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Abstract

Recently Milovanovi¢ et.al gave a sharper lower bounds for energy of a graph. In this paper similar bounds
for minimum dominating energy and Laplacian minimum dominating energy of a graph are established.
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1 Introduction

The concept of energy of a graph was introduced by I. Gutman [3] in the year 1978. Let G be a graph with
n vertices {v1,vy,...,v,} and m edges. Let |A1| > |Ay] > ... > |A,| be the eigenvalues of adjacency matrix
n

A = (ajj) of the graph. Then the energy of a graph is defined by E(G) = ) _|A;].
i=1
For details on the mathematical aspects of theory of graph energy see the papers [4] 5] and the references
cited there in. The basic properties including various upper and lower bounds for energy of a graph have
been established in [7, 8] and it has found remarkable chemical applications in the molecular orbital theory of
conjugated molecules [2}[6].
Let |p1| > |p2| > [ps] > ... > |un| denotes eigenvalues of Laplacian matrix L = (I;;) of a graph G. Then

n
Laplacian energy is defined by LE(G)=) _ |p; — 27”1

i=1
Recently Milovanovi¢ [9] et.al gave a sharper lower bounds for energy of a graph. In this paper similar
bounds for minimum dominating energy and Laplacian minimum dominating energy of a graph are estab-
lished. Similar bounds for minimum covering energy and Laplacian minimum covering energy of a graph

can also be derived.

2 Preliminaries

Definition 2.1. Minimum Dominating Energy of a Graph: Let G be a simple graph of order n with vertex set V =
{v1,02, ..., vn} and edge set E. A subset D of V is called a dominating set of G if every vertex of V. — D is incident to
some vertex of D. Any dominating set with minimum cardinality is called a minimum dominating set. For the graph G
with minimum dominating set D, the minimum dominating matrix is defined by

1 lf (414 €E
Ap(G) := (ai’:]?), where ”5 =q lifi=jand v;€D

0 otherwise
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If |A| > |Az| > ... > |Ay| are the eigenvalues of adjacency matrix Ap(G) of the graph, then the minimum Domi-
n
nating energy of the graph G is defined by Ep(G) := Z [l
i=1

Definition 2.2. Laplacian Minimum Dominating Energy of a Graph: If D(G) denotes the diagonal matrix of
vertex degree of the graph G, then Lp(G)=D(G) — Ap(G) is called Laplacian dominating matrix of G. If |p1| >
lp2| > |y3\ > ... > |pn| denotes eigenvalues of matrix Lp(G), then Laplacian minimum dominating enerQy is defined

n
by LEp(G Z
=1

-2

For the basic properties on minimum covering energy, Laplacian minimum covering energy, minimum
dominating energy, Laplacian minimum dominating energy, see the papers [1} (10}, [11, [12] and the references
cited there in.

3 Milovanovi¢ bounds for minimum dominating energy of a graph

Theorem 3.1. Let G be a graph with n vertices and m edges. Let |A1| > |Az| > ... > |Ay| be a non-increasing order of
eigenvalues of AD( ) and D is minimum dominating set then Ep(G)> /n(2m + |D]) — a(n)(|]A1] — |Au|)? where
a(n)=n[z](1— fH) and [x] denotes the integral part of a real number

Proof. Let a,a1,ay, ...ay, A and b, by, by, ...by, B be real numbers such thata < g; < Aand b < b; < B

n n n
Vi =1,2,...n then the following inequality is valid. ‘nZuibi — Y a (n)(A —a)(B — b) where a(n)=
i=1 i=1 i=1
n[5](1— %[%}) and equality holdsifand only ifa; =ap = ... =a,and by =by = ... = b,.

Ifa; = |Af], by = |Aj|,a=b=|Ay| and A = B = |Aq], then

]néw- (zm) | < alm) (2] = Ma)?

n
But Z\Ai|2 =2m+ |D| and Ep(G) < /n(2m + |D|) [10] then the above inequality becomes

n(2m +|D|) — (Ep(G))? < a(n)(|A1] — [Au])?

ie, Ep(G) = /n(2m -+ |D]) — a(n) (1] — |Au)2
O

The above theorem is also true for the minimum covering energy of a graph. Hence we have the following
result.
Let G be a graph with n vertices and m edges. Let|A;| > |Az| > ... > |A;| be a non-increasing order of
eigenvalues of Ac(G) and C is minimum covering set, then Ec(G)> /n(2m + |C|) — a(n)(|]A1| — |An|)2 where

a(n)=n[%](1 — 1[4]) and [x] denotes integral part of a real number

Theorem 3.2. Let G be a graph with n vertices and m edges. Let [A1] > |Az| > ... > |Ay| > 0 be a non-increasing
2m + |D| + n|Aq||A4]
(1A +[Anl)

order of eigenvalues of Ap(G) then Ep(G) >

Proof. Let a; # 0, b;, r and R be real numbers satisfying ra; < b; < Ra;, then the following inequality
holds.[Theorem 2, [9]]

n
Zb2+rRZa,_ r+R))Y a;b;
i=1
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Put b; = |Ai], a; =1, 7 = |Ay] and R = |A4] then

n n n
YA+ Al o1 < (Al + A YA
i=1 i=1 i=1

ie., 2m+ |D|+ |A||Aunln < (JA1| + |An])ED(G)

2m + |D| + n|Aq||Ay]

Eo(C) = =0T+ D)

This bound is similar for minimum covering energy of a graph.

4 Milovanovié¢ bounds for laplacian minimum dominating energy

Theorem 4.3. Let G be a graph with n vertices and m edges. Let |u1| > |uz| > ... > |uy| be a non-increasing order
of eigenvalues of Lp(G). If D is minimum dominating set then LEp (G >\/2nM — zx( Y(lp1] = |pn|)? — 2m, where

a(n)=n[z](1— %[%}), [x] denotes greatest integer part of real number and M = m + 5 Z(di —c;)>.
i=1
1 val' eD

Herecl-:{ 0 ifo;¢D

Proof. Let a,a1,a;, ...ay, A and b,bq,by, .. .by, B be real numbers such thata < g; < Aand b < b; < B
Vi=1,2,...n then the following inequality is valid.

‘niaibi - i“iibi’ < a(n)(A—a)(B-Db)
i-1 i=1 i=1

Ifa; = |pi| , bi = |pil ,a=b=|py|and A = b = ||
3 2
) lpil* — Zlﬂz 2| < a(n) (] — |ual)?
i=1

n n
But (Y2 <2nM = n2M -(Y_[pi])* < a(n)(Jpa] — [1n])?
i=1 i=1

n
(Il = \/2Mn — a(n) (|| — [pn])2
i=1

_ 2
Since LEp (G 2|l/‘z—7| >Z|Vz’_|7m|

Hence LEp(G >\/2nM—0¢( )(|Pl1|—|7/ln‘) -2m =

Theorem 4.4. Let G be a graph with n vertices and m edges. Let |p1| > |pu2| > ... > |pn| > 0 be a non-increasing

order of eigenvalues of LEp(G) and D is minimum dominating set then LEp(G) > ZM + nlj |l (|V+| Z'_‘ZT;J T;"' — 2m where M =
1 n
1 ifv;eD
+1 — = i
m+ 2liil(d ¢;)?. Here c; { 0 ifo;¢D

Proof. Leta; # 0, b;, r and R be real numbers satisfying ra; < b; < Ra;, then we have the following inequality

Zb2+rRZal_ r+R) Z a;b;
i=1

Put b; = |p|, a; =1,7 = |pp| and R = |p4|



214 G. Sridhara et al. /On Milovanovi¢ bounds for minimum dominating energy of a graph...

1

n n n
il Lpa | Y21 < (gl + ) Yo i
=1 i=1 =1

1

n
i, 2M + |pa|lpnln < (Jpal + [pal) Y |1l
i=1

< 2M + n|p| [
= | > - T TP IAa]
e (T E ™)
n n
We know that LEp(G) = Y |pi — 27111 LEp(G)> Y |ui| — ‘277”‘
i=1 i=1
2M + nfpq || pn
= LEp(G) > ——F——"— —2m
p(C) = =T Teal)

O
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