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Abstract

In this paper, we prove the local attractivity of solutions for a certain nonlinear Volterra type functional
integral equations. We rely on a measure theoretic fixed point theorem of Dhage (2008) for nonlinear D-set-
contraction in Banach spaces. Finally, we furnish an example to validate all the hypotheses of our main result
and to ensure the existence and ultimate attractivity of solutions for a numerical nonlinear functional integral
equation.

Keywords: ~ Measure of noncompactness, fixed point theorem, functional integral equation, attractivity of
solutions.
2010 MSC: 45G10, 45G99. ©2012 MJM. All rights reserved.

1 Introduction

The last three decades witnessed the active area of research in the connotation of measure theoretic fixed
point theory and its applications to the problems of nonlinear differential and integral equations. The novelty
of this approach lies in the advantage that along with existence we obtain some additional information about
some characterizations of the solutions automatically. Local and global stability of the solutions of certain
functional integral equations is discussed via measures of noncompactness by many researchers (see, for
instance, Banas and Goebel [3], Banas and Rzepka [4], Dhage [8]9], Dhage and Ntouyas [13] and the references
therein). Very recently, Dhage [8] derived an abstract fixed point result more general than Darbo [5] fixed point
theorem using the notion of measures of noncompactness and applied to stability problem of certain nonlinear
functional integral equations. See Dhage and Lakshmikantham [12] and the references therein. Inspired or
motivated by the idea of D-functions that given in the examples of Dhage [10, [11], we prove in this paper the
local attractivity of solutions for a certain nonlinear Volterra type functional integral equations via Dhage’s
measure theoretic fixed point theorem.

We now consider the following generalized nonlinear functional integral equation (in short GNFIE)

()

o(t)
x(t) =u(t,x(t) + p( A f(t‘,s,x(@(s))ds,/0 g(t,s,x(q(s))ds) (1.1)
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fort € Rt = [0,00) C R, whereu : R" xR - R, f,¢g : R"XxR" xR - R, p: RxR — R and
7v,6,0,17 : Rt — R" are continuous functions.

Notice that the functional integral equation is “general” in the sense that it includes several classes of
known integral equations discussed in the literature (see Banas and Rzepka [4], Dhage [8], Dhage and Ntouyas
[13], O’Regan and Meehan [15]], Krasnoselskii [14], Vith [16], Dhage [7, 8] and the references therein). In this
paper, we intend to obtain solution of GNFIE in the space BC(R",R) of all bounded and continuous
real-valued functions on R*. We use a fixed point theorem of Dhage [8] involving general measures of
noncompactness to prove the existence and ultimate attractivity of solutions of GNFIE under certain new
conditions. The results of this paper are new to the theory of nonlinear differential and integral equations.

2 Auxiliary Results

This section is devoted to presenting a few auxiliary results needed in the sequel. Assume that E is a
Banach space with the norm || - || and the zero element 6. Denote by B|x, r] the closed ball centered at x and
with radius r. If X, Y are arbitrary subsets of E then the symbols AX and X + Y stand for the usual algebraic
operations on those sets. Moreover, we write X, @0 X to denote the closure and the closed convex hull of X,
respectively.

Further, let P,(E) denote the class of all nonempty subsets of E with a property p. Here p may be
p =closed (cl, in short), p =bounded (bd, in short), p =relatively compact (rcp, in short) etc. Thus,
Pe(E), Ppa(E), Peypa(E) and Pyep(E) denote respectively the classes of closed, bounded, closed and bounded
and relatively compact subsets of E.

The axiomatic way of defining the concept of the measure of noncompactness has been adopted in several
papers in the literature. See Akhmerov et al. [2], Deimling [6], Vath [16] and Zeidler [17]. In this paper, we
adopt the following axiomatic definition of the measure of noncompactness in a Banach space given in Banas
and Goebel [3] and Dhage [7, [8].

Definition 2.1. A mapping u : Ppg(E) — R is called the measure of noncompactness in E if it satisfies the following
conditions:

1° The family ker p = {X € Pypy(E) : u(X) = 0} is nonempty and ker p C Pycp(E).
20 u(X) = p(X).

3 (@ X) = p(X).

49 XY= uX) <u().

59 If {X,} is a decreasing sequence of sets in Py pq(E) such that lim u(X,) = 0, then the intersection set Xoo =

n—oo

N Xy is nonempty.
n=1

The family ker p described in 1° is said to be the kernel of the measure of noncompactness u. We refer to
[2, 13 4} 6] [16] [17] for further facts concerning the measures of noncompactness and their properties. Let us
only observe that the intersection set X is a member of the family ker u. Indeed, since y(Xe) < p(Xy) for
any n, we infer that j1(X«) = 0. In view of 1° this yields that X« € ker p.

A measure y of noncompactness is said to be sublinear if
6° u(X+Y) <u(A)+u(B)forall X,Y € Pyy(E), and
7° w(AX) < |A|u(X) forall A € R and X € Pyy(E).

Let E = BC(R™,R) be the space of all continuous and bounded functions on R* and define a norm || - ||
in E by

€] = sup{|x(£)[ : = O}.
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Clearly E is a Banach space with this supremum norm. Let us fix a bounded subset A of E and a positive
real number T. For any x € A and € > 0, denote by wT(x, €), the modulus of continuity of x on the interval
[0, T] defined by

wT(x,€) = sup{|x(t) — x(s)| : t,s € [0, T], |t — 5| < €}.

Moreover, let
wl(A,e) = sup{w!(x,€) : x € A},

wi(A) = lim wT(A,e),

€E—

wo(A) = lim wld (A).
By A(t) we mean a set in R defined by A(t) = {x(t)|x € A} for t € R". We denote diam (A(t)) =
sup{|x(t) —y(t)| : x,y € A}. Finally we define a function y on Py, (E) by the formula

U(A) = wo(A) + limsup diam (A(t)). (2.2)
t—o0
It has been shown in Banas and Goebel [3] that y is a sublinear measure of noncompactness in E. From the
definition of the measure y, it is clear that the thickness of the bundle of functions A(f) tends to zero as ¢ tends
to co. This particular characteristic of u has been utilized in formulating the main existence and attractiivity
result of this paper.

Before going to the key tool used in this paper, we recall the following useful definition introduced by
Dhage [8]].

Definition 2.2. A mapping T : E — E is called D-set-Lipschitz if there exists a upper semi-continuous nondecreasing
function ¢ : Rt — R such that u(7T (A)) < @(u(A) forall A € Pyy(E) with T (A) € Pyy(E), where ¢(0) = 0. The
function ¢ is sometimes called a D-function of T on E. Especially when ¢(r) = kr,k > 0, U is called a k-set-Lipschitz
mapping and if k < 1, then T is called a k-set-contraction on E. Further, if ¢(v) < r for r > 0, then T is called a
nonlinear D-set-contraction on E.

Lemma 2.1 (Dhage [8]). If ¢ is a D-function with ¢(r) < r for r > 0, then limy, ., ¢" () = 0 forall t € [0, c0) and
vice-versa.

Using Lemma Dhage [8] proved the following important result.

Theorem 2.1. Let C be a closed, convex and bounded subset of a Banach space E and let T : C — C be a continuous
and nonlinear D-set-contraction. Then T has a fixed point.

Remark 2.1. Let us denote by Fix(7) the set of all fixed points of the operator 7 which belong to C. It
can be shown that the set Fix(7") existing in Theorem 2.1| belongs to the family ker y. Indeed, if Fix(7) ¢
ker y, then u(Fix(7)) > 0 and 7 (Fix(7)) = Fix(7). Now from nonlinear set-contractivity it follows that
u(T (Fix(T))) < ¢p(u(Fix(7T))) which is a contradiction since ¢(r) < r for r > 0. Hence Fix (7)) € ker p. This
particular characteristic has been utilized in our study of local attractivity of the solutions of nonlinear integral
equations.

3 Local Attractivity Results

In this section we prove our main existence and attractivity results for the GNFIE (1.1) under some suitable
conditions. We need the following definition in what follows. Let us assume that E = BC(R™,R) and let Q)
be a subset of E. Let 7 : E — E be an operator and consider the operator equation in E,

Tx(t) = x(t) for all t € RY. (3.3)

Below we give an attractivity characterizations of the solutions for the operator equation (3.3) on R*.
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Definition 3.3. We say that solutions of the equation are locally ultimately attractive if there exists a closed ball
B|xo, o] in the space BC(R™,R) for some xg € BC(R™,R) such that, for arbitrary solutions x = x(t) and y = y(t)
of equation belonging to B|xo, ro] N Q, we have

lim (x(t) —y(t)) =0. (3.4)

t—o00

In case the limit (3.2) is uniform with respect to the set B[xg, o) N (), i.e., for each € > 0O there exists T > 0 such that
[x(t) —y(t)[ < e (3.5

for all solutions x,y € B[xq,r0] N Q of (3.3) and for t > T, we will then say that solutions of equation are uniformly
locally ultimately attractive on R™.

We consider the following set of hypotheses in the sequel.

(Hp) The functions 1,6, 0,1 : Rt — R™ are continuous and lim;_« () = 0.

(H1) The function u : R™ x R — R is continuous and there exists a continuous and nondecreasing function
¢ : Rt — R" such that

ju(t,x) —u(t,y)| < ¢(]x —yl)
foreacht € R and x,y € R. Moreover, we assume ¢(r) < r for r > 0.

(Hz) The function U : RT — R™ defined by U(t) = |u(t,0)] is bounded with c; = sup,;., U(t).

(Hs3) The function f : Rt x RT x R — R is continuous and there exist a constant k > 0 and a function ¢ as
appears in (Hj) such that

If(ts,x) — f(t,s, )] < ke(|x —yl)
fort,s € R" and x,y € R.
()

(Hs) The function F : RT™ — R defined by F(t) = / |f(t,s,0)|ds is bounded with c; = sup,. F(t).
0 >

(Hs) The function ¢ : R* x R x R — R is continuous and there exist functions a,b : R — R satisfying

|g(t,s,x)| < a(t)b(s)

o(t)
fort,s € R" and x € R. Moreover, tlim a(t) / b(s)ds = 0.
0

—00

(Hg) The function p : R x R — R satisfies the following condition
p(t,t2) = p(t1, )| < [t — 1] + |2 — ]
for all 1,1, ], t, € R. Moreover, p(0,0) = 0.

Remark 3.2. Since the hypothesis (Hy) holds, there exists a constant co > 0 such that co = sup;~qy(t). Similarly,

since (Hs) holds, the function v : R™ — R* defined by v(t) = a(t) fog(t) b(s)ds is continuous and the number
€3 = sup;-q v(t) exists.

Theorem 3.2. Assume that the hypotheses (Hy) — (Hg) hold. Further if there exists a positive solution ro of the
inequality
(14 cok)p(r)+q <7, (3.6)

where q is the constant defined by q = Y.5_, ¢;, then the GNFIE has a solution and the solutions are uniformly
locally ultimately attractive on RT.
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Proof. Now consider the closed ball B[0, o] in E centered at origin of radius (. Define the mapping 7 on E by

()

o(t)
Tx(t) = ultx(0) +p(( [ flts,x(O(s))ds, /0 8(t,5,x(7(5)))ds (3.7)
for t € R*. We shall show that the map 7 satisfies all the conditions of Theorem 3.1 on E.

Step I: First we show that 7 defines a mapping 7 : E — E. Since p,q,v,0 are continuous, 7 x is
continuous and hence it is measurable on R™ for each x € E. As 6(R") C R", we have max;>q [x(0(t))| <
max;>o |x(t)|. On the other hand, hypotheses (Hy) — (H3) and (Hs) imply that

() o(t)
Ta(0) < e x @) +[p( [ 5,206, [ g(hax(u(s)»ds) - p(0,0)|
()
g|u(t,x(t))—u(t,0)|+|u(t,0)|+‘/0 Flt,s,x(0 ds‘—l—‘/ 8(t,5,x(1(s)))ds|

()
< qv(IX(f)l)Jrlu(t,O)H/O \f(t/SIX(f)(S)))IdSJr/O (¢, s,x(11(s)))|ds

©) ©)

v Y o(t)
< ¢(|x(t)|)+|u(f,0)\+/0 \f(tfsrx(9(5)))—f(t,SfO)\dH/O \f(t,s,0)|d5+/0 a(t)b(s)ds

< @(llxll) + U(t) + ky ()@l x[]) + c2 + v (t)
< (X +cok)o(lIx[l) +9,

for all t € R*. Taking supemum over ¢, we obtain,
1Tx < (X+cok)e(lx]) +q < (3.8)
From (3.7), we deduce that 7x € E and 7 defines a mapping 7 : B0, o] — B0, ro].
Step II: We show that 7 is continuous on B[0, 7). Let € > 0 be given and let x,y € B[0, ] be such that
lx — y|| < e. Then by hypotheses (Hy) — (Hs)
7(b) o(t)
ITx(0) = Ty(t)] < e, x(1) =ty + [p( [ ftsx(06))ds, [ glts,x(r(6)is)
0 0
(t) o(t)
fp( / s v, | g(t,s,y(ﬂ(S)))dS)’
7(b)
P(() =y +| [ 17t x(006))) = F(t5,y(0()lds
o(t)
+ ) | st xts) —g(hw(v(s)))}ds]
0
7(H)
e(1x(#) —y(®)]) + /O |[f(t,5,x(6(s))) — f(t5,y(6(s)))ds
o(t)
+ [ gt x(ns)) = st 5,w(n(6)lds

o(t)
< @(llx =yl) +ky()o(llx = yl) + 2/0 a(t)b(s)ds
< (14 cok)p(e) + 2v(t)
< (1 + cok)e + 20(t). (3.9)

Since v(t) — 0 as t — oo, there exists T > 0 such that v(t) < ¢, Vt > T. Thusif t > T, then from we have
that
|Tx(t) — Ty(t)| < (3+cok)e.

If t < T, then define a function w = w(e) by the formula
w(e) = sup{|g(t,s,x) —g(t,s,y)| :t,s €[0,T],x,y € [—ro, 10, |x —y| <€} (3.10)

Now ¢(t, s, x) is continuous and hence uniformly continuous on [0, T] x [0, T] x [—rg, rg]. As a result we have
w(e) — 0as e — 0. Therefore, from (3.10),
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|Tx(t) — Ty(t)] < (14 cok)e +o*w(e)
forall t € RY, where ¢* = max{c(t) : t € [0, T|}. Hence, it follows that

|1 Tx—Tyl] < max{(3+cok)e, (1+ cok)e + o w(e)}

— 0 as e — 0.

Hence 7 is a continuous mapping from BJ0, rg] into itself.

Step III: Here we show that 7 is a nonlinear set-contraction on B0, rg]. This will be done in the following
two cases:

CaseI:Let A C B[0,79] be non-empty. Further fix the number T > 0 and € > 0. Since the functions f
and g are continuous on compact [0, T] x [0, T] x [—rg, o], there are constants ¢4 > 0 and ¢5 > 0 such that
|f(t,s,x)] < cqgand |g(ts,x)] <csforallt,s € [0,T] and x € [—rg,9]. Then choosing ¢, T € [0, T] such that
|t — 7| < € and taking into account our hypotheses, we obtain

(1) o(t)
[ Tx(t) =Tx(r)| < fu(t,x(t)) —u(7,x(7))[ + P f(t,5,x(6(s)))ds, (s, x(17(s)))ds
0
(1)

—p( " fr,s, x(0(s)) s /0 §(t,5,x(1(5)))4ds )|

< lu(t, X( )) —u(t,x(1))| + |u(t, x(1)) — u(t, x(7))|
+ A t)f(t,s,x(G(s)))ds— OW(T)f(T,s,x(G(s)))ds
+|f " gt (5)))ds — / " g5, (5)))ds
< o(x )— (D)) + lu(t, x(1)) — u(t, x(7))]
()
+ / f(t,s,x(6(s)))ds — f(t,s,x(0(s)))ds
0
y(t (1)
+/ f(t,s,x(0(s)))ds — f(T,s,x(6(s)))ds
0 0
o(T)
t,s, d
" /m g(t,5,x(1(s)))ds
(1)
| [ (e, x0())ds = g5, x(7(5))ds
< o(x(t) — x(7)]) + [u(t, x(1)) — u(t, x(7))|
()
+/O [f(t,s,x(0(s))) — f(T,5,x(0(s)))|ds
() o(T)
+ L s + / CCEEUCNIE
o(T)
+ [ gt x0r)ds = g5, x(7(5)) s
< o(lx(t) = x(T)) + w'(u,€) + k' (f,€) + csw” (7, €)
+Tw(g,€) +cswl(o,e€),
where
w'(r,e) = sup{|y(t) = ()| : t, T € [0, T], |t — 7| <€},
wl(o,e) = sup{|o(t)—o(T)|:t,T€[0,T],|t—1|<e},
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wl(u,e) = sup{|u(t,x) —u(t,x)|:t,T€[0,T), |t —7| <e|x| <ro},
wl(f,e) = sup{|f(t,s,x)— f(T,5x)]:,T€[0,T], |t — 7| <€ x| <10},
wl(g,e) = sup{|g(ts,x)—g(t,5,x)|:t,T€[0,T],|t—1|<e x| <ro}.

The above inequality further implies that

wT(Tx, €) < q)(wT(x, €))+ wT(u, €)+ cokwT(f,e)
3.11
teswT(7,€) + TwT(g,€) + cswT (o, €). 1D

Since by hypotheses, the functions u, ¢,v,0 and f, g are continuous respectively on [0, T] and [0, T] x
[0, T] x [—rg,70], we infer that they are uniformly continuous there. Hence we deduce that ¢(wT (x,€)) —
0,w’(u,€) — 0,w"(7,€) — 0,wT(f,e) — 0,wT(g,€) — 0ase — 0. Hence from the above estimate (3.11), we
obtain

and consequently
wo(T(A)) =0. (3.12)

Case II: Now for any x,y € A one has:
(t) o(t)
Te0) =Ty < e x(0) — ey @)+ [p( [ ftsx@0ds, [ gl xty9)ee)
(t) o(t)
- /'y s 0N, [ gt v0(s))as)|

y(t)
< e =y + | [ Flesx(0(6) £t y(60)ds
o [ st s gttt
()
< piam (A0) + [ 1F(t,5,x(006)) = £(t5,y(60(5)) s
o(t)
4 [ I8t 2 )ds (e, () ds
0
(1)
< pldiam (A1) +k [ [+(0(5) — y(0()] ds +20(0)
(1)
< q)(diam(A(t)))—i—k/ diam A(6(s))ds + 20(t)
0
(1)
< go(diam(A(t)))+k/ diam (A) ds + 2v(t)
0

< g@(diam (A(t))) + ky(t)diam (A) ds + 2v(t).
As a result of the above inequality we obtain
diam (7 (A(t))) < ¢(diam (A(t))) + ky(t)diam (A) + 2v(t).

Taking the limit superior as t — oo in the above inequality yields

limsup diam (7 (A(t))) < ¢ (hmsup diam (A(t)))

t—oo t—o0

+ klim sup y(t) diam A + 2 lim sup v(f).
t—o0 t—00
Since both the limits, namely lim¢ .. v(t) and lim; . y(t) exist and each one is equal to 0, it follows that
limsup, , v(t) = 0and limsup,_,, y(t) = 0. Hence, from the above inequality, we have

limsup diam (7 (A(t))) < ¢ (hmsup diam (A(t))) . (3.13)

t—o00 t—o00
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Now from the inequalities (3.12), (3.13) and the definition of y it follows that

w(T(A)) = wo(7T(A))+limsupdiam (7 (A(t)))

t—o00

@ (0 + lim sup diam (A(t))>

t—o0

IN

IA

@ (wo(A) + lim sup diam (A(t))) ,

t—o0

or, equivalently,
T (A)) < ¢(p(A)),

(3.14)

where y is the measure of noncompactness defined in the space BC(R*,R). This shows that 7 is a nonlinear
D-set-contraction on B0, rg]. Thus, the map 7 satisfies all the conditions of Theorem 2.2| with C = B0, r¢]
and an application of it yields that 7 has a fixed point in B[0, rg]. This further by definition of 7 implies that
the GNFIE has a solution in B[0, rp]. Moreover, taking into account that the image of B[0, rp] under the
operator 7 is again contained in the ball B[0, 7] we infer that the set 7 (7") of all fixed points of 7 is contained
in B0, ro]. If the set F(7') contains all solutions of the equation (L.1), then we conclude from Remark 2.1 that
the set 7(7') belongs to the family ker p. Now, taking into account the description of sets belonging to ker p
(given in Section 2) we deduce that all solutions of the equation are uniformly locally ultimately attractive

on R*. This completes the proof.

4 An Example

As an application, we consider the following nonlinear functional integral equation

2
1 1 B 14t 1

e 2
T+ 5, S-cosx(s)
+/0 exp(—t >1 + | sinx(s)|ds'

forallt € R*.

Let
t

1
pt,t)y=t+t, p(t) =In (1 + 2t> ,0(1) = 241, o(t) = Tr¢ n(t) =t,

i’2

H) = +——
() B+17

u(t,x) = %H In (1 + ;|x(t)> ,a(t) = (1+t)3exp(—t), b(s) = 52,

14t 1
flts,%) <1+t+t2) n( +2x|)’

s2 cos x(s)

1+ |sinx(s)|

forallt,t',s € Rt,and

g(t,s,x)=(1+ t)?’exp(—t)

forallt,s € Rt and x € R. Notice that:

2

O

(4.15)

t
(i) The functions v, 6, 0,7 are obviously continuous and tlim y(t) = im —— = 0. Also ¢ = sup y(t) =

t—oo 1+ 3
2

t
sup ——= ~ 0.441.
tzlg 141

t>0
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(if) For arbitrary fixed x,y € R we have

1
lu(t,x) —u(t,y) = T+t

1 1
In <1+ 2x|) —In (1+ 2|y>‘

1+1 _
< n+?x§mo+yu-yg
142yl 2 143y
1
< In (1+2|x—y|)

= ¢(x—yl).

Therefore, hypothesis (Hj) is satisfied with ¢(r) = In (1 + ;r) <r, forr>0.

(iii) (H2) is satisfied since U(t) = |u(t,0)| = 0 and c; = sup,, [u(t,0)| = 0.

(iv) For arbitrary fixed x,y € R such that |x| > |y| and for ¢ > 0 we obtain

< o(lx—yl),

14t ) 1+ 5]x
n 1 <
1+ 3yl

s~ s = (1371

as in (ii). The case is similar when |y| > |x|. Thus (Hs) is satistied with k = 1 and ¢(r) = In (1 + ;r) <
r, forr > 0.

(v) Next, hypothesis (Hy) is satisfied, since the function F : R*™ — R defined by

7(b) %
F(t):/ \f(t,s,0)|ds:/ 0ds=0
0 0
is bounded with ¢; = sup,( F(t) = 0.
(vi) The function g acts continuously from the set R* x R" x R into R. Moreover, we have
8(t,5,0)| < (1+ 1)  exp(—t) s> = a(t)b(s),
forallt,s € R" and x € R, then we can see that hypothesis (Hs) is satisfied. Indeed, we have

: = - 3 T 2
lim a(t)/ b(s)ds = thm(l +1) exp(—t)/ s°ds
0 - 0

t—o0

1. 3
=3 thj?ot exp(—t) = 0.

Also we have c3 = sup 11‘3 exp(—t) ~ 0.37.
>0 3

(vii) Obviously, hypothesis (Hp) is satisfied.
The inequality
(I+cok)p(r)+g<r
reduces to the form )
(140.441) In <1 + 2r> +037 <r.

It is easily seen that each number r > 0.6 satisfies the above inequality. Thus, as the number ry we can take
ro = 0.6. Note that this estimate of ry can be improved.

Keeping in view the above observations, we find that the functions v, ¢, 6, o, , u, f, g,a and b satisfy all
the conditions of Theoremand hence the GNFIE (4.1) has at least one solution in the space BC(R",R) and
the solutions of the equation (4.1) are uniformly locally ultimately attractive on R" located in the ball B[0, 0.6].
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Remark 4.3. We remark that:

(i) Taking u(t,x(t)) = q(t),p(t,¥') = t+t forall t,#' € R" and for any x € R the generalized nonlinear
functional integral equation (4.1) reduces to the nonlinear functional integral equation considered by
Dhage [8] which, in turn, includes several classes of known integral equations discussed in the literature.

(ii) Taking p(t,t') =, y(t) = tand 6(s) = s for all t,s € R", we retrieve the functional integral equation
studied by Aghajani, Banas and Sabzali [1].

(iii) The authors in [T]] generalized Theorem 2.2lunder the weaker upper semi-continuity of the D-function ¢
and the requirement of the condition that lim;, .. ¥"(r) = 0 for all f > 0, however to hold this condition,
they needed an additional condition on the function 1 that () < r for r > 0. But in actual practice, it is
very difficult to verify this condition and the authors in [1] did not provide any example of the function
 illustrating the comparison between two conditions in applications. Moreover, for applications to
the existence result, they assumed an additional condition on the function ¢, namely, supperadditivity
which automatically yields the upper semi-continuity together with the monotone characterization of
the function ¢ and so, the existence theorem for the nonlinear integral equation considered in Aghajani
et.al. [1] follows by a direct application of Theorem [2.2|of Dhage [8].
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