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Abstract

Some oscillation results are obtained for the third order nonlinear mixed type neutral differential equations of the

form
"

((@(t) + b(B)z(t — 70) + c(D)z(t +72))™)" = q(O)2”(t — 1) + p(t)2” (t + 02), t > to
where «, 3 and ~y are ratios of odd positive integers 71, T2, o1 and o2 are positive constants.
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1 Introduction

In this paper, we study the oscillatory nature of the third order nonlinear mixed type neutral differential
equations of the form

((z(t) + bz (t — 1) + c()x(t + 12))*)" = q(t)2P(t — 01) + p(t)2 (t + 02), t > to (1.1)
subject to the following conditions:
(¢1) 71, T2, 01 and o9 are positive constants;
(c2) q(t) and p(t) are real valued positive continuous functions on [tg, 00);
(c3) a, B and v are ratios of odd positive integers;
(

cq) b(t) and c¢(t) are real valued and thrice continuously differentiable functions with 0 < b(t) < b < oo and
0 <c(t) < ¢ < 0.

Let # = max{7,01}. By a solution of equation , we mean a real valued continuous function z(t) defined
for all ¢ > ty — 6 and satisfying the equation for all t > tg. A nontrivial solution of equation is called
oscillatory if it has infinitely many zeros on [tg, c0), otherwise it is called nonoscillatory.

Recently there has been a great interest in studying the oscillatory and asymptotic behavior of third order
differential equations, see for example [, 2] [3] 4L [5] [6], (7, 8, 9], [T0L 1T, 12 (13}, [14} [15] [16], 17, 18] 19, 20}, 21, 22| 23],
and the references cited therein. In [Il 4 [7, 8 @ [T5] 20, 23], the authors studied the oscillatory behavior of
solutions of equation when b(t) =0, ¢(¢t) =0 and p(¢t) = 0. In [5] [6, 10, 111, 17, 08, 19l 21], the authors
studied the oscillatory behavior of solutions of equation when ¢(t) = 0 and p(t) = 0. In [2] 13| 14, 22], the
authors discussed the oscillatory behavior of all solutions of equation when a=0=~v=1.

Motivated by this observation, in this paper we study the oscillatory and asymptotic behavior of all solutions
of equation for different values of a, 8 and . So the purpose of this paper is to present some new oscillatory
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and asymptotic criteria for equation (1.1). In Section 2, we present criteria for equation (1.1)) to be either
oscillatory or all its nonoscillatory solutions tend to zero as t — oco. Examples are provided in Section 3 to
illustrate the results presented in Section 2.

2 Oscillation results

In this section, we present some new oscillation criteria for the equation (1.1]). For convenience we use the
following notations:

Q(t)=min(q(t), q(t — m1),q(t + 72)), P(t)=min(p(t), p(t — 71),p(t + 72)),
and z(t)=[z(t) + b(t)x(t — 1) + c(t)x(t + 72)]*.

Lemma 2.1. If 2(¢) is a positive solution of equation (1.1), then the corresponding function z(t) satisfies only
the following two cases
Case (I) =z(t) >0, 2'(t) >0, 2"(t) > 0,2"(t) > 0; (2.1)
Case (II)  z(t) >0, 2'(t) >0, 2"(t) <0,2"(t) > 0. (2.2)

Proof. Assume that z(t) is a positive solution of equation (I.I)). Then there exists a t; > to such that z(t—6) > 0
for all ¢ > ¢;. From the definition of z(¢), it is clear that z(t) > 0 for all ¢ > ¢;. From equation , we have
2" (t) > 0 for all t > t;. Therefore 2" (t) is strictly increasing for all ¢ > ¢; and 2”(t) and 2/(t) are of one sign for
all t > t;. We prove that 2/(¢) > 0 for all ¢ > t;. If not, there exists a to > t; and M < 0 such that 2/(t) < M
for all ¢ > to. Integrating the last inequality from to to ¢, we get

z(t) — 2(t2) < M(t — t2).

Letting ¢ — oo, we see that z(¢t) — —oo, which is a contradiction. Hence 2'(t) > 0 for all ¢ > ¢;.This completes
the proof of the lemma. O

Lemma 2.2. [f A>0, B>0and0<§ <1, then

A° + B® > (A+ B)® (2.3)
If 6 > 1 then
1
(A° + B%) > 2571(A+B)5. (2.4)
Proof. Proof can be found in [21]. O

Theorem 2.3. Assume that 0 < § = v < 1 and o2 > o1 > max{r,7a}. If the second order differential
inequality
P(t)(o1 — 1)/
"0E) > B/
y'(t) = (1+ b8 + cP)b/e 4

(t+02 —01) (25)
has no positive increasing solution, and the second order differential inequality

" QW) (o1 — )Y 50
vt = (1_|_bﬂl_|_ cﬂl)ﬁ/a yﬁ/

(t701+7'1) (26)

has mo positive decreasing solution, then every solution of equation (1.1)) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of equation for all t > t1 > to. Without loss of generality, we
may assume that z(t) is a positive solution of equation for all t > t; > to (since the case x(t) is negative
is similar). Then there exists a t > t; such that (¢t — 6) > 0 for all t > t5. By the definition of z(t) we have,
z(t — @) > 0 for all ¢ > t9. Define a function y(t) by

y(t) = 2(t) + bP2(t — 1) + P2(t + 1), for all t > to. (2.7)
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Then y(t) > 0 for all ¢ > t5, and

y///(t) — Zm(f) —i—bﬁ ///(t )—|—Cﬁ m(t-i—T)
= )2’ (t — 1) +pt)2P(t + o0) + bPq(t — )P (t — 71 — 1) +
Vp(t —m)aP(t — 1 4 09) + Pt + )2l (t + 70— 01) +
C’B +7’2).’L"8(t+7'2+02)

Y

p(
p(t
Q(t)[xﬁ(t—al)—t—bﬁ 5(t—7'1—cr1)—|—cﬁ ﬁ(t—|—7'2—a1)]—|-
P(t)[2P(t + o9) + VPP (t — 71 + 09) + PP (t + 7 + 02)).

Using (2.3)) twice, the above inequality becomes
Y (t) > Q)2 (t — 01) + P(1)27/%(t + 03). (2.8)

Since z(t) is a positive solution of equation (L.I), from Lemma [2.1] we have two cases for z(t).
Case (I): In this case, we have z/(t) > 0, 2”(t) > 0 and 2”(t) > 0 for all ¢ > t5. Then from (2.7), we have
y'(t) >0, ¥(t) > 0 and y"”'(t) > 0 for all t > ¢s.

From the inequality , we have

Y (t) > P(t)2%/%(t + 03). (2.9)
Since #/(t) is increasing, we have
y(t) = Z@)+VPL(t—1)+ P ()
< (140° + P2/ (t + 1) for all t > to. (2.10)
Now
t+o1—72
(t+o1—1)—2(t) = Z'(s) ds
t
or
2(t+ 01— 1) > 2 (t) (01 — T2). (2.11)
Using (2.10) and (2-11) in (2.9), we obtain

(t)zﬂ/a(t + 02)
P(t)(or — 7)1 (t + 09 — 0 +72))P/®
- P@)(or — )P/
T (148 PP/

yl// (t)

AV

(W (t + o0 — 1))/t > ts. (2.12)

By setting y'(t) = w(t), we see that w(t) > 0 and w’(¢) > 0 for all ¢ > t5. Now inequality (2.9)) becomes

P(t)

T s a1~ )it or = o).t 2 1. (2.13)

w”(t) >

That is, w(t) is a positive increasing solution of the second order differential inequality , which is a
contradiction.

Case (II). In this case, we have 2/(¢) > 0, z”(t) < 0 and z"”/(¢) > 0 for all ¢ > ¢5. Then y/'(¢) > 0, y”(t) <0
for all ¢ > t5. From the inequality , we have

Y (t) > Q1) (t — oy). (2.14)

Since 2/(t) and y/(t) are decreasing, we have

y'(t) Z(t)+ VPt — 1)+ P (t+ )

< (148 + P (t-7)

or
Y(t—o14+7) <A+ +P)(t—01), t >t (2.15)
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Now
t

() — 2t — (01 — 7)) = / (s) ds
t—(oc1—71)
z(t) > 2/ (t) (o1 — 11). (2.16)

Using (2.15) and (2.16) in (2.14)), we obtain

vt = Q) — 1)
> Q(t)(or — 1)/ (t — 1))
> Q(t)(o—li,rl)ﬁ/a (y/(tfo'l +T1))ﬁ/a,t2t2.

(14 b7 + P8/

By taking y/(t) = w(t), we see that w(t) > 0 and w’(t) < 0. Thus, w(¢) is a positive decreasing solution of the
second order differential inequality

" Q(t) o ﬁ/a ﬁ/a o
w'(t) > m((fl ) Wt — oy + 1), (2.17)
which is a contradiction to (2.6). This completes the proof. O

Theorem 2.4. Assume that 3=~ > 1 and o9 > o1 > max{7, 7a}. If the second order differential inequality

P(t) (o1 — m)?/°

-8
2;_1)ﬁ/a

y'(t) > Yt + oy — o) (2.18)

TAAI(1 40P +

has no positive increasing solution, and the second order differential inequality

J() > — QW = )8/

_43*1(1+b5+2541)5/ay (t+m—o) (2.19)

has no positive decreasing solution, then every solution of equation (L.1)) is oscillatory.

Proof. Let z(t) be a nonoscillatory solution of equation (1.1)) for all ¢ > ¢; > to. Without loss of generality, we
may assume that x(¢) is a positive solution of equation (|1.1). Then there exists a to > t; such that z(t —0) > 0
for all ¢ > to. By the definition of z(t), we have z(t — 6) > 0 for all ¢t > t5. Now define a function y(t) by

B

y(t) = 2(t) + b 2(t — ) + #z(t +72),t > to. (2.20)

Then, since z(t) > 0, we have y(¢) > 0 and

CB n
2,67712 (t + 7'2)

= qO)2"(t — o1) + p()2’ (t + 02) + Vq(t — 1)’ (t — 71 — 1) +
s
C
Wp(t — )P (t — 1 + 09) + 2ﬁ—_1q(t + 1)l (t + 0 — 1) +
B
95—1P

y///(t) — Zm(t) + bﬁz///(t _ 7_1) +

(t + 7o) 2P (t + 79 + 02)

B
C
Srre’ (= o))+

G
C
Flﬂ(t + 79 + 0’2)]7 t>to.

Y

Q(t)[l’ﬁ(t — 01) + bﬁl’ﬁ(t —T1 — 0'1) +
Pt)[zP(t + 0o) + b°2P(t — 11 + o) +
Now using (2.4)) twice in the last inequality, we obtain

QW) s/a P@t) /0
y"(t) > Fzﬁ/ (t—o1) + Fzﬂ/ (t + o)t > to. (2.21)

Since x(t) is a positive solution of equation (1.1]), there are only two cases, as given in Lemma for z(t).
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Case (I): In this case, we have z(t) > 0, 2/(t) > 0, 2’(t) > 0 and 2’”(¢t) > 0 for all ¢ > ¢5. Then from
(2.20]), we have y'(t) > 0, y”(t) > 0 for all t > t5. From the inequality (2.21)), we have

y'(t) = 5 it 2 *(t+02),t > ta. (2.22)
Since #/(t) is increasing, we have
/ / B! Cﬁ /
y'(t) = Z'(t)+bz (t—Tl)—i-Fz (t+ 72)
sy <\
< (1407 + 25_1)2 (t+T2),t > 1o
or 5
y@nq1+W+2§) (t+ oy + 7o)t > o (2.23)
and
t+o1—72
2(t+o1— 1) —2(t) = / 2'(s) ds > 2'(t) (o1 — 72)
t
or
2(t+o1— 1) > 2 (t) (01 — T2). (2.24)
Now using and (| in , we have
> 4 = 1%
> 4[3( ) (01 — )P/ (t + 19 — 1 4 02))P/
Pl(t — )Py (¢ — Bla
y() > PO — )W (4 00 —0))WE (2.25)
481 7)o/
Setting y'(t) = w(t), we see that w(t) > 0, w'(t) = y"(¢t) > 0 and
P — 7p)B/e — B/
wi(t) > DO Z )t + o2 — o) W% (2.26)

4P=1(1 4 bP + B)P/a ’

That is w(t) is a positive increasing solution of the second order differential inequality , which is a
contradiction.

Case (II): In this case we have 2/(t) > 0, z”(t) < 0 and 2"(t) > 0 for all ¢ > t5. Then from (2.20)), we
obtain y/(t) > 0 and y”(t) <0 for all ¢ > t,. From the inequality (2.21)), we have

Y (1) > (2 Ut — )t > to. (2.27)

Using the monotonicity of 2'(t) and y'(t), we have

B

v = A0+ )+ 55

2 (t+72)

g
(140 + 2;71 )2 (t — 1)

IN

or

Y(t+o) <1+ +

—)Z (t+ o1 — 1)t > to. (2.28)

Also from the monotonicity of z’(t) we have

2(t) —2(t —o1+ 1) = / Z'(s) ds > 2/ (t) (o1 — 71)
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z(t) > (o1 — 11)2'(1). (2.29)

Using (2.28)) and in , we get

ORI
- fﬁ(fz (01 — 1)/ (t — oy)) P/
> %(”1 T (( Y (t—o1+ Tl)))://:
Or / B/a
y"(t) > 228(2 (01 — )P/ ((yl (j ;;1 J;E )))B/a .

Set y'(t) = w(t). Then w(t) > 0 and w’'(t) = y”(¢t) < 0 and the last inequality becomes

Q1)1 = Tl)ﬁ/awg/a(t —o1tn) t>ts. (2.30)

w//t >
¥ 2 4B1(1 4 bB 4 552 )B/e =

Thus, w(t) is a positive decreasing solution of the second order differential inequality (2.19]), which is a contra-
diction. Now the proof is complete. O

Theorem 2.5. Assume that 0 < <1, v>1, b<1,¢ <1 and o2 > 01 > max{m,72}. If the second order
differential inequality

y//(t) > P(t)(al - 7—2)7/&

T A1 408 +c5)7/ay5/a(t+a2 — o) (2.31)

has no positive increasing solution, and the second order differential inequality

o1 —T1 B/o
02 Gy ot (22

has no positive decreasing solution, then every solution of equation (L.1)) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of equation (1.1]) for all ¢ > ¢; > ¢o. Let us assume that x(t) is a
positive solution of (I.1)) for all ¢ > t; > tg.. Then there exists a to > t; such that z(t — 0) > 0 for all t > t5.
By the definition of z(t), we have z(t — 8) > 0 for all t > 5. Set

y(t) = 2(t) + b°2(t — 1) + P2(t + ) for all t > ts. (2.33)
Then, y(t) > 0, and
y///(t) _ Z///(t)+bﬁ /H(t )+CB ///( +T2)

= qt)2P(t —o1) + p(t)2Y (t + 02) + bq(t — 71)2P (t — 71 — 01) +
b’ p(t— 1)V (t —m +02)+C (t—‘rTz).’Lﬁ(t—‘rTQ—O'l)—i-
CB (t Tg)xry(t—l—’rgﬁ-dg)

2 Q(t)[l’ (t701)+bﬁ 6(t*71*01)+0ﬁ B(t+7’2*01)]+
P)[z7(t+ o2) + bﬁaﬂ(t — 711+ 03)+c¢ ac'y(t + 72 + 02)],t > to.

Using (2.3]) twice in the first part of righthand side of the last inequality, we have
Y (t) > Q)P (t — 01) + P()[2 (t + 09) + VP27 (t — 7y + 09) + PV (t + 19 + 09)],t > to. (2.34)
Using the fact that b <1, ¢ <1, v > 1, and 0 < § < 1, we have

zV(t + o9) + bﬁm"(t -7 +o09)+ cﬁm'y(t + 7o + 09)
> 2V(t+o2) + 0727 (t — 11 +02) + T2V (t+ T2+ 02)
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,
271

> 27(t+o2)+ 027 (t —1 +02) + 2V (t+ 12 + 02),

and applying (2.4]) twice and simplifying, we obtain

1
2V (t409) + VP2 (t — 11 +00) + PVt + 1o+ 09) > yEe 2o (t+ o). (2.35)
Substituting (2.35)) in (2.34), we get
" Blarsy P(t) v/
y"'(t) > Q)P (t —o1) + 17 (t+ 02),t > ta. (2.36)

Now we consider the following two cases for z(¢) as in Lemma
Case (I): In this case we have 2/(t) > 0, 2”(¢) > 0 and 2"’(¢) > 0 for all ¢t > ¢5. Then from (2.33)), we have
y'(t) >0, y(t) > 0 and y"'(t) > 0 for all t > ¢s.
From the inequality (2.36)), we have
P(t)

y"(t) > Fz’Y/O“(t + 09),t > t. (2.37)

Using the monotonicity of 2'(t), we get

y'(t)

2(t) + 0P (t— 1)+ P2 (t+ )
< (4P + P (t+m),t >ty (2.38)
Again using the monotonicity of z’(t), we obtain

t+o01—72

2(t+ 01 —T2) — 2(t) = / 2'(s) ds > 2'(t)(o1 — ),

or
2(t+01— 1) > (01 — 12)2 (¢). (2.39)
Now using ([2.38) and (2.39)) in (2.37]), we obtain
P) /o
y’"(t) — 477—127/ (t + 0—2)
P(t
> 47(_3 (01 — T)V (2 (t + 02 — 01 + T2))V/
— )y — v/
s P@) (o1 = 7)Y (t + 02 — 01)) s
qv—1 (1408 + B)r/e

By setting y'(t) = w(t), we see that w(t) = y'(t) > 0, w'(t) = y”(¢t) > 0 and it satisfies

P(t)(o1 — 1)/
1 t >
w’(t) > 47=1(1 + bP + B)r/e

Thus, w(t) is a positive increasing solution of the second order differential inequality , which is a contra-
diction.

Case (II): In this case we have 2/(¢t) > 0, z”(t) < 0 and 2(t) > 0 for all ¢ > ty. Therefore y'(t) >
0, ¥”'(t) <0 and y"”(t) > 0 for all ¢ > t5. From the inequality we have

Y (t) > Q)2 (t — o1),t > to. (2.40)
Since 2" (t) < 0, we have 2/(t) is decreasing and therefore

y'(t) 2(t) + 0P (t— 1)+ P2 (t+ )

< (148 +N(t—1), (2.41)

or
y(t—01) <A1+ +P)(t—o01 —7),t > to.
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Again using the monotonicity of 2'(t), we see that

A — 2(t— oy + 1) = / 2(s) ds > (o1 — ) (1),
t—(o1—71)

2(t) > (o1 — 11)2'(1). (2.42)

Substituting (2.41)) and (2.42) in , we obtain

Qt) (o1 — )P/

(1465 + ¢9)B/a W (t—o1+n)""t >t (2.43)

y/ll (t) 2

By setting y'(t) = w(t), we see that w(t) is a positive decreasing solution of

Qt)(o1 — Tl)ﬁ/awﬂ/a
(1 + b8 + cP)B/e

w”(t) > (t—o1+T71),t>ts, (2.44)

which is a contradiction to (2.32)). This completes the proof. O

Theorem 2.6. Assume that 0 <~y <1, >1, b<1,¢<1 and o2 > o1 > max{7,2}. If the second order

differential inequality
P(t)(o1 — 1)/ e
(14 b8 + cP)r/a

has no positive increasing solution and the second order differential inequality

1 Q(t)(al - Tl)ﬁ/a
)= 4P=1(1 4+ b8 + cﬂ)ﬂ/ay

y'(t) >

(t+0'2 —0’1) (245)

Blo(t — oy + 1) (2.46)

has mo positive decreasing solution, then equation (1.1)) is oscillatory.
Proof. The proof is similar to that of Theorem [2.5] and hence the details are omitted. O

Theorem 2.7. Assume that 3> 1, 0 <~y <1, b>1,¢>1 and o2 > o1 > max{r, 2 }. If the second order

differential inequality

P(t)(o1 — )"/
11 t >

V') 2 Ty oy

has no positive increasing solution, and the second order differential inequality

" Q(t)(d — T )B/a
V') 2 Ty Y

Yt + o9 — 01) (2.47)

Blo(t 41 — o) (2.48)

has no positive decreasing solution, then equation (1.1) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of equation (L.1)) for all ¢ > ¢; > to. Without loss of generality, let
us assume that x(t) is a positive solution of equation (1.1 for all ¢ > t; > tg. Then there exists a to > ¢; such
that x(t — 0) > 0 for all ¢ > t5. By the definition of z(t) we have z(t — 6) > 0 for all ¢t > t5. Set

8
y(t) = 2(t) + bﬁz(t — 7))+ ;ﬁz(t + 7o) for all ¢t > ts. (2.49)

Then, y'(t) > 0, and using the fact b>1, ¢>1, vy <1, > 1, we have

B
Y = )R )+ e ()
B
c
Z Q(t)[(ﬂﬁ(t — 0'1) + bﬁl’ﬁ(t —T1 — 0'1) + 267_1.%6@ + To — 01)] +

<

c

Pt)[27(t + 0o) + 0P (t — 71 4 09) + 2771377(25 + 72 + 02)]

&)

vV

C
jxﬁ(t + 7 + 02)]

Q(t)[xﬂ(t —o1)+ bﬂmﬁ(t -1 —o01)+ 58
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+P) [z (t + 02) + 072 (t — 11 + 02) + TV (t + T2 + 02)],t > 1o

Now applying (2.4) and (2.3 twice in first and second part of right hand side of last inequality, we get

y"(t) > gﬁ Pl — 1) + P27 (t 4 02),t > to. (2.50)

Now we consider the following two cases for z(t) as given in Lemma
Case (I): In this case we have z/(t) > 0, 2”(t) > 0 and 2"”'(¢) > 0 and therefore y/'(¢t) > 0, y”(t) > 0 and
y"(t) > 0 for all ¢ > t5. From the inequality (2.50), we have

Y (t) > P()2(t + 03),t > ta. (2.51)
Applying monotonicity of z’(t), we get

y(t) = 2+t —1)+ P (t+ )
y(t) < A+ +P(t+ 7).t >t (2.52)

Also using the monotonicity of 2/(t), we get

t+o1—T7o
z(t+o1— 1) —2(t) = / 2'(s) ds > 2'(t) (02 — T2)

2(t+01— 1) > 2 (t) (01 — T2). (2.53)
Combining (2.51)), (2.52) and (2.53)), we obtain
y'(t) = P@1)2(t+09)
> P(t)(o1 — )% (t + 1)
> P(t)(o1 — 1) (Y (t + 02 — 1))/ >t

(1 + b8 4 P)r/a ’

By putting y/(t) = w(t), we see that w(t) is a positive increasing solution of

P()(0s — 7)1/
D02 = 72) ottt gy — 00t >

1
>
w'(t) 2 (1 + b8 + B/

which is a contradiction ([2.47)).
Case (II): In this case we have 2”(t) < 0 for all ¢ > 5. Therefore 2/(t) is decreasing, for all ¢ > t5. Since
Z'(t) is decreasing we have
y(t) = Z@t)+0PL(t—1)+ P (t+ )
< A+ P (t— 1)t >t (2.54)

Also using the monotonicity of 2/(t), we get

2(t) —z2(t—o1+71) = 2'(s) ds > (o1 — 11)2'(t)
t—(o1—71)
or
2(t) = (o1 — )2 (2). (2.55)
From 7 we have
y"(t) > %zﬁ/a(t —01),t > to. (2.56)

Combining (2.54)), (2.55) and (2.56[), we obtain

///(t Q(t)(al - Tl)ﬁ/a
)2 4P=1(1 4 bP + P)P/a

(W (t— o1+ 7))t > to. (2.57)
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By taking y'(t) = w(t), we see that w(t) is a positive decreasing solution of

w”(t) > (Ul — Tl)ﬂ/aQ(t)

Z iy g oyra Wt )7t > b, (2.58)

which is a contradiction to (2.48]). This completes the proof. O

Theorem 2.8. Assume thaty > 1, 0< <1, b>1,¢>1 and o2 > 01 > max{m,72}. If the second order
differential inequality
P(t)y"//a(t -+ g9 — 0'1)(01 — TQ)’Y/Q

"E) > 2.59
y'(t) 2 47=1(1 + b8 + cP)r/e (2.59)
has no positive increasing solution and the second order differential inequality
HyBla(t — — )P/
y”(t) 2 Q( )y ( o1+ Tl)(al Tl) (260)
(1 + b8 + cP)h/e
has mo positive decreasing solution, then equation (1.1)) is oscillatory.
Proof. The proof is similar to that of Theorem and hence the details are omitted. O
Corollary 2.9. Assume that o« = 3=~ > 1, 03 > 01 > max{r,m2}. If
t+oo—19—2 o
li?lsogp / (t+0y—To—5—1)P(s) ds > 4> (1 +a* + 2@_1) (2.61)
t
and
t
hﬁsol.fp / (t—s+1)Q(s) ds >4 (1 +a™ + 20‘_1) (2.62)

t—o1+71

then every solution of equation (1.1)) is oscillatory.
Proof. Condition (2.61]) and (2.62) imply that the differential inequalities (2.59) and (2.60) have no positive

increasing and no positive decreasing solutions respectively see [12] [I6]. Now the result follows from Theorem
2.3 O
Corollary 2.10. Let f <, b<1, ¢<1, 09 > 01 > max{n, 72} If

o] t+o1—71

/( / Q(s) ds) dt = oo (2.63)

to t

00 t

/( / P(s) ds) dt = oo (2.64)

to t—oa+T2+1
then every solution of equation (1.1)) is oscillatory.

Proof. Conditions (2.63]) and (2.64]) imply that the differential inequalities (2.31)) and (2.32)) have no positive

increasing and no positive decreasing solutions respectively [12], [I6]. Now the result follows from Theorem
O

3 Examples

In this section, we shall see some examples to illustrate main results.
Example 3.1. Consider the third order differential equation
(x(t) + 22t —1) + 3zt +2)*)" = (t + )23t = 3) +ta®(t +5), t > 1 (3.1)

Here b(t) =2, c(t) =3, m =1, =2, 01 =3, 0o =5, qt) =t+1, p(t) =t and o« = 8 =~ = 3. Then
Q(t) =t, P(t)=t—1 and we can easily see that all the conditions of Corollary 2.9 are satisfied. Therefore all
the solutions of equation (3.1) are oscillatory.
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Example 3.2. Consider the third order differential equation

2t —1) + %x(t VY = (t 4 Dalt —3) + (t+ 225t + 4), £ > 1 (3.2)

() + 5

Here b(t) =%, c(t) =3, =1, =2, 01=3, 00=4, a=1, f=1, y=3, qt) =t +1, p(t) = (t +2)2
Then Q(t) = t, P(t) = t* and we can easily see that all the conditions of Corollary 2.10 are satisfied. Therefore
all the solutions of equation (3.2)) are oscillatory.
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