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Abstract

In this paper, we introduce the notion of fi-open sets in generalized topological spaces. Further, we
introduce the notions of interior, closure, boundary, exterior and study some of their properties. In addition,
we introduce the concepts of fi-T; (i = 0,%,1,2) spaces are characterized them using ji-open and ji-closed
sets.
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1 Introduction

Generalized topologies were introduced by A. Csaszar. Further, he defined the concepts of u-open sets
and their corresponding interior and closure operators in generalized topological spaces. Also, he obtained
and studied the notions of y-semi-open sets, y-preopen sets, yu-a-open sets and y-p-open sets in generalized
topological spaces. In this paper in section 3, we introduced the concept of fi-open sets, which is analogous
to u-semi-open sets and introduced the notion fiO(X) which is the set of all ji-open sets in a generalized
topological space (X, u). Further, we introduced the concepts of fi-interior, ji-closure, fi-boundary and jfi-
exterior operators and studied some of their fundamental properties. In section 4, we introduced the notion
of fi-T; spaces (i = 0, %, 1,2) and characterized fi-T; spaces using jfi-closed and fi-open sets.

2 Preliminaries

We recall some basic definitions and notations. Let X be a nonempty set and exp(X) the power set of X.
We called a class # C exp(X) a generalized topology (briefly, GT) if @ € u and the arbitrary union of elements
of u belongs to y [4]. We called the pair (X, ) a generalized topological space (briefly, GTS). For a generalized
topological space (X, i), the elements of y are called p-open sets and the complements of p-open sets are
called p-closed sets [4]. For A C X, we denote by ¢, (A) the intersection of all p-closed sets containing A, i.e.,
the smallest p-closed set containing A [7]; and by i,(A) the union of all p-open sets contained in 4, i.e., the
largest p-open set contained in A [7]. It is easy to observe that i, and ¢, are idempotent and monotonic, where
v : exp(X) — exp(X) is said to be idempotent iff A C B C X implies v(y(A)) = y(A) and monotonic iff
Y(A) € 7(B) [2]. According to [9], let i be a generalized topology on X, A C X and x € X, then (1) x € ¢, (A)
if and only if MN A # @ for each M € p containing x; (2) ¢, (X \ A) = X\ iy(A) and (3) cu(cu(A)) = cu(A).
A subset A of a generalized topological space (X, y) is said to be y-semi-open (resp. p-preopen, p-a-open,
u-p-open) if A C ¢, (i, (A)) (resp. A Ciy(cu(A)), A Cin(cu(in(A))), A C cu(in(cu(A))). The complement of
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a p-semi-open (resp. y-preopen, p-x-open, ji-B-open) set is said to be p-semi-closed (resp. p-preclosed, y-a-
closed, y-p-closed) [4]. For A C X, we denote by c;, (A) the intersection of all y-semi-closed sets containing A,
i.e., the smallest yi-semi-closed set containing A [7]; and by is, (A) the union of all y-semi-open sets contained
in A, i.e., the largest p-semi-open set contained in A [7]. According to [9], let u be a generalized topology on
X, AC Xand x € X, then (1) x € ¢5,(A) if and only if M N A # @ for each y-semi-open set M containing x;
(2) cs, (X\A) =X\ Is, (A) and (3) Csy (Csy (A)) = Csy (A).

3 ji-open sets

Definition 3.1. Let (X, ) be a generalized topological space. A subset A of X is said to be a fi-open set, if there exists a
p-open set U of X such that U C A C cs, (U). The set of all fi-open sets is denoted by fiO(X).

Example 3.1. Let X = {a,b,c} and y = {@,{a}}. Then fi-open sets are {D, X,{a}, {a, b}, {a,c}}.

Theorem 3.1. Let (X, u) be a generalized topological space, A be a subset of X. If A is fi-open in (X, u) if and only if
A C s, (iu(A)).

Proof. If A is a fi-open of X, then there exists a py-open set U such that U C A C ¢, (U). Since U is fi-
open, we have that U = i,(U) C i,(A). Therefore A C ¢, (U) C ¢s,(iu(A)) and hence A C cs, (iu(A)).
Conversely, assume that A C ¢, (iu(A)). To prove that A is a ji-open set in (X, p). Take U = i,(A). Then
in(A) € A Ccs,(iu(A)). Hence Ais fi-openin (X, p). O

Theorem 3.2. Let (X, p) be a generalized topological space, A be a subset of X. If A is a p-open set in (X, u), then A is
fi-open in (X, ).

Proof. If A is a p-open set in (X, ), then A = i, (A). Since A C ¢;,(A), we have that A C ¢, (i (A)). Then by
Theorem 3.1 A is fi-open in (X, y). O

Remark 3.1. The following example shows that the converse of the above theorem need not be true.

Let X = {a,b,c,d} and y = {0, X,{a}, {b},{a,b}}. Then A = {a,b,d} is a ji-open set in (X, u) but not y-open.

Theorem 3.3. Let (X, p) be a generalized topological space, A be a subset of X. If A is a fi-open set in (X, ), then A is
u-semi-open in (X, p).

Proof. If A is a fi-open set in (X, p), then by Theorem 3.1 A C ¢;, (i (A)). Since every p-closed set is p-semi-
closed and ¢s, (iu(A)) is a least pi-semi-closed set containing i, (A), this implies that cs, (i (A)) C cu(in(A)).
Therefore A C ¢, (i, (A)) and hence A is a p-semi-open set in (X, p). O

Remark 3.2. The following example shows that the converse of the above theorem need not be true.

Let X ={a,b,c,d} and y = {@,{a},{a,b},{b,c},{a,b,c}}. Then A = {a,d} is a y-semi-open set in (X, u) but not
ji-open.

Theorem 3.4. Let {Ay : a € ]} be the collection of fi-open sets in a generalized topological space (X, p). Then |J,¢; Ax
is also a fi-open set in (X, y).

Proof. Since A, is ji-open, then there exists a p-open set U, of X such that Uy C A C ¢, (Uy). This implies
that Upej Ux € Upej Aa € Uaej 65, (Ua) C cs, (Uyej Un) since union of all p-open sets is pi-open. Therefore
Uxej A is a fi-open set in (X, ). O
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Remark 3.3. If A and B are two fi-open sets in (X, p), then A N B need not be fi-open in (X, p).

(i) Let X = {1,2,3,..,n}and p = {0, X} U{M C X | M = X —{i} forsome i € X}. Take A = X — {1} and
B = X — {2}. Then A and B are fi-open sets in (X, p) but ANB = X — {1,2} is not ji-open in (X, ).

(ii) Let X = R, with the usual topology. If A =[-1, 0] and B = [0, 1], then A and B are fi-open sets in (X, u) but
AN B = {0} is not fi-open in (X, p).

Theorem 3.5. Let A bea fi-open set in (X, p) and B be any set such that A C B C cs,,(iy(A)). Then B is also a fi-open
setin (X, ).

Proof. If A is a fi-open set in (X, ), then by Theorem 3.1 A C ¢, (ix(A)). Since A C B, this implies that
¢s, (iu(A)) € ¢s, (iu(B)). By hypothesis B C ¢, (iu(A)) C cs, (iu(B)) and hence B C cs, (iy(B)). This shows that
Bis a fi-open set in (X, p). O

Definition 3.2. Let (X, ) be a generalized topological space. A subset A of X is called fi-closed if its complement X \ A
is fi-open.

Theorem 3.6. Let (X, u) be a generalized topological space, A be a subset of X. Then A is fi-closed in (X, ) if and only
ifis, (cu(A)) C A.

Proof. If Ais a fi-closed set in (X, p), then X'\ A is fi-open. Therefore X \ A C ¢s, (ix(X \ A)) (by Theorem 3.1)
=5, (X \ cu(A)) = X\ is, (cu(A)). This implies that is, (c (A)) C A. Conversely, suppose that is, (ci (A)) C A.
Then X\ A C X\ is,(cu(A)) = cs,(X\ cu(A)) = cs, (iu(X \ A)). Therefore X \ A is fi-open set in (X, p) and
this shows that A is fi-closed set in (X, y). O

Theorem 3.7. Let (X, p) be a generalized topological space, A be a subset of X. If is,(F) € A C F, then A is fi-closed
in (X, u) for any p-closed set F of (X, ).

Proof. Letis,(F) C A C F where F is p-closed subset of X. Then X\ F C X\ A C X\ i, (F) = ¢5,(X \ F). Let
U= X\F. Then U is p-openand U C X\ A C cs,(U). This implies that X \ A is a fi-open set in (X, y) and
hence A is a fi-closed set in (X, ). O

Remark 3.4. The converse of the above theorem need not be true.

In Example 3.1 for the fi-closed set {b}, does not exist any y-closed set in (X, y).

Theorem 3.8. Let (X, u) be a generalized topological space, A be a subset of X. Then (i) is, (cu(A)) is fi-closed;
(ii) cs, (iu(A)) is fi-open.

Proof. (i) Obviously is, (cu(is, (cu(A)))) C is, (cu(cu(A))) = is, (cu(A)). Hence is, (cy (A)) is fi-closed.
(ii) Follows from (i) and Theorem 3.1. O

Theorem 3.9. Let {Ay : « € ]} be the collection of fi-closed sets in a generalized topological space (X, ). Then
Naej Aa is also a fi-closed set in (X, p).

Proof. Let Ay be fi-closed in (X, p). Then X'\ A, is fi-open. By Theorem 3.4 [J,¢;(X \ Aq) is also fi-open. This
implies that (J,e; (X \ Ax) = X'\ [\yej Aa is fi-open and hence (¢ Aq is fi-closed in (X, p). O

Definition 3.3. Let (X, u) be a generalized topological space, A be a subset of X. Then fi-interior of A is defined as
union of all fi-open sets contained in A. Thus iz(A) = U{U : U € fiO(X)and U C A}.
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Definition 3.4. Let (X, ) be a generalized topological space, A be a subset of X. Then fi-closure of A is defined as
intersection of all fi-closed sets containing A. Thus cz(A) = N{F : X\ F € iO(X) and A C F}.

Theorem 3.10. Let (X, p) be a generalized topological space, A be a subset of X. Then (i) iz (A) is a fi-open set contained
inA;

(i) cz (A) is a fi-closed set containing A;

(iii) A is fi-closed if and only if ci(A) = A;

(iv) A is fi-open if and only if iz (A) = A;

(?J) iﬂ(iﬁ (A)) = iﬁ(A)}

(vi) ci(ca(A)) = ca(A);

(vii) ig(A) = X\ ca(X\ A);

(viii) cg(A) = X\ ig(X\ A).

Proof. (i) Follows from Definition 3.3 and Theorem 3.4.

(ii) Follows from Definition 3.4 and Theorem 3.9.

(iii) and (iv) Follows from Definition 3.5, (ii) and Definition 3.4, (i) respectively.

(v) and (vi) Follows from (i), (iv) and (ii), (iii) respectively.

(vii) and (viii) Follows from Definitions 3.2, 3.4 and 3.5. O

Theorem 3.11. Let (X, p) be a generalized topological space. If A and B are two subsets of X, then the following are
hold:

(i) If A C B, then iz(A) C in(B);
(ii) If A C B, then ¢z (A) C cu(B);
(iii) iz (AU B) = iz(A) (B)

U
(iv) ca(AN B) = ca(A) Nz (B
(v) Zﬂ(A n B) - lﬂ(A) n Zﬁ(B)
(vi) Cﬁ(A U B) 2 Cﬁ(A) U Cﬁ(B

Proof. (i) Follows from Definition 3.3 and 3.4 respectively.
(ii) Follows from (i), Theorem 3.4 and (ii), Theorem 3.9 respectively.
(iii) Follows from (i) and (ii) respectively. 0

Theorem 3.12. Let (X, p) be a generalized topological space, A be a subset of X. (i) If A C is, (cu(A)), then cz(A) C

isy(CV(A));
(i1) Ifcsﬂ(iy(A)) C A, thenig(A) 2 csy(iy(A)).

Proof. (i) Since c(A) is the least fi-closed set containing A and Theorem 3.8(i) shows that is,(c,(A)) is
fi-closed. Therefore c(A) C is, (cu(A)).

(ii) Since i (A) is the greatest ji-open set containing A and Theorem 3.8(ii) shows that ¢;, (i, (A)) is fi-open.
Therefore i (A) 2 cs, (iu(A)). O

Definition 3.5. Let (X, ) be a generalized topological space. A subset A of X is called fi-regular if it is both fi-open
and fi-closed. The class of all fi-reqular set of X is denoted by fiR(X).

Remark 3.5. If A is a ji-regqular set in (X, p), then X \ A is fi-reqular in (X, p).

Proof. Follows from Definition 3.5. O

Definition 3.6. Let (X, u) be a generalized topological space and A be a subset of X. Then ji-boundary of A is denoted
by bd;(A) and is defined as bd; (A) = cz(A) Ncp(X\ A).
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Theorem 3.13. For a subset A of X, bd;(A) = @ if and only if A is fi-regular in (X, p).

Proof. Let bdp(A) = @. Then cz(A) Ncp(X\ A) = @. This implies that c;(A) € X\ cp(X\ A) = iz(A)
(by Theorem 3.10(vii)). Therefore c;(A) = A = iz(A) and hence A is both ji-closed and fi-open in (X, p).
Conversely, assume that A is fi-regular. Then A is both fi-closed and fi-open. This implies that c;(A) =
A = iz(A) = X\ ca(X\ A) (by Theorem 3.10(vii)). Since X \ cz(X\ A)Ncz(X\ A) = @, we have that
ci(A)Nep(X\ A) = @. This shows that bd;(A) = @. O

Theorem 3.14. In any generalized topological space (X, ), the following are equivalent:
(i) X\ bda(A) = in(A) Uig(X\ A);

(it) ca(A) = ig(A) Ubds (A);

(i) bd (A) = ca(A) Nep(X\ A) = ca(A) \ ia(A).

Proof. (i) = (ii). From (i) X \ bdz(A) = ia(A) Uiz(X \ A) implies that bd;(A) = [X \ iz(A)] N [X\iz(X\ A)].
Therefore iz(A) U bdz(A) = [in(A) U (X \iz(A))] N [iz(A) Uca(A)] = XnNca(A) = ca(A). Hence
ci(A) = in(A)Ubdu(A).

(ii) = (ii). From (i) cz(A) \ iz(A) = [iz(A) Ubdz(A)] \ iz(A) = bdp(A) ... (*1). Also from (ii)
XNcp(A) = ig(A)Ubdz(A) implies that [iz(A) U (X \iz(A))] N [in(A) Uca(A)] = ia(A) Ubds(A) implies
that iz (A) U [ca(X\ A) Nca(A)] = ia(A) Ubdn(A). Therefore bd;(A) = ca(A) Nca(X\ A) ... (*2). From (*1)
and (*2), we have that bd; (A) = ci(A) Nca(X\ A) = ca(A) \iz(A).

(iii) = (). From (iii), we have that
X\ bdg(A) = X\ [ca(X\ A)Ncp(A)] = [X\ca(X\A)]U[X\ca(A)] = in(A)Uizg(X\ A). Therefore
X\ bd(A) =ia(A)Uig(X\ A). O

Theorem 3.15. For a subset A of generalized topological space (X, ), we have the following conditions hold:
(i) bdg(A) = bda (X \ A);

(it) bd(A) = ca(A) \in(A);

(i1i) bd (A) Nig(A) = ©;

(iv) Cﬁ(A) = Zﬁ(A) U bdﬁ(A),

(v) bdy(in(A)) C bdu(A);

(vi) bdp(cp(A)) C bdu(A);

(vii) X\ bdz(A) = i(A) Uig(X\ A);

(viii) X = ig(A) Uig(X\ A)Ubd;(A).

Proof. (i) By Definition 3.6, we have that
bdp(A) = ca(X\ A)Necp(A) = ca(X\A) Nep(X\ (X \ A)) = bdp(X\ A). Therefore bd;(A) = bd (X \ A).

(ii) By Definition 3.6, we have that bd;(A) = cz(A) Nca(X\ A) = ca(A) \ (X \ ca(X\ A)) = ca(A) \iz(A)
(by Theorem 3.10 (vii)). Therefore bd;(A) = ca(A) \ iz(A).

(iii) By Definition 3.6, we have that bd;(A) Niz(A) = (ca(A) \ iz(A)) Niz(A) (by (ii)) = ©. Hence
bdﬁ(A) N l‘g(A) =Q.

(iv) Follows from (ii) and Theorem 3.14.

(v) By Definition 3.6, we have that
bdp(in(A)) = cp(X\ ig(A)) Nep(in(A)) = calea(X\ A)) Nea(in(A)) = ca(X\ A) Nea(in(A)) (by Theorem
3.10 (vi)) € ca(X\ A) Ncp(A) = bdp(A). This shows that bd (iz(A)) C bdz(A).

(vi) By Definition 3.6, we have that bdj(cz(A)) = ca(X \ ca(A)) Nca(ca(A)) = calin(X\ A)) Nca(A) (by
Theorem 3.10 (vi)) C ¢ (X \ A) Nci(A) = bd;(A). Therefore bd(ci(A)) C bdz(A).
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(vii) Follows from (iv) and Theorem 3.14.

(viii) Using (vii) (X \ bdp(A)) U bdz(A) = [ig(A) Uig(X \ A)] U bds(A). This implies that
XZZﬁ(A)Ulﬁ(X\A)Ubdﬁ(A) O

Theorem 3.16. Let A be a subset of generalized topological space (X, ). Then (i) A is fi-open if and only if AN
bdz(A) = ©;
(it) A is fi-closed if and only if bd; (A) C A.

Proof. Let A be a fi-open set in (X, ). Then X\ A is fi-closed and c;(X \ A) = X\ A. Also A # c;(A). By
Definition 3.6 ANbd;(A) = AN (ca(A)Nca(X\A)) = ANcag(An(X\A) = AnN® = @. Thus
ANbd(A) = @. Conversely, assume that ANbd;(A) = @. Then AN (cz(A) Nca(X\ A)) = @. This implies
that ANcu(X\ A) = @and hence c; (X \ A) € X'\ A. Therefore c;(X \ A) = X\ A. This shows that X \ A is
fi-closed in (X, ) and hence A is fi-open in (X, u).

(ii) Let A be a fi-closed set in (X, u). Then A = c;(A). Since bdz(A) = (ca(A) Nca(X\ A)) C ca(A) = A.
Therefore bd;(A) C A. Conversely, let bd;(A) € A. Then bd;(A) N (X \ A) = @. By Theorem 3.15 (i)
bdz(X\ A)N(X\ A) =@. By (i) X\ Ais fi-openin (X, u). Hence A is fi-closed in (X, u). O

Definition 3.7. Let (X, u) be a generalized topological space and A be a subset of X. Then fi-exterior of A is denoted
by ext(A) and is defined as ext(A) = in(X \ A).

Theorem 3.17. Let A and B be two subsets of generalized topological space (X, y). Then (i) ext;(AUB) C exty(A) U
extz(B);

(ii) bdi(AUB) = ci(AUB) Ncp(X — A) Nep(X\ B);

(iii) bdz (AN B) = (bd(A) Ncu(B)) U (bdn(B) Nca(A)).

Proof. By Definition 3.7, we have that
ext;(AUB) = iz(X\ (AUB)) = iz((X\A)N(X\B)) C izg(X\A)Nizg(X\ B) (by Theorem 3.11 (v)) =
exty(A) Uextz(B). Hence ext; (AU B) C exty(A) Uext(B).

(i) By Definition 3.6, we have that bd;(A U B) = ci(AUB)Nc(X\ (AUB)) =
ci(AUB)Nca((X\A)N(X\B)) = ca(AUB) Nca(X\ A) Ncp(X\ B) (by Theorem 3.11 (iv)). Hence
bdﬁ(A U B) = Cﬁ(A U B) ﬂC‘g(X\A) ﬂCﬁ(X\B).

(iii) By Definition 3.6, we have that bd;(A N B) = cu(A

(ca(A) Nea(B)) N (ca(X\ A)Uca(X\B)) = ((ca(A) Nca(B)) Nea(X\ A)) U ((ca(A) Neca(B)) Nea(X\ B)) =
((ca(A) Nea(X\ A)) Nea(B)) U (ca(A) N (ca(B )ﬁcy( \B))) = ca(AUB) Nca(X\ A) Nep(X\ B). Hence
bdﬁ(AUB)ZCﬁ(AUB)ﬂCﬁ(X\A)ﬂCﬁ(X\B) O

NB)Nep(X\ (ANB) =

Theorem 3.18. For any two subsets A and B of generalized topological space (X, ), we have the following conditions
hold:

(i) extp(X \ extz(A)) = ext(A);

(ii) exty (AN B) = exty(A) Uexty(B).

Proof. (i) By Definition 3.7, we have that ext; (X \ ext(A)) = ig(X\ (X \ ext(A))) = in(extz(A)) = extp(A).
Hence ext; (X \ extz(A)) = extz(A).

(ii) By Definition 3.7, we have that
ext;(ANB) = iz(X\ (ANB)) = iz((X\A)U(X\B)) = iz(X\ A)Uiz(X\ B) (by Theorem 3.11 (iii) =
exty(A) Uextz(B). Hence ext; (AN B) = ext(A) Uext(B). O
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4 Separation axioms

Definition 4.8. A generalized topological space (X, ) is called a fi-Ty space if for each pair of distinct points x,y € X,
there exists a fi-open set U such that either x € Uandy ¢ Uory € Uand x ¢ U.

Definition 4.9. A generalized topological space (X, y) is called a fi-Ty space if for each pair of distinct points x,y € X,
there exists a fi-open sets U and V contain x and y respectively such that y ¢ Uand x ¢ V.

Definition 4.10. A generalized topological space (X, ) is called a fi-T; space if for each pair of distinct points x,y € X,
there exists a fi-open sets U and V such that x € Uandy € Vand UNV = @.

Definition 4.11. Let (X, u) be a generalized topological space and A be a subset of X. Then A is called a
fi-generalizedized closed (briefly fi-g.closed) set if cz(A) C U whenever A C U and U is a fi-open set in (X, p).

Remark 4.6. From Definition 4.4, every fi-closed set is fi-g.closed set. But, the converse need not be true.

Definition 4.12. A generalized topological space (X, ) is called a ﬁ—T% space each fi-g.closed set of (X, ) is fi-closed.

Theorem 4.19. Let (X, p) be a generalized topological space. Then for a point x € X, x € cu(A) if and only if
VNA#Qforany V € jiO(X) such that x € V.

Proof. Let Fybe thesetofally € X such that VN A # @ forany V € fiO(X) and y € V. Now, we prove that
ci(A) = Fo. Let us assume x € ¢;(A) and x ¢ Fy. Then there exists a fi-open set U of x such that UN A = @.
This implies that A C X\ U. Therefore c;(A) € X\ U. Hence x ¢ ci(A). This is a contradiction. Hence
ci(A) € Fy. Conversely, let F be a set such that A C Fand X\ F € fiO(X). Let x ¢ F. Then we have that
x € X\ Fand (X \ F) N A = @. This implies that x ¢ Fy. Therefore Ffy C F. Hence Fy C cz(A). O

Definition 4.13. Let (X, p) be a generalized topological space and A be a subset of X. Then A is fi-g.closed if and only
if ca({x}) N A # @ holds for every x € c;(A).

Proof. Let U be any ji-open set in (X, ) such that A C U. Let x € c;(A). By assumption there exists a
point z € ¢z({x}) and z € A C U. Therefore from Theorem 5.1, we have that U N {x} # @. This implies
that x € U. Hence A is a fi-g.closed set in X. Conversely, suppose there exists a point x € c;(A) such that
cp({x})NA = @. Since c;({x}) is a fi-closed set implies that X \ ¢z ({x}) is a fi-open set. Since A C X \ cz({x})
and A is fi-g.closed set, implies that c;(A) € X\ cz({x}). Hence x ¢ ¢z (A). This is a contradiction. O

Theorem 4.20. Let (X, p) be a generalized topological space and A be a subset of X. Then ci({x}) N A # O for every
x € c;i(A) ifand only if cz(A) C kerz(A) holds, where kerz(E) = N{V : V € jiO(X) and E C V'} for any subset E
of X.

Proof. Let x € c;(A). By hypothesis, there exists a point z such that z € ¢;({x}) and z € A. Let U € iO(X)
be a subset of X such that A C U. Since z € U and z € cz({x}). By Theorem 4.2, we have that U N {x} # @,
this implies that x € ker;(A). Hence ¢z (A) C kerz(A). Conversely, let U ba any fi-open set such that A C U.
Let x be a point such that x € c;(A). By hypothesis, x € ker;(A) holds. Namely, we have that x € U, because
A C U and U is fi-open set. Therefore c;(A) C U. By Definition 4.4 A is fi-g.closed. Then by Theorem 4.2
ca({x}) N A # @ holds for every x € c;(A). O

Theorem 4.21. Let (X, p) be a generalized topological space and A be the fi-g.closed set in (X, p). Then cz(A)\ A
does not contain a non empty fi-closed set.
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Proof. Suppose there exists a non empty ji-closed set F such that F C c;(A) \ A. Let x € F. Then x € cz(A),
implies that FN A = cz(A) N A 2 ci({x}) N A # @ and hence F N A # @. This is a contradiction. O

Theorem 4.22. For each x € X, {x} is fi-closed or X \ {x} is ji-g.closed.

Proof. Suppose that {x} is not fi-closed. Then X \ {x} is not ji-open. This implies that X is the only fi-open set
containing X \ {x} and hence X\ {x} is ji-g.closed. O

Theorem 4.23. A generalized topological space (X, u) is a ﬁ—T% space if and only if for each x € X, {x} is fi-open or
fi-closed.

Proof. Suppose that {x} is not fi-closed. Then it follows from the assumption and Theorem 4.5, {x} is fi-open.
Conversely, let F be a fi-g.closed set in (X, u). Let x € ¢z (F). Then by the assumption {x} is either fi-open or
fi-closed.

Case(i): Suppose that {x} is fi-open. Then by Theorem 4.1, {x} N F # @. This implies that c;(F) = F.
Therefore (X, u)is a ﬁ-T% space.

Case(ii): Suppose that {x} is fi-closed. Let us assume x ¢ F. Then x € c¢;(F) \ F. This is a contradiction.
Hence x € F. Therefore (X, p) is a ﬁ—T% space. O

A space (X, p) is ji-T if and only if for any x € X, {x} is fi-closed.

Proof. Follows from Definitions 2.14 and 4.2. O

Remark 4.7. (i) From the Theorems 4.5, 4.6 and 4.7, we have that every ﬁ—T% space is fi-Ty, every fi-Ty space is ﬂ—T%
and every fi-T, space is fi-T.

(ii) Let X = {a,b,c,d} and u = {@,X,{a},{b,d},{c,d},{a,b,d},{a,c,d},{b,c,d}}. For the distinct points
a,k € X, where k € {b,c,d}, there exists a fi-open set {a} but which is not contain k; the pair b,c € X, there exists a
fi-open set {b,d} but which is not contain c; the points b,d € X, there exists a fi-open set {c,d} but which is not
contain b; more over for the points ¢, d € X, there exists a fi-open set {a, b,d} but which is not contain c. This implies
that (X, p) is a fi-Ty space. Also {b,c},{a,b,c} are fi-g.closed sets but not fi-closed. Then by Definition 4.5 (X, u) is
not a ﬁ—T% space.

(iii) Let X = {a,b,c}, y = {@,X,{a},{b},{a,b},{a,c}}. Then the fi-g.closed sets @, X,{b},{c},{a,c},{b,c} are
all fi-closed. This implies that (X, u) is a ﬁ—T% space. Also for the point ¢ € X, we have that two fi-open sets {a,c} and
X but these sets containing the distinct point a. By Definition 4.2 (X, y) is not a ji-Ty space. Then (X, u) is a ﬁ—T%
space but not fi-Ty.

(iv) Let X = {a,b,c}, p = {0, X, {a},{a,b},{a,c},{b,c}}. For the distinct points a,k € X, where k € {b,c}, there
exists fi-open sets {a} and {b, c} containing a and k respectively such that a ¢ {b,c} and k & {a}. Also for the distinct
points b,c € X, there exists fi-open sets {a,b} and {a,c} containing b and c respectively such that b ¢ {a,c} and
c & {a,b}. This implies that (X, u) is a fi-T; space. More over for the distinct points b,c € X, there does not exist
disjoint fi-open sets. By Definition 4.3 (X, ) is not a ji-T, space. Then (X, u) is a ji-Ty space but not fi-T.
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