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Abstract

In this paper, the authors introduced and investigated the general solution of system of quartic functional
equations
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Its generalized Hyers-Ulam stability using Hyers direct method and fixed point method are discussed.
Counter examples for non stable cases are also given.
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1 Introduction

One of the interesting questions in the theory of functional analysis concerning the stability problem of
functional equations had been first raised by S.M. Ulam [28] as follows: When is it true that a mapping
satisfying a functional equation approximately must be close to an exact solution of the given functional
equation? For very general functional equations, the concept of stability for functional equations arises when
we replace the functional equation by an inequality which acts as a perturbation of the equation. Thus the
stability question of functional equations is that how do the solutions of the inequality differ from those of the
given functional equation?

In 1941, D. H. Hyers [9] gave an affirmative answer to the question of S.M. Ulam for Banach spaces. In
1950, T. Aoki [2] was the second author to treat this problem for additive mappings. In 1978, Th.M. Rassias
[20] succeeded in extending Hyers” Theorem by weakening the condition for the Cauchy difference controlled
by ||x]|? + ||[y||*, p € [0,1), to be unbounded.

*Corresponding author.
E-mail address: balamurugankaliyamurthy@yahoo.com(Balamurugan), annarun2002@yahoo.co.in(Arunkumar), p.ravindiran@gmail.com



Balamurugan et al. / Solution and stability... 251

In 1982, ].M. Rassias [18] replaced the factor ||x||P + ||y||” by [|x||P||ly||? for p,q € R. A generalization
of all the above stability results was obtained by P. Gavruta [8] in 1994 by replacing the unbounded Cauchy
difference by a general control function ¢(x,y).

In 2008, a special case of Gavruta’s theorem for the unbounded Cauchy difference was obtained by Ravi
et. al., [25] by considering the summation of both the sum and the product of two p— norms. The stability
problems of several functional equations have been extensively investigated by a number of authors and there
are many interesting results concerning this problem (see [1, 5,16} 7,10, [11, [12} [15] 21} 23]) and reference cited
there in.

The quartic functional equation

F(x+2y)+ F(x —2y) + 6F(x) = 4[F(x +y) + F(x — y) + 6F(y)] (1.1)

was first introduced by J.M. Rassias [19], who solved its Ulam stability problem. Later PK. Sahoo and J.K.
Chung [26], S.H. Lee et. al., [13] remodified ].M. Rassias’ equation as

fx+y)+ f2x—y) =4f(x +y) +4f(x —y) +24f(x) — 6f(y) (1.2)

and obtained its general solution.
Also the generalized Hyers-Ulam-Rassias stability for a 3 dimensional quartic functional equation

g§2x+y+z)+gx+y—z)+82x —y+2z)+g(—2x+y+z)+16g(y) +16g(z)
=8lgx+y) +8(x —y) +glx+z) +glx—2)]+2[g(y +2) +g(y —2)] +328(x) (1.3)
in fuzzy normed space was discussed by M. Arunkumar [3]. Several other types of quartic functional
equations were introduced and investigated in [4} 16, 22, 24, 27].

In this paper, the authors introduced and investigated the general solution of system of quartic functional
equations

fxty+)+flx+ty—2)+fx—y+z)+f(x—y—2)
=2[f(x+y)+flx—y)+f(x+2)+ f(x—2)+ f(y+2) + f(y — 2)]
—A[f(x) + f(y) + f(2)], (1.4)

fBx+2y+2z)+ fBx+2y—z)+ f(Bx -2y +z)+ f(Bx — 2y — 2)
=72[f(x+y) + fx =]+ 18[f(x +2) + f(x —2)| +8[f(y +2) + f(y — 2)]
+144f(x) —96f(y) — 48f(z), (1.5)

f(x+2y+3z)+ f(x +2y —3z) + f(x =2y +3z) + f(x — 2y — 3z)
=8[f(x+y) + flx =)+ B[f(x +2) + f(x = 2)| + 72[f(y +2) + f(y — 2)]
—48f(x) — 96f (y) + 144f(z). (1.6)

Its generalized Ulam - Hyers stability using Hyers direct method and fixed point method are discussed.
Counter examples for non stable cases are also given.

In Section 2, we proved the general solutions of (1.4), and are provided.

In Section 3, the generalized Ulam - Hyers stability of the functional equation (1.5) using Hyers direct
method is investigated.

In Section 4, Counter examples of non stable cases are provided.

The generalized Ulam - Hyers stability of the functional equation using another substitutions is given
in Section 5.

Also, the generalized Ulam - Hyers stability of the functional equation (1.5) using fixed point method is
present in Section 6.

2  General Solutions of (1.4), and

In this section, the general solutions of (1.4), (1.5) and (1.6) are given. Throughout this section, let X and Y be
real vector spaces.
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Lemma 2.1. [13]] If a mapping f : X — Y satisfies the functional equation forall x,y € X, then f : X — Yis
quartic.

Proof. Let f : X — Y satisfies the functional equation for all x,y € X. Setting (x,y) by (0,0) in (1.2), we
get £(0) = 0. Again setting x by 0 in (T.2), we reach

for all y € X. Therefore f is an even function. Replacing y by 0 and y by 2x in (1.2), we obtain
fx)=24(x)  and  f(3x) =34 (x)

respectively, for all x € X. In general for any positive integer a4, we have

flax) = a*f(x)
for all x € X. Hence f is quartic. O

Theorem 2.0. If the mapping f : X — Y satisfies the functional equation forall x,y € X, then f : X — Y
satisfies the functional equation forall x,y,z € X.

Proof. Let f : X — Y satisfies the functional equation for all x,y € X. Replacing (x,y) by (y,z) in (1.2),
we get

fQRy+z)+f(2y —z) = 4f(y +2) +4f(y —2) — 6f(2) +24f(y) (2.1)
for all y,z € X. Replacing z by x + z in (2.1)and using evenness of f , we obtain
fx+2y+z)+ f(x =2y +z) =4[f(x +y+z)+ f(x —y+2)] - 6f(x +2z) +24f(y) (2.2)

for all x,y,z € X. Replacing z by —z in 2.2), we get

flx+2y—z)+ f(x =2y —z) =4[f(x+y—z) + f(x —y —2)] = 6f(x — 2) + 24f(y) (2.3)
forall x,y,z € X. Adding and (2.3), we reach

fx+2y+z)+ f(x—2y+2z)+ f(x+2y —z)+ f(x —2y — 2)
=4[f(x+y+z)+flx—y+2)+flx+ty—2z)+ fx—y—2)]
—6[f(x+z)+ f(x —2)] +48f(y) (24)

for all x,y,z € X. Interchanging y and z in (2.4), we get

fx+y+2z) + f(x —y+2z2)+ f(x +y —2z) + f(x —y — 22)
=4lf(xty+)+fle—y+z)+fx+y—2)+ flx—y—2)]
—6lf(x +y) + f(x —y)] +48f(2) (2.5)
for all x,y,z € X. Interchanging x and z in and using evenness of f, we have

fx+y+z)+fx—y+z)+f2x+y—z)+ f(2x —y—2z)
=4f(x+y+2)+fx—y+2)+ flx+y—2)+ flx—y—2)]
—6[f(y+2)+ fly—2)] +48f(x) (2.6)
for all x,y,z € X. Replacing y by 2y in and using and (2.T), we arrive
f@x+2y+z)+ f(2x—2y+z)+ f(2x+2y —z) + f(2x — 2y — 2)
=4[f(x+2y+2)+ f(x =2y +z) + f(x +2y —2) + f(x — 2y — 2)]
—6[f(2y +2) + f(2y — 2)] +48f(x)
=l6[f(x+y+2)+flx—y+2)+ flx+y—2)+ flx—y—2)

—24[f(x +2) + flx —2)] = 24[f(y +2) + f(y — 2)]
+48f (x) +48f(y) + 36f(2) (2.7)
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forall x,y,z € X. Replacing z by 2z in and using and (2.), we obtain

f@2x 42y +2z)+ f(2x — 2y +2z) + f(2x + 2y — 2z) + f(2x — 2y — 2z)
=16[f(x+y+2z)+ f(x —y+2z)+ f(x+y —2z) + f(x —y — 22)]
—24[f(x +2z) + f(x — 2z)] — 24[f(y + 2z) + f(y — 22)]

+48f(x) +48f(y) +36f(2z) (2.8)
for all x,y,z € X. With the help of Lemma[2.T we desired our result. O

Theorem 2.0. A mapping f : X — Y satisfies the functional equation forallx,y € Xifandonlyif, f : X =Y
satisfies the functional equation forall x,y,z € X.

Proof. Let f : X — Y satisfies the functional equation for all x,y € X. Replacing y by x +z in (1.2) and
evenness of f, we obtain

fBx+z)+ f(x—z)=4[f(2x +2z) + f(2)] +24f(x) —6f(x + z) (2.9)

for all x,z € X. Replacing z by —z in (2.9) and using evenness of f, we get

fBx—2z)+ f(x+2z) =4[f(2x —2) + f(z)] + 24f (x) — 6f(x — 2) (2.10)
forall x,z € X. Adding and and using (1.2), we arrive
fBx+2z)+ f(Bx—2z) =9[f(x+2z)+ f(x —z)] + 144f(x) — 16f(2) (2.11)

for all x,z € X. Replacing z by y + z in (2.11), we have
fBx+y+z)+fBx—y—2z)=9f(x+y+2z)+ f(x —y—z)] +144f(x) — 16f(y + z) (2.12)
forall x,y,z € X. Replacing z by —z in 2.12), we get
fBx+y—z)+fBx—y+2z)=9f(x+y—z)+ f(x—y+z)] +144f(x) — 16f(y — 2) (2.13)
forall x,y,z € X. Adding and and using Theorem 2.0, we have
fBx+y+z)+fBx—y—2z)+fBx+y—z)+fBx—y+2z)
=fx+y+2)+flx—y—2)+flx+y—2)+ flx -y +2)]
—16[f(y +2) + f(y — 2)] + 288f(x)
=18[f(x+y) + fx =]+ B[f(x +2) + f(x —2)| + 2[f(y +2) + f(y — 2)]
+252f(x) — 36f (y) — 36f(2) (2.14)

for all x,y,z € X. Replacing y by 2y in and using [2.1), we arrive (L.5) as desired.

Conversely, assume that f : X — Y satisfies the functional equation for all x,y,z € X. Setting
x =y =z = 0in (L.5), we obtain f(0) = 0. Replacing (x,y,z) by (0,0,x) in (I.5), we reach f(—x) = f(x) for
all x € X. Setting x = z = 0 in (1.5), we have f(2y) = 2*f(y) forally € X. Settingy = z = 0in , we get
f(3x) = 3*f(x) for all x € X. In general for any positive integer a, we obtain f(ax) = a*f(x) for all x € X.
Replacing (x,y,z) by (0,x,y) in and using evenness of f, we reach as desired. O

Theorem 2.0. If f : X — Y satisfies the functional equation (I.5), then there exists a unique symmetric multi - additive
function Q : X x X x X x X — Y such that

f(x) = Q(x,x,x,x)
forall x € X.

Proof. By Theorem if f : X — Y satisfies the functional equation (L.5), then f : X — Y satisfies the
functional equation for all x,y € X. By Theorem 2.1 of [13], we desired our result. O

Corollary 2.0. If the mapping f : X — Y satisfies the functional equation forall x,y,z € X, then f : X —Y
satisfies the functional equation forall x,y,z € X.
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Corollary 2.0. If the mapping f : X — Y satisfies the functional equation forall x,y,z € X, then f : X — Y

satisfies the functional equation forall x,y,z € X.

Hereafter, through out this paper, let we consider G be a normed space and H be a Banach space. Define a

mapping Df : G — H by

Df(x,y,z) = fBx+2y+2z)+ f(Bx+2y —z) + f(Bx — 2y + z) + f(Bx — 2y — z)
—72[f(x+y) + f(x —y)] = 18[f(x +z) + f(x — z)]
=8[f(y+2z)+ f(y—z)] — 144f(x) + 96 (y) + 48f(2)

forallx,y,z € G.

3 Stability results of (1.2): Direct method

In this section, the generalized Ulam - Hyers stability of the quartic functional equation (1.5) is given.

Theorem 3.0. Let j = +1and  : G® — [0, 0) be a function such that

lim ¥ (6”fx, 6"y, 6”fz) _
n—oco 64nj

forall x,y,z € G. Let f : G — H be a function satisfying the inequality

IDf(x,y,2)[ < ¥ (x,y,2)
forall x,y,z € G. Then there exists a unique quartic mapping Q : G — H which satisfies and

o £ 6k x
Ifx) -l <5 L (64k].>
=

where § (x) and Q(x) are defined by

§(x) =9 (x,x,x)+ %zp (x,0,x) + %w (0,x,0)

and

Q(x) = lim f(6"x)

n—oo 64”j

forall x € G, respectively.
Proof. Replacing (x,y,z) by (x,x,x) in (3.2), we get

[[£(6x) + f(4x) = 97f (2x)|| < ¢ (x, x,x)
for all x € G. Again, replacing (x,y,z) by (x,0,x) in (3.2), we obtain

1f(4x) — 8f(2x) — 128f (x)[| < %4) (x,0,x)

for all x € G. Finally, replacing (x,y,z) by (0,x,0) in (3.2), we have

1
1f(2x) = 16f(x)l| = ;¢ (0, x,0)
for all x € G. It follows from (3.6)), (3.7), and (3.8) that

1£(6x) = 1296 (x)]|
= [|f(6x) + f(4x) — 97f(2x)— f(4x) + 8f (2x) + 128f (x) + 89f (2x) — 1424f (x)]|
< [[f(6x) + f(4x) = 97f (2x)[| + [|f (4x) — 8f(2x) —128f (x)[| + 89| f(2x) — 16f(x)

<¢(x,x,x)+ %l[) (x,0,x) + i—glp (0,x,0)

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)
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for all x € G. Dividing the above inequality by 1296, we obtain

where ) %
§(x) = 9 (x,x,%) + 59 (x,0,) + =9 (0,%,0)
for all x € G. Now replacing x by 6x and diViding by 6% in (3.10), we get

f(6%x)  f(6x)|| _ §(6x)
e _sion)_ st o
for all x € G. From (3.10) and (B.11)), we obtain
f(6°x) fl6x) f f(6x)
H - o < |25 [
1 6x
<X {§<x> " 5(64 )] (3.12)
for all x € G. Proceeding further and using induction on a positive integer 1, we get
f(e" 1= §(6"x)
H 64” —fx)] < P k;) o (3.13)
1 & §(6k)
STl
64 = 6%k
forall x € G. In ord h f th S6™0) | replace x by 6"x and dividing b
orallx € G. In order to prove the convergence of the sequence § = = ¢, replace x by 6"x and dividing by
™ in (3.13), for any m,n > 0, we deduce
F6™my)  f(6"x)| 1 || f(6"-6"x)
‘ Ghlrtm)  ghm || T gam an— —f(6"x)
1" §(6k+mx)
< 64 ;} GAk+m)
1 ® 5(6k+mx)
< 67}(;) Ga(k+m)

n
forall x € G. Hence the sequence { f (664nx) } is a Cauchy sequence. Since H is complete, there exists a mapping
Q : G — H such that
n
o) = im £89 v iea

n—oo 64n
Letting n — oo in (3.13), we see that (3.3) holds for all x € G. To prove that Q satisfies (1.5), replacing (x,y, z)
by (6"x,6"y,6"z) and dividing by 6*" in (3.2), we obtain

1
6411

f(6"(Bx+2y+2))+ f(6"(Bx +2y —z)) + f(6"(3x — 2y +z)) + f(6" (3x — 2y — z))
= 72[f(6"(x +y)) + f(6"(x —y))] = 18[f (6" (x +2)) + f(6" (x — 2))]
= 8[f(6"(y+2)) + f(6"(y — ))}—144f(6” x)

+96£(6"y) +48f(6"2) | < 64n P(6"x,6",6"2)

forall x,y,z € G. Letting n — oo in the above inequality and using the definition of Q(x), we see that
QBx+2y+2z)+QBx+2y—2z)+QBx —2y+2z) + Q(Bx — 2y — z)
=72[Q(x +y) + Q(x = y)] +18[Q(x +2) + Q(x — 2)] + 8[Q(y +2) + Qy — 2)]
+144Q(x) —96Q(y) — 48Q(2).
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Hence Q satisfies for all x,y,z € G. To prove that Q is unique, let R(x) be another quartic mapping
satisfying and (3.3), then

HQ&%~M@H:6%HQ®”0—R%%M

Sé%{MXWXVaﬂWXM+Mf®%0*R%“NG

_ 2 & E)
S5 L gt
—0 asn— oo

for all x € G. Thus Q is unique. Hence for j = 1 the theorem holds.
Now, replacing x by § in (3.9), we reach

x X x x 1 /x x 89 x
— )| < -z Zw(Z0 =2 - =z .
|7~ 12067 (3) | <9 (55 5) + 29 (5:05) + 79 (0.50) (-14)
for all x € G. The rest of the proof is similar to that of j = 1. Hence for j = —1 also the theorem holds. This
completes the proof of the theorem. O

The following Corollary is an immediate consequence of Theorem concerning the Ulam-Hyers [9],
Ulam-TRassias [20], Ulam-GRassias [18] and Ulam-JRassias [25] stabilities of (1.5).

Corollary 3.0. Let p and s be nonnegative real numbers. Let f : G — H be a function satisfying the inequality

o,

o {1xlIE + lyll* + 11213, s£4;
Df(x,y,z)| < (3.15)
IDFCy <3 el 1yl 211, 35 £ 4

o LIl Pyl + {1l + [yl + 1|z}, 3s # 4
forall x,y,z € G. Then there exists a unique quartic function Q : G — H such that

_r
433 =1’

IF) - el < { g5 6.16)

ol |x[|*
4‘33_335|

forallx € G.

4 Counter examples for non stable cases of

Now, we will provide an example to illustrate that the functional equation (1.5) is not stable for s = 4 in
condition (ii) of Corollary[3.0} Let ¢ : R — R be a function defined by

W(x) = { uxt, if x| <1

U, otherwise

where p > 0is a constant, and define a function f : R — R by

ol n
flx) = 2 1p(664nx) forall xelR.
n=0
Then f satisfies the functional inequality
(488 x 68
Df(xy2)) < EEZEM (ot 4yt 4 ety @)

for all x,y,z € R. Then there do not exist a quartic mapping Q : R — R and a constant ¥ > 0 such that

If(x) — Q(x)] < x|x|* forall xeR. 4.2)
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Proof. Now
fi_ 1296
dn 1295

n=0

Z 64n|
Therefore, we see that f is bounded. We are going to prove that f satisfies (4.1).

If x = y = z = 0 then (4.1) is trivial. If [x|* + |y[* + |z|* > 1 ; then the left hand side of (4.1) is less than

4 8 1
%. Now suppose that 0 < |x|* + [y|* + |z|* < o Then there exists a positive integer k such that

1
GAk 1) < |JC|4 + \y|4 + \2\4 < el (4.3)

1
61z < - and consequently

1 1
h k—1 = gk—1 -

so that 6 x<6,6 y<6, e

651 (3x + 2y + 2),6F 1 (Bx — 2y + 2), 65 1 (Bx + 2y — 2), 661 (Bx — 2y — 2),

6k_1(x + y),6k_l(x -y, 6k_1(x + z),6k_1(x —z),
6 (y+2),6" (y—2),60"(x),6(y), 6 (z) € (-1,1).
Therefore foreachn = 0,1, ...,k — 1, we have
6"(3x+2y+2z),6"(3x —2y+2z),6"(3x +2y —z),6"(3x — 2y — z),
6"(x+y),6"(x—y),6"(x+2),6"(x—2z),
6" (y+2),6"(y - 2),6" (x),6" (), 6" (2) € (~1,1).

and

P6"(Bx+2y+2)) + (6" (Bx+2y —z)) + P(6"(Bx —2y +z)) + (6" (3x — 2y — 2))
= 72[p(6"(x +y)) + (6" (x —y))] — 18[1h(6" (x +z)) + (6" (x — 2))]
—8[Y(6"(y +2)) + (6" (y —2))] — 1449(6" (x)) + 961 (6" (y)) + 481 (6" (z)) = 0

forn =0,1,...,k— 1. From the definition of f and (4.3), we obtain that
‘f(3x+2y+z) 4 f(Bx 42y —2)+ f(3x — 2y +2) + f(3x — 2y — 2)
=72[f(x+y) + flx —y)] = 18[f(x +2) + f(x —2)] = 8[f (v +2) + f(y — 2)]
~ 144f(x) + 96f (y) + 48f(2)|

POe"Bx+2y+2z)) +p(6"(Bx+2y —z)) + (6" (Bx — 2y +z2)) + P(6" (Bx — 2y — z))

<Y
—72[p(6" (x +y)) + (6" (x —y))] — 18[(6" (x +2)) + (6" (x — 2))]
—8[yp(6"(y +2)) + (6" (v — 2))] — 1449 (6" (x)) + 969 (6" (y)) + 48#’(6"(2))‘
- L Gl
= 72[p(6" (x +y)) + (6" (x —y))] — 18[¢(6" (x +2)) + (6" (x — 2))]
—8[p(6" (v +2)) + (6" (y — 2))] — 1449(6" (x)) + 969 (6" (y)) + 484](6"(2))‘
© 1 1296 6° x 488
<), S8 =488 x o < 95

P6"Bx+2y+2))+ (6" (Bx+2y —z)) + P(6"(3x — 2y +2)) + Y(6" (3x — 2y — 2))

(el + [yl + [21%).

1
Thus f satisfies l) forall x € Rwith 0 < |x[* 4 |y[* + |z|* < o
We claim that the quartic functional equation (1.5) is not stable for s = 4 in condition (ii) of Corollary B.0]

Suppose on the contrary that there exist a quartic mapping Q : R — R and a constant ¥ > 0 satisfying (4.2).
Since f is bounded and continuous for all x € IR, Q is bounded on any open interval containing the origin and
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continuous at the origin. In view of Theorem Q must have the form Q(x) = cx* for any x in R. Thus, we
obtain that

F(x)] < (e + el |x|*. (4.4)

But we can choose a positive integer m with mu > x 4 |c|.

Ifx e (O,ém%l) ,then 6"x € (0,1) foralln =0,1,...,m —1. For this x, we get

= mux* > (k4 |c|) x*

hgk

6" m—1 6" 4
f) = O"’(64,f‘) = o)

which contradicts (4.4). Therefore the quartic functional equation (1.5) is not stable in sense of Ulam, Hyers
and Rassias if s = 4, assumed in the inequality condition (ii) of (3.16). O

A counter example to illustrate the non stability in Condition (iii) of Corollary Let s be such that
0<s< %. Then there is a function f : R — R and a constant A > 0 satisfying

4-8s
3

45 | 4s
IDf(x,y,2)| < Alx|3 [y |z] (4.5)
forall x,y,z € Rand
up 1@ _ ws)
x40 |x|

for every quartic mapping Q : R — R.

Proof. If we take

[ xtInjx|, if x#0,
f(x)_{o, if x=0.

Then from the relation ([@.6), it follows that

f () = Q)| o f (n) = Q(n)]

sup > sup
x40 x* neN n|*
n#0

[n*In|n| —n* Q (1)

= sup 1 =sup [In|n| —Q(1)| = co.
nelN ‘7’1| nelN
n#0 n#0

We have to prove is true.
Case (i): If x,y,z > 01in (4.5) then,

[fBx+2y+2z)+ fBx+2y —z)+ f(Bx — 2y +z) + f(Bx — 2y — z)
—72[f(x+y) + fx—y)] = 18[f(x +2) + f(x —2)] = 8[f(y +2) + f (y — 2)]
144 (x) + 96£(y) + 48f (2)|
=|(Bx+2y+2z)In|3x+2y +z| + Bx+2y — z) In |3x + 2y — z|
+ (Bx =2y +2z)In|3x — 2y + z| + (Bx — 2y — z) In [3x — 2y — z|
—72[(x+y)Infx +y[+ (x —y) In|x —y]]
—18[(x+z)In|x+z|+ (x —z)In|x — z|]
—8[(y+2)Infy+z|+(y—2)Inly - z|]
—144(x) In |x| + 96(y) In |y| + 48(z) In|z||
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Set x = u,y = v,z = w it follows that

|fBx+2y+z)+ f(Bx+2y—z)+ f(Bx — 2y +z) + f(3x — 2y — 2)
—T20f(x +) + F(x - )]~ 8[f(x +2) + Flx — 2)] — 8[f(y +2) + f(y — 2)]
—144f(x) + 96f () + 48f (2)|
=|(Bx+2y+z)In|3x+ 2y +z| + 3x +2y — z) In|3x + 2y — z|
+(Bx —2y+z)In|3x =2y +z| + (Bx =2y — z) In |3x — 2y — z|
—72[(x+y)In|x+y|+ (x —y)In|x - y|]
—18[(x+z)In|x+z|+ (x —z) In|x — z|]
—8[(y+z)Inly +z[+ (y —z) Iny — 2]
—144(x) In |x| +96(y) In |y| + 48(z) In |z||
= |(Bu+2v+w)In|3u+2v+ w| + (3u+2v — w) In|3u + 2v — w|
+ Bu—-2v+w)In|3u —2v+w|+ (3u —2v — w) In |3u — 20 — w|
—72[(u+v)Inju+v|+ (u—v)Inju —v|]
—18[(u+w)In|ju+w|+ (u —w)In|u —w|]
—8[v+w)Injv+w|+ (v—w)In|v—w|]
—144(u) In |u| +96(v) In |v| + 48(w) In |w||
lfBu+2v+w)+ fBu+2v—w)+ fBu—2v+w)+ f(Bu —2v —w)
— 720f(u+0) + f(u —0)] = 18[f (1 +w) + f (1 — )] = 8[f(0+ w) + f(0 - w)]
—144f(u) +96f(v) + 481 (w)|

< Mlul oI Jwl = = Alx|¥ Iyl ¥ |25

For the Cases:

the proof is similar to that of Case (i). O

Now, we will provide an example to illustrate that the functional equation (1.5)) is not stable for s = %

in condition (iv) of Corollary The proof of the following example is similar to that of Example 4, Let
¢ : R — R be a function defined by
uxt, if x| < %
Ylx) = 4u

—, otherwise

where y > 01is a constant, and define a function f : R — R by

o (6" x
flx) = Z%)¢(64n ) forall xeRR.
n—=
Then f satisfies the functional inequality
488 x 6° x 4 4 44
IDF(y,2)| < S (el + a2 @7)

forall x,y,z € R. Then there do not exist a quartic mapping Q : R — R and a constant ¥ > 0 such that

If(x) —Q(x)| < 1<|x|4 forall xeRR. (4.8)
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5 Stability results of using various substitutions

In this section, the generalized Ulam-Hyers stability of (1.5) using various substitutions is investigated. The
proofs of the following theorems and corollaries are similar to that Theorem [3.0|and Corollary Hence the

details of the proofs are omitted.
Theorem 5.0. Let j = =1 and i : G> — [0,00) be a function such that

o Ty az)
n—o00 44nj

forall x,y,z € G. Let f : G — H be a function satisfying the inequality

IDf(x,y,2)|l < o (x,y,2)
forall x,y,z € G. Then there exists a unique quartic mapping Q : G — H which satisfies and
y
L s s
I - QI < 575 & g

where T (x) and Q(x) are defined by
T(x) = %gb (x,0,x) +4y (0,x,0)

and

Q(x) = lim fW)

n—co 441
forall x € G, respectively.

Corollary 5.0. Let p and s be nonnegative real numbers. Let f : G — H be a function satisfying the inequality

O,
IDf(x,y,2)|l < { pAUIX(P +lyll® +1lzI}, s#4
p {IxIFIyIFzIE + {Hx 1P + [yl + (12l } ), 3s #4;
forall x,y,z € G. Then there exists a unique quartic function Q : G — H such that
5p
2144 — 1|’
£~ QI < { i
=) 2/4% — 45
5pl|x]1*
2[44 — 4535
forallx € G.
Theorem 5.0. Let j = +1and i : G> — [0, 0) be a function such that
3Mix, 3y, 31
lim y (3 Y 2) =
n—oo 34nj

forall x,y,z € G. Let f : G — H be a function satisfying the inequality

IDf(x,y,2)| < ¥ (x,y,2)
forall x,y,z € G. Then there exists a unique quartic mapping Q : G — H which satisfies and

1 & 9 (3900
[f(x) = Q)| < 1.3 et D
where Q(x) is defined by ‘
Qx) = lim &%)

n—oo 34”j

forall x € G.

(5.1)

(5.2)

(5.3)

(5.4)

(5.5

(5.6)

(5.7)

(5.8

(5.9)

(5.10)

(5.11)
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Corollary 5.0. Let p and s be nonnegative real numbers. Let f : G — H be a function satisfying the inequality

o,
IDf(x,y,2) < { o {Ix[1° + [yl +[1z1]°}, s# 4 (5.12)
o Ll PIyIF I+ {1l + [yl + 112l 3s # 4

forall x,y,z € G. Then there exists a unique quartic function Q : G — H such that

_r
43t =1y

1) - QU < 5 5.13)

pllx|I*
4[3% —3%|

forallx € G.

Theorem 5.0. Let j = +1and ¢ : G3 — [0, 00) be a function such that

P (2x,2"y,2Mz)

nh_r& ] (5.14)
forall x,y,z € G. Let f : G — H be a function satisfying the inequality
IDf(xy,2)| < ¢ (x,y,2) (5.15)
forall x,y,z € G. Then there exists a unique quartic mapping Q : G — H which satisfies and
1 & 9(029x,0)
1) = QI < g & g 5.16)
=
where Q(x) is defined by ‘
i £270)
Qx) = lim =7 (5.17)
forall x € G.
Corollary 5.0. Let p and s be nonnegative real numbers. Let f : G — H be a function satisfying the inequality
0,
IDf(x,y,2) |l < 4 o I + [yl +[lz]]°}, s # 4 (5.18)
p {IxIPIyIzIE + {112l + [yl + 12}, 35 # 4
forall x,y,z € G. Then there exists a unique quartic function Q : G — H such that
__r
4(24 — 1|’
) el 1o
1f(x) = Q)| < 4[2% — 25|’ (5.19)
pllx[[*
4]24 — 23]

forallx € G.

6 Stability results of (1.2): fixed point method

In this section, we apply a fixed point method for achieving stability of the functional equation is present.
Now, first we will recall the fundamental results in fixed point theory.

Theorem 6.0. (Banach’s contraction principle) Let (X,d) be a complete metric space and consider a mapping T : X —
X which is strictly contractive mapping, that is
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(A1) d(Tx, Ty) < Ld(x,y) for some (Lipschitz constant) L < 1. Then,
(i) The mapping T has one and only fixed point x* = T(x*);
(ii)The fixed point for each given element x* is globally attractive, that is

(A2) limy_eoT"x = x*, for any starting point x € X;
(iii) One has the following estimation inequalities:

(A3) d(T"x,x*) < 127 d(T"x, T"*1x),¥V n >0,V x € X;

(A4) d(x,x*) < ﬁ d(x,x*),¥V x € X.

Theorem 6.0. [14] Suppose that for a complete generalized metric space (€),6) and a strictly contractive mapping
T : QO — Q with Lipschitz constant L. Then, for each given x € Q) either

d(T"x, T" 'x) =c0 ¥V n2>0,

or there exists a natural number ng such that

(FP1) d(T"x, T"1x) < oo forall n > nyg ;

(FP2) The sequence (T"x) is convergent to a fixed point y* of T

(FP3) y* is the unique fixed point of T in the set A = {y € Q) : d(T"x,y) < oo};
(FP4) d(y*,y) < t27d(y, Ty) forally € A.

Hereafter throughout this section, let us consider G and H to be a normed space and a Banach space,
respectively.

Theorem 6.0. Let f : G — H be a mapping for which there exists a function i : G3 — [0, 00) with the condition

1
lim — ¢ (tFx, thy, tFz) = 0 (6.1)
k— 00 Tl4k 1 1 1
where
6 if i=0;
Tl—{é if i1, (6.2)
such that the functional inequality
IDf(x,y,2)| < ¥(xy,2) (6.3)
forall x,y,z € G. If there exists L = L(i) such that the function ® : G — [0, 00) defined by
x
¥ =5 (3)
where
1 89
g(x) = l/) (X,X,X) + Elp (X,O,X) + le (O,X,O)
has the property
L
¢(x) = - ¢ (Tx). (6.4)

i

forall x € G. Then there exists a unique quartic mapping Q : G — 'H satisfying the functional equation and

I1f(x) = Q)| <

T2 (6.5)

forallx € G.

Proof. Consider the set
I'={p/p:G —H, p(0) =0}

and introduce the generalized metric on T,

d(p,q) = inf{K € (0,00) :[| p(x) —q(x) || < K®(x),x € G}.
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It is easy to see that (T, d) is complete.
DefineY : I' — I' by
1
Yp(x) = p(ux),
’fl.

forallx € G. Now p,g €T,
d(p,q) < K= | p(x) —q(x) | < Ke(x), x € G,

=

1
< gKé(Tix),x cg,

1

1 1
(i) = —a(T)

i i

1 1
gP(Tix) - gq(fix) < LK®(x),x € G,
i i

= [ Yp(x) = Yq(x) [ < LK®(x),x € G,
=d(Yp,Yq) < LK.

=

This implies d(Yp,Yq) < Ld(p,q), forall p,q € T. i.e., T is a strictly contractive mapping on I' with Lipschitz
constant L.
It follows from (3.9), we arrive

1£(6x) —129f (x) || < §(x) (6.6)

where
1 89
§0) = ¥ (5,20, + 29 (5,0,) + 59 (0,5,0)

for all x € G. It follows from that

’Vﬁw‘ﬂﬂufi? 6.7)

forall x € G. Using for the case i = 0 it reduces to

6x
1789 - st < 130w
forall x € G, ‘
ie, d(Yf, f)<L=d(Yf f)<L=L""<co. (6.8)
Again replacing x = £ in (6.6), we get
x X
012961 () <5 () (69)
forall x € G. Using for the case i = 1 it reduces to

) —1208f (3)] < ot

forall x € G, ,
ie, d(f,Yf)<1=d(f,Yf)<1=L""<c0. (6.10)

From and (6.10), we arrive .
d(f,Yf) < L'

Therefore (FP1) holds.
By (FP2), it follows that there exists a fixed point Q of Y in I such that
k
Q@):hm'ﬂzg% V xeg. (6.11)
k—o0 Ti

We have to prove Q : G — H is quartic. Replacing (x, y, z) by (t¥x, T¥y, T¥z) in (6.3) and dividing by Ti4k, it
follows from that

1

k k k
V(@6 TYT2)
i

1 ko k. ok
K HDf(Ti YLhY T Z)H <
:
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for all x € G. Letting k — oo in the above inequality and using the definition of Q(x), we see that

DQ(x,y,z) =0

i.e., Q satisfies the functional equation forall x,y,z € G.
By (FP3), Q is the unique fixed point of Y in the set

A={QeT:d(f,Q) <o},
such that
1f(x) = Q)| < K&(x)
for all x € G and K > 0. Finally by (FP4), we obtain

1
A(f,Q) < T d(f,Yf)

this implies

1-i
AF,Q) < 5
which yields
1)~ QU < £y
1-L
this completes the proof of the theorem. O

The following corollary is an immediate consequence of Theorem [6.0]concerning the stability of (1.5).

Corollary 6.0. Let f : G — H be a mapping and there exist real numbers p and s such that

o,

o {I1xl1* + Iyl + 1] s 44
Df(x,y,z)| < 6.12
e R S NP 3 £ 4 (612)

p Iyl + {H1x ] + [yl + (12l } ), 3s #4;

forall x € G. Then there exists a unique quartic function Q : G — H such that

950
4164 — 1|’
10501 |x|*
4l6* — 65|

pllx|*
\64 763s|’
109p||x||**

[f(x) = Qx)[l < (6.13)

forallx € G.

Proof. Setting

0,

o LIl + [yl + [z},

ollxlFllylP11z[F,

p LIyl 12l1® + 1l + [y [P + [1=[1} -

Y(xy,z) =
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for all x € G. Now,

L
ik

l
P k k k
S LIl + Dty 11l

1 ko k. _k
(G X, Ty, Tz) = lp .
T kaT x| Pyl Pl 2],

Z

Y k k k k k k
L (Pl Bkl + ikl + k)P + 12l >}

—0as k — oo,
—0as k — oo,

—0as k — oo,
— 0as k — oo.

Thus, is holds.
But we have ®(x) = (%) where §(x) = 9 (x,x,x) + 14 (x,0,x) + %4 (0,x,0) has the property &(x) =

L
— @ (7x) forall x € G. Hence

o
95p
oot
o/ Ll
S0
4650
Now,
95p
4. T .
1050 s - ®(x),
Tix||®,
iq,(—r,x): 4.65- T4H i || _ s 4(1,( )’
! ' LH x|, 35 49 (x),
635 . 4 35 4@(9(7)
109p 3s
WH x|

Hence the inequality holds either, L = 6% ifi = 0and L = 6* if i = 1. Now from (6.5), we prove the
following cases for condition (7).
Case:l L=6*ifi =0

647" 95
£ =~ QI < T g ) = gz
Case2 L =6*ifi=1
(64" —95p

1f () = QU < =5 ®(x) = A —6h

Also the inequality holds either, L = 65 % fors < 4ifi = 0and L = 6* 5 fors > 4 if i = 1. Now from
(6.5), we prove the following cases for condition (if).
Case:3 L =654 fors < 4ifi =0

1-0
69 105p] x|
_ ) ey — 105pllx[]°
[f(x) = Q)| < 166D o(x) = Ao
Case:dd L=6*5fors >4ifi=1

4-5\1-1 s
If(x) - Q) < (166)4_5‘1’(90 — DellF
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Again the inequality holds either, L = 63~ for 3s < 4if i = 0and L = 6*73° for 3s > 4if i = 1. Now
from (6.5), we prove the following cases for condition (iii).
Case:5 L = 6% for3s < 4ifi =0

(6(35‘4)) 1-0

_ ol
[f(x) = Qx| < mq’(x) T
Case:6 L = 6% for3s > 4ifi=1
ga-3s\171 x|[38
176 - Q) < E) o) - AT
The proof of condition (iv) is similar to that of condition (iii). Hence the proof is complete. O
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