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Maximal flow problem in fuzzy environment

K. K. Mishra®

Abstract

In this paper the existing algorithm is modified to find fuzzy number maximal flow between source and sink by
representing all the parameters as trapezoidal fuzzy number. The trapezoidal fuzzy numbers are defuzzified
by using linear ranking function proposed by Maleki [20]. The modified algorithms is illustrated by a suitable
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1. Introduction

The maximal flow problem was originally proposed by Fulk-
erson and Dantzig [21] and solved by specializing the simplex
method for the linear programming. Ford and Fulkerson [19]
solved the maximal flow problem by augmenting path al-
gorithm. There are different algorithms to solve the crisp
maximal flow problems [1,2]. In real life situation, it may not
be possible to get the parameters of the maximal flow problem
like cost, capacities and demand as certain quantity. Consider-
ing the uncertainty of the relevant parameters of the maximal
flow problem, these parameters can be represented by fuzzy
numbers [37]. Hence the maximal flow problems with fuzzy
parameters are known as fuzzy maximal flow problems.
Here the proposed algorithm is the direct extension of
the existing algorithm [34] to find fuzzy maximal flow be-
tween source and sink. The parameters are represented by
trapezoidal fuzzy number and linear ranking function is used
to compare the fuzzy numbers. The paper is organised as

follows. In section 2, Some fundamental concept on fuzzy
number and ranking function are given. In section 3, Fuzzy
number maximal flow algorithm is formulated. In section 4
the proposed algorithm is illustrated with a suitable exam-
ple. The results are discussed in section 5 and the paper is
concluded in section 6.

2. Fundamental of fuzzy set theory

Definition 2.1. (Fuzzy Sets) Let X is a collections of objects
denoted generically by X, then a fuzzy set A in X is a set of
ordered pairs

A= {(x,1a(x))|x € X, pa(x) € [0,1]}
where s (x) is called the membership function.

Definition 2.2. (Support) The support of a fuzzy set A is the
crisps set defined by

A={reX|u() >0}

Definition 2.3. (core) The core of a fuzzy set A is the crisp
set of points x € X with s (x) = 1.

Definition 2.4. (Boundary) The boundary of a fuzzy set A are
defined set of points x € X such that 0 < pi4(x) < 1. It is evi-
dent that the boundary is defined as the region of the universal
set containing elements that have non-zero membership but
not complete membership. The Fig.1 illustrates the region.

Definition 2.5. (Normality) A fuzzy set A is normal if and
only there exists x; € X such that s (x;) = 1.
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Definition 2.6. (Sub-normality) A fuzzy set A is sub normal
ifua(x) <1.

Definition 2.7. ( a-cut and strong a-cut) The o.-cut of a fuzzy
set A denoted by [A] o and is defined by [A]q = {x € X |ua(x) >

o} If ua(x) > «, then [A]q is called strong o-cut. It is clear
that o-cut (strong ¢-cut) is a crisp set.

Definition 2.8. (Convexity) A fuzzy set A on X is convex if for
any x1,x2 € X and A € [0,1]

pa(Axy =+ (1= A)xz) = min{pia(x1), pa(x2)}-

It is to be noted that a fuzzy set is convex if and only if its
o—cut is convex.

Definition 2.9. (Fuzzy number) A fuzzy number is a fuzzy
subset in universal set X which is both convex and normal.

Definition 2.10. A fuzzy number A = {a,b,c,d} is said to be
a trapezoidal fuzzy number if its membership function is given
by

L~

x—a)

=a)’ @ <x<b

1 b<x<c

Ha®) Ef:jg , c<x<d
otherwise

Definition 2.11. (Trapezoidal Fuzzy number) Let A = (a*,a
a,B) be the TrFN, where (a* — o,aV + B) is the support A
and [a*,aV] is the core of A.

Arithmetic on Trapezoidal Fuzzy Numbers

Let F(R) be set of all trapezoidal fuzzy numbers over the
real line R. The arithmetic operations on trapezoidal fuzzy
numbers are defined as follows:

Let a = (a*,aY, o, B) and b = (b%,bY,7,8) (5 — 6) be two
trapezoidal fuzzy numbers and x € R. We define

x> 0,x € R;xa =(xa", xa¥ ,xo., xB)

x < 0,x € Ryxa =(xa¥ , xat, —xB, —xat)
a+b=(a"+b"a" +b, a+y,B+9)
a—b=(a"—b"ad" —bY  a+68,B+7)
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Ranking Function

Ranking is one of the effective method for ordering fuzzy num-
bers. Various types of ranking function have been introduced
and some have been used for solving linear programming
problems with fuzzy parameters. An effective approach for
ordering the element of F(R) is to define a ranking function.
Let R : F(R) — (R). We define order on F(R) as follows:

1928 i) > mp)
R

2. 920 i) > R(b)
R

3 970 () = M)

g a) =NR(b
a<b .

4 23l inp <@

Here fR is the ranking functions, such that
R(ka+b) = kR (a) + R(b).

Here, we introduce a linear ranking function that is similar to
the ranking function adopted by Maleki [20]. For a trapezoidal
fuzzy number a = (a*,a", a, B), we use ranking function as
follows:

%(a)

/1 (infay +supagy)do
0
H(a) = +a¥) + 3 (B~ )

For any trapezoidal fuzzy numbers a = (a’,aV,«, ) and
b= (b"bY,7.9).

We have

i)%b if and only if a +a¥ + (B — a) > -+

B+ 43

3. Fuzzy maximal flow algorithm

Consider arc (i, j) with initial fuzzy capacities (Cjj,Cj;) . As

portions of these fuzzy capacities are committed to the flow in

the arc, the fuzzy residuals or remaining fuzzy capacities of

the arc are updated. We use the notation (C; ;, C;;) to represent

these fuzzy residuals.

For a node j that receives flow from node i, we assign label

[a;,i] where g;, is the fuzzy flow from node i to node j. The

steps of the algorithm are summarized as follows.

Step 1: For all arcs (i, j). Set the residual fuzzy capacity equal

to the initial fuzzy capacity i.e, (c;j,cji| = (C',-j,éji) . Let

a) = (o0,00,00,00) and label source node 1 with [(eo, 00, 0, 0), —]
set i =1 and go to step 2.

Step 2: Determine S; as the set of unlabeled nodes j that

can be reached directly from node i by arcs with positive

residuals (that is ¢;; > O for all j € S;). If S; # ¢, go to step 3.
Otherwise, go to step 4.



Step 3: Determine k € S; such that R (cix) = maxjes, { Re;j }-
Set g = ¢, and label node k with [ay,i]. If k = n, the sink
node has been labeled, and a breakthrough path is found, go
to step 5. Otherwise, set i = k, and go to step 2.

Step 4: (Backtracking). If i = 1, no further breakthroughs
are possible; go to step 6. Otherwise, let r be the node that
has been labeled immediately before the current node i and
remove i from the set of nodes that are adjacent to r. Seti =r,
and go to step 2.

Step 5: (Determination of Residue Network). Let N, =
(1,kq,ka, . ..,n) define the nodes of the p breakthrough path
from source node 1 to sink node n. Then the maximum flow
along the path is computed as

a4, }

The residual capacity of each arc along the breakthrough path
is decreased by f}, in the direction of the flow and increased
by ]:p in the reverse direction-that is, for nodes i and j on the

]:p zmin{gl,gkl,gkz,...

path, the residual flow is changed from the current (cjj,, cjj) to

(@) (cij—fp,cji +1p) if the flow is from i to j
(b) (ﬂ+Q@—&) if the flow is from J to i.

Reinstate any nodes that were removed in step 4. Seti =1,
and return to step 2 to attempt a new breakthrough path.
Step 6: (Solution)

(a) Given that m breakthrough paths have been determined,
the fuzzy maximal flow in the network is F = f =+ f +
-+ f . Where m is the fuzzy number of 1terat10n to

get no breakthrough.

Using the initial and final fuzzy residuals of arc (i, j) are
given by (CU,C ) and (gj,cji) , respectively, the fuzzy
optimal flow in arc (i, j) is computed as follows: Let
(OC ﬁ) ( ij —gi,Cji _Cji) If 9{(@) > 0, the fuzzy
optimal flow from i to j is a. Otherwise, if R(f) > 0,
the fuzzy optimal flow from j to is 8. (It is impossible
to have both R(¢r) > 0 and R(«x) > 0).

(b)

4. Numerical examples

Example 4.1. Determine the fuzzy maximal flow in this net-
work between source node 1 and sink node 5.

Solution:

Iteration-1 Set the initial fuzzy residuals (g

iijji) equal to
the initial fuzzy capacities (C;j,Cji).

Step 1: Set a; = (c0,00,00,00) and label 1 with [(c0, 00, 00,00)—]
seti=1.
Step 2: S; = {2,3,4},(# ¢)

Step 3: K = 3, because max R (c,) R (c3) R (caq) = R (c3).
Set a; = ¢;5 = (10,20,30,30)
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10.20,30,40)
Figure 1

Figure 2

and label node 3 with [(10,20,30,30),1]
Set i = 3 and repeat step 2.

Step 4: S3 = (4,5)
Step 5: K = 5, because max {R (c34), R (c35)} = R(c3s).
Set as = ¢3 = (5,15,20,20)

and label node 5 with [(5,15,20,20),3].

Break through is achieved. Go to step 5.

Sep 6: The breakthrough path is determined from the labels
starting at node 5 end moving backward ending at node 1.
ie. (5)—[(5,15,20,20),3] — (3) — [(10,0,30,40),1] — (1)
ie.1—=3—=5.

Thus Ny = {1,2,5} and

J:l :min{gl 723595}
— min{ (e, 00,00,0), (10,20,30,40), (5,15,20,20)}
—(5,15,20,20)

The fuzzy residual capacities along path N are:

(¢1,c31) = [(10,20,30,30) — (5,15,20,20), (0,0,0,0)
+(5,15,20,20)]
= ((-5,15,50,50), (5,15,20,20))
(ca5,¢53) = ((5,15,20,20) — (5,15,20,20), (0,0,0,0)
+(5,15,20,20))
= ((—10,10,40,40), (5,15,20,20))
fi = (5,15,20,20)

Iteration 2 :

[(0,0,00,0).-]

3
9
.0,

0.0.0, m(m 20.30,40) 0.0.0.0

Figure 3

Step 1: Set a; = [eo, 00,00, 0] and label node 1 with
[(00700700’00)’ —:I'
Seti=1.

Step 2: S| ={2,3,4}



Step 3: K = 2 because max{R(c12),R(c13),R(caa)} =
R (c12). Seta, = ¢}, = (5,15,20,20) and label node 2 with
[(5,15,20,20), 1]. Set i = 2 and repeat step 2.

Step 4: S, = {3,5}

Step 5: K = 3, because max {R (c3) R (ca5)} = R(c23).

Set a3 = ¢5, = (10,20,30,40)

and label node 3 with [(10,20,30,40), 2]

Set i = 3 and repeat step 2

Step 6: S3 = {4}

("R (c35) = 0. Hence node 5 cannot be included in S3)
Step 7: K =4, and seta, = c34 = (0,5, 10, 15) and label node
4 with [(0,5,10,15), 3] Set i = 4 and repeat step 2.

Step 8: S, = {5}

(."nodes 1 and 3 are already labeled. Hence, they cannot be
included in Sy4)

Step 9: K =5 and set ¢5 = ¢45 = (10,20,30,30) and la-
bel node 5 with [(10,20,30,30),4]. Breakthrough has been
achieved. Go to step 5.

Step 10: The obtained breakthrough pathis 1 -2 — 3 —
4 — 5. Thus N, = {1,2,3,4,5} and

f,=min{a,,a,,a3,a4,as}
=min{ (s, 0,00,0), (5,15,20,20), (10,20,30,40),
(0,5,10,15)}
=(0,5,10, 15)

The fuzzy residual capacities along path Ny are

(cyy021) = ((5,15,20,20) — (0,5,10,15),(0,0,0,0)
+(0,5,10,15))

((0,15,35,30), (0,5,10,15))

(c23,¢30) = ((10,20,30,40) — (0,5, 10, 15), (0,0,0,0)
+(0,5,10,15))

((5,20,45,50), (0,5,10,15))

(caurcaz) = ((0,5,10,15),(0,5,10,15), (0,5,20,20)
+(0,5,10,15))

((-5,5,25,25),(0,10,30,35))

(cus,css) = ((10,20,30,30) — (0,5,10,1),(0,0,0,0)

+(0,5,10,15))
= ((5,20,45,40),(0,5,10,1))
f,=1(0,5,10,15)

Iteration 3: Step 1: Se @; = (00,00,00,00,)

and label node 1 with [(e0,00,00,00 ), —] seti = 1.

Step 2: S| ={2,3,4}

Step 3: K = 2 because max {R (ci2),R(c13),R(c1a)}- =
R(crz)

Seta, = ¢, = (0,15,35,30)

and label node 2 with [(0,15,35,30), 1].

Set i =2, and repeat step 2.

Step 4: S, = {3,5}

Step 5: K = 3, because max {R (Cp3), R (Cas} = R(Cas)
Set as = ¢ys = (10,20,30,30)
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[(0,5.10,15),3]

(5.20.45.50) [(10,20.30,40),2]

[(5,15,20,20),1]

Figure 4

(0.5.10.15

and label node 5 with [(10,20,30,30),2]. Breakthrough has
been achieved: go to step 5.

Step 6: The obtained breakthrough path is 1 — 2 — 5 then
N3 ={1,2,5} and

/s =min{a,,a,,as}
=min{(ee,0,00,00),(0,15,35,30),(10,20,30,30)}
=(0,15,35,30)

The fuzzy residuals along the path of N3 are:

(c12,¢21) =((0,15,35,30) — (0,15,35,30), (0,5, 10, 15)
+(0,15,35,30))
=((~15,15,65,65),(0,20,45,45))
(c25,¢50) =((10,20,30,30) — (0, 15,35,30), (0,0,0,0)
+(0,15,35,30))
=((~5,20,60,65),(0,15,35,30)

Iteration 4:

5.20,45.50)
[(0,15,35,30),1]

Figure 5

(03,10,15)

Step 1: Set a; = (00,00, 00,00)

and label node 1 with [(e0,00,00,00) —] seti = 1.

Step 2: S| ={2,3,4}

Step 3: K = 3, because max{R (cj2),R(c13),R(ca)} =
R (C|3).

Set a; = ¢;3 = (—5,15,50,50).

Label node 3 with [(-5,15,50,50), 1] Set i = 3 and repeat step
2.

Step 2: S3 ={2,4,5}

Step 3: K = 2, because max {R(c3,), R (c34),R(cs5)} =
R (C32).

Seta, = Cy, = (0,5,10,15).

Label node 2 with [(0,5,10,15), 3] Set i = 2 and repeat step 2.
Step 2: S, = {5} and a5 = C,5 = (—5,20,60,65)

Label node 5 with [(-5,20,60,65), 2] Breakthrough has been

0020
XYW

0,7 42
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achieved. Go to step 5.
Step 5: The obtained breakthrough
Path: 1 —+3 — 2 — 5. Then

Ns ={1,3,2,5}
fy =min{a,,a;,a,,as}
= min{(eo, 0, 00, 00), (—5,15,50,50), (0,5, 10,15),
(—5,20,60,65)}
=(0,5,10,15)

The fuzzy residuals along the path Ny are:

(c13,¢31) = ((—5,25,50,50) — (0,5,10,15), (5,15,20,20)
+(0,5,10,15))
((—10,15,65,60), (5,20,30,35))
((0,5,10,15) — (0,5,10,15), (5,20,45, 50)
+(0,5,10,15))
((-5,5,25,15),(5,25,55,65))
(Crs,C50) = ((—5,20,60,65) — (0,5, 10, 15), (0,15,35,30)
+(0,5,10,15))
= ((~10,20,75,75), (0,20,45,45))

(c32,¢23)

Iteration 5 :

(05,525,158

[(0,5,10,15),3] [(-5.15,50,50),1]

Figure 6

Step 1: Set a; = (c0, 00,00, o)

and label node 1 with [(e0,00,00,00), —] set i = 1.

Step 2: S| ={2,3,4}

Step 3: K=4.

Because max {(c12), %R (c13), R (c1a)} = R (caa).

Seta, = ¢, = (0,5,10,15) Label node 4 with [(0,5,10,15), 1]
set i = 4 and repeat step 2.

Step 4: S, = {3,5}

Step 5: K = 5. Because max {R (c43), R (cy5)} = R (cys)
Set as = ¢45 = (5,20,45,40) Label node 5 with [(5,20,45,40),
4] Breakthrough has been achieved. Go to step 5.

Step 6: The obtained breakthrough path is 1 — 4 — 5 Thus

Ny ={1,4,5}
fs = min{a;,a;,a5} = min{(c0, o0, 0,0), (0,5, 10, 15),
(5,20,45,40)}
=(0,5,10,15)
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The fuzzy residuals along the path of N5 are:

(c1,¢41) = ((0,5,10,15) — (0,5,10,15),(0,0,0,0)
+(0,5,10,15))
=((-5,5,25,25),(0,5,10,15))
(cusscss) =((5,20,45,40) — (0,5,10,15), (0,5, 10,15)
+(0,5,10,15))
=((0,20,60,50), (0,10,20,30))

Iteration 6: All the arcs out of node 1 have zero fuzzy

[(0.5.10,15).1]

0204549\ 2/ (5.2555.65)  (-5.5.25.158

Figure 7

residuals. Hence, no further breakthrough are possible. Go to
step 6 to determine fuzzy maximal flow.
Step 1: Fuzzy maximal flow in the network is

Figure 8

E=f +f,+f+f,+fs
=(5,15,20,20) + (0,5,10,15) + (0,5,35,30)
+(0,5,10,15)+ (0,5, 10, 15)
=(5,45,85,95)

The fuzzy maximal flow in the different arcs as shown in table

—_—

Table 1. Fuzzv optimal flow in different arcs

Arc | Fuzzy flow amount | Direction
(1,2) | (5,15,20,20) 1—2
(1,3) | (10,20,30,30) 1—-3
(1,4) | (0,5,10,15) 1—4
(2,3) | (0,0,0,0) -

(2,5) | (-5,20,60,65) 25
34 | (0,5,10,15) 34
(3,5) | (5,15,20,20) 35
4,5) | (5,20,45,40) 45




5. Result and discussions

The fuzzy optimal flow is F = (5,45,85,95). The obtained
result can be explained as follows:

1. According to decision maker the amount of flow be-
tween source and sink is greater than 5 and less than
95.

. The overall level of satisfaction of the decision maker
about the statement that the fuzzy maximal flow will be
45 to 85 units is 100%.

. The overall level of satisfaction of the decision maker
for the remaining amount of flow can be obtained as
follows:

Let x represents the amount of flow, then the overall level of
satisfaction of the decision maker of x = iy (x) x 100.

o S<x<4s
1 (x) 1 45 <x<85
F\X) = —95
"7]0 85 <x<95
0 otherwise

6. Conclusion

The proposed fuzzy maximal flow algorithm can be extended

for

solving real life situation. This algorithm is quite general

in nature and can be extended to solve the other network flow
problems like shortest path problems.
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