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Abstract

In this paper, using a Bessel generalized translation , we prove the estimates for the Bessel transform in the
space L% (R+) on certain classes of functions.
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1 Introduction and preliminaries

Integral transforms and their inverses (e.g., the Bessel transform) are widely used to solve various
problems in calculus, mechanics, mathemtical physics, and computational mathematics (see, e.g.,[3} [8])).

In [7], E.C. Titchmarsh characterized the set of functions in L?(R) satisfying the Cauchy Lipschitz condition
for the Fourier transform, namely we have

Theorem 1.1. Let & € (0,1) and assume that f € L2(R). Then the following are equivalents
1 [[f(x+h)— f(x)”LZ(IR) =0h*)ash — 0,
2. Jajzr |F(A)2dA = O(r—2*) as r — +oo,

where F stands for the Fourier transform of f.

The main aim of this paper is to establish a generalization of Theorem [1.1|in the Bessel transform setting
by means of the Bessel generalized translation. We point out that similar results have been established in the
context of noncompact rank 1 Riemannian symmetric spaces and of Jacobi transform (see [2, [6]).

In this section, we give some definition and preliminaries concerning the Bessel transform. Everywhere
below p is a real number, p > —%.

Let

be the Bessel differential operator. We introduce the normalized Bessel function of the first kind j, defined by

& =T+ 1) T i (5) 2 e (L)

where I'(x) is the gamma-function (see[4]). The function y = j,(x) satisfies the differential equation

*Corresponding author.
E-mail address: m_elhamma@yahoo.fr (Mohamed El Hamma), rjdaher024@gmail.com(Radouan Daher), salahwadih@gmail.com(Salah El
Ouadih).



Mohamed El Hamma et al. / Some Results for the Bessel... 203

Dy+y=0

with the initial conditions y(0) = 1 and y’(0) = 0. The function j,(x) is infinitely differentiable, even, and,
moreover entire analytic.

From we see that
. Jp(z) -1
lim —5— #0
zin() z2 7&
by consequence, there exist c > 0 and r > 0 satisfying
|zl < = ljp(z) = 1| = clz)? (1.2)
From [1]], we have
p(0)| < 1. (1.3)
and
1—jp(x)=0(x?), 0<x <1 (1.4)

Assume that L%(IRQ, p > —%, is the Hilbert space of measurable functions f(x) on R with the finite
norm

o) 1/2
£l = Ifllap = ( /O | f(x)|2x2p“dx)

Given f € L%, (R.), the Bessel transform is defined by

fn) = /Ooo F(O)jp(A)F L, A € Ry.

The inverse Bessel transform is given by the formula

£ = @rpen) 2 [ " A, (DA,

From [3], we have the Parseval’s identity

/ IF(A)PAZPFIIA = 22PT2 (p + 1) / |f(5) P3Pt
0 0

In L%(]RQ, consider the Bessel generalized translation Ty, (see [3, p. 121])

7T
T, f(x) = Cp/o f(\/x2 +h2 - thcost)sinZtht, p> —%, h>0,

where

-1
_ & ) - F(p + 1)
Cp = (/0 sin Ptdt) = 7T(%)T(p+ %)

From [5], we note importants properties of Bessel transform

— ~

(Df)(A) = (=A})f(A). (15)
and

o — o~

(Tuf)(A) = jp(AR)f(A). (1.6)

We define the differences of first and higher orders as
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Apf(x) = Tpf(x) = f(x) = (T = E) f(x)

ARf(x) = By (B f(x)) = (Ty = B)f(x) = i(—l)k’i(f)TLf(X), 1.7)

i=1
where Tgf(x) = f(x), T;lf(x) = Th(T;'lflf(x)), i=1,2,.,kk=12,.. and E is the unit operator in the space
L (R4).
2 Main results
Lemma 2.1. For f € L3(R+). Then

KDY f(x)|? = /0 £ () — 1P F(0) 220 e

Proof From formula (L.5), we have

O f)(t) = (-1 f(1); r=0,1,2,.... 28)
We use formulas and (2.8), we conclude that
TDIf() = (<1 fi () fie); 1 < i < k. (2.9)

Or, from formulas and the image Ai‘lDr f(x) under the Bessel transform has the form

AEDTF(E) = (=1)"(Gp(th) — 1M F ().

By Parseval’s identity, we have the result.

Our main result is as follows
Theorem 2.2. Let f € L%(]R+). Then the following are equivalents
1. ||AfD f(x)|| = O(h*) ash — 0, (0 < a < k)

2. [CHF(H)PRPdE = O(s™) as s — +00
Proof 1) = 2) Suppose that

|AFD f(x)| = O(h*) ash — 0
From Lemma[2.1} we have

IARD" £ ()2 :/ £ (th) — 1| F(0) PP+t
0
By formula (1.2), we obtain

%4» 2k | Frpy|242p+1 o %4A 22p+1
[ i) ~ 1P e = S [T enpn e

20 20
There exists then a positive constant C such that

IN

1
3 ~
[ #nfmperar

2h

C [ ey (em) — 1P RO ar
0

C hZIX
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Then
2s N
/ i’4r|f(t)‘2t2p+1dt — O(S—Za)
S
foralls > 0.
Moreover, we have

) 2j+1g

/ t4r|f(t)|2t2p+1dt _ 2 t4r|j?(t)‘2t2p+1dt
s j=0 2s

IN

CY (2s)™
j=0
< Cs2,
This proves that
/ ()PP = O(s ) as s — +o.
S

2) = 1) Suppose now that

/ HF() 227 = O(s2%) as s — +oo.

S

We have to show that

| i) 1P PR = 00 ash — o,
0

We write
| i) 1P Fo PR =
where ’
1/h
L= [ (e - 1P PR
and ’

hﬂmﬁmw>1ﬁﬂm¥“%

From formula (1.3), we obtain
I, < 4F / 1 F (1) PP dE = O(h?Y) as h — 0.
1/h

Set
v = [ xIFPray
t
From formula and integration by parts, we have
1/h ‘
e A OB G4
1/h
_th/ tZklp/(t)dt
0

1 1/h
_4)(%) +2kh2k/ t2k7172zxdt
0

IN

AN
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Or, we see that & < k the integral exists. Then

2k
I < thh—2k+21x
V= 2k—2a
< Ch*™

and this ends the proof.
Corollary 2.1. Let f € L%,(]R+), (p> —%), and let

|AFD" f(x)|| = O(h*) as h — 0.
Then

/ F(O)PRPHdE = O(s™ ) as s — 400
S
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