds—i—é) \\Vv||2+2(p+2)/013(u,v)dx

(/gl )ds ) (510 9) (1) - </g2 )d5) (g2050) (1),

From the definition of E (¢), it follows that
2 2 2 2/ 1 2 2
< _
IValP +190l? < $Z5E@ + 7= [ Foydx— = (lul? + o)
1
—— [(g10 Vi) (1) + (g20 Vo) (1),

where | = max {fot g1 (s)ds, fot g2 (s) ds} . Substituting (4.13) into (4.12), we have
246 1+1+496
Ve = (35 )(nutn +lol?) -2 (12 )
[ 1+1+496
+l2(pa2)—2 (L / F (u
I 1-1 0
+ 1;”;;5 (/g1 )ds } (g10Vu)(

+ 1—1H_4[—5 (/ (s ds)} (820 Vo) (

At this point we choose § > 0, so that

1+1+6 1 ([t 1+1+6 1 ([
S ([aes)zo L ([aes) 20

Therefore, (4.14) becomes

Py > {2(;}—%—2)—2(1—1”_—;5)]/QF(u,v)dx
T [z(mz)z(ljl”)] (222 + o202
>y (i3 + lelbhts))

where ¢y = 2(;:{2) [2 (p+2)-2 (%)} . Also, from assumption of the theorem y > 0.

(4.10)

@.11)

(4.12)

(4.13)

(4.14)

(4.15)
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Now, Holder inequality are used to estimates ||u||§§5 ﬁ; and ||v||§EZ ﬁ; as follows

1 p+l
/ lul?dx < (/ 2P +2) dx) " (/ 1dx) .
0 o o

W, is called the volume of the domain (), then

2p+2) 25\ )
lellyp 2y = | f Tulmdx | (Wa) ,
and similarly, we have

2(p+2) 2 pt2 1
||v||2(5+2) > (/Q 7] dx) (Wn)—(P+ )

Consequently, we have

')+ () > v (W)~ P [(/Q |u? dx) p+2+ (/Q |v]? dx> pH] . (4.16)

In order to estimate the right-hand side in (4.16), we make use of the following inequality
(X+Y)P <2071 (XP +YP),

X,Y > 0,1 < p < oo, applying the above inequality we have

p+2 p+2 p+2
o—(p+1) (/ |u|2dx—|—/ v|2dx> < (/ |u2dx) +</ |v|2dx> )
(@) O (@] O

Consequently, (4.16) becomes
p+2
2~ (1), ~(p+1) </ |u| dx+/ o] dx)

= 2y (W)Y w*’“(

Y

Y +y' (1)

It is easy to verify that the requirements of Lemma 2.4 are satisfied by
Co=2y(W,) "V >0, a=p+1>0.

Therefore 1 (t) blows up in finite. The proof of Theorem 4.1 is completed.

References

[1] R.A. Adams, J.].E. Fournier, Sobolev Spaces, Academic Press, 2003.

[2] K. Agre, M.A. Rammaha, Systems of nonlinear wave equations with damping and source terms, Differ-
ential Integral Equations, 19 (11), 1235-1270 (2006).

[3] V. Georgiev, G. Todorova, Existence of a solution of the wave equation with nonlinear damping and
source term, J. Differ. Equations, 109, 295-308 (1994).

[4] X. Han, M. Wang, Global existence and blow-up of solutions for a system of nonlinear viscoelastic wave
equations with damping and source, Nonlinear Anal., 7, 5427-5450 (2009).

[5] M. Kafini, S.A. Messaoudi, A blow up result in a Cauchy viscoelastic problem, Appl. Math. Lett., 21 (6),
549-553 (2008).

[6] H.A. Levine, Instability and nonexistence of global solutions to nonlinear wave equations of the form
Puy = Au+ F(u), Trans. Amer. Math. Soc., 192, 1-21 (1974).



174 Erhan Pigkin / Global nonexistence of solutions for ...

[7] H.A. Levine, Some additional remarks on the nonexistence of global solutions to nonlinear wave equa-
tions, SIAM J. Math. Anal., 5,138-146 (1974).

[8] S.A. Messaoudi, Blow up and global existence in a nonlinear viscoelastic wave equation, Math. Nachr.,
260, 58-66 (2003).

[9] S.A. Messaoudi, Blow up of solutions with positive initial energy in a nonlinear viscoelastic wave equa-
tions, J. Math. Anal. Appl., 320, 902-915 (2006).

[10] S.A. Messaoudi, Blow up in a nonlinearly damped wave equation, Math. Nachr., 231, 105-111 (2001).

[11] S.A. Messaoudi, Global nonexistence in a nonlinearly damped wave equation, Appl. Anal., 80, 269-277
(2001).

[12] S.A. Messaoudi, B. Said-Houari, Global nonexistence of positive initial-energy solutions of a system of
nonlinear viscoelastic wave equations with damping and source terms, J. Math. Anal. Appl., 365, 277-287
(2010).

[13] J.E. Munoz Rivera, M. Naso, E. Vuk, Asymptotic behavior of the energy for electromagnetic system with
memory, Math. Methods Appl. Sci., 25 (7), 819-841 (2004).

[14] B. Said-Houari, Global existence and decay of solutions of a nonlinear system of wave equations, Appl.
Anal., 91 (3), 475-489 (2012).

[15] B. Said-Houari, Global nonexistence of positive initial-energy solutions of a system of nonlinear wave
equations with damping and source terms, Differential Integral Equations, 23, 79-92 (2010).

[16] B. Said-Houari, S.A. Messaoudi, A. Guesmia, General decay of solutions of a nonlinear system of vis-
coelastic wave equations, NoDEA- Nonlinear Diff., 18, 659-684 (2011).

[17] Y. Wang, A global nonexistence theorem for viscoelastic equations with arbitrary positive initial energy,
Appl. Math. Lett., 22, 1394-1400 (2009).

[18] Y. Zhou, Global existence and nonexistence for a nonliear wave equation with damping and source terms,
Math. Nacht, 278, 1341-1358 (2005).

Received: June 26, 2014; Accepted: February 03, 2015

UNIVERSITY PRESS

Website: http:/ /www.malayajournal.org/



	Introduction
	Preliminaries
	Local existence
	Global nonexistence result

