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Abstract

In this paper we establish a result that every quasi-weak commutative Boolean-like near-ring can be
imbedded into a quasi-weak commutative Boolean-like commutative semi-ring with identity. Key words:
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1 Introduction

The concept of Boolean-like ring was coined by A.L.Foster[1]. Foster proved that if R is a Boolean ring
with identity then ab(1-a)(1-b) = 0 for all a,b € R. He generalized the concept of Boolean ring as Boolean-like
ring as a ring R with identity satisfying (i) ab(1-a)(1-b) = 0 and (ii) 2a = 0 for all a,be R. He also observed that
the equation ab(1-a)(1-b) = 0 can be re-written as (ab)? - ab? a?b +ab =0. He re-defined a Boolean-like ring as
a commutative ring with identity satisfying (i) (ab) - ab?> a?b +ab =0 and (ii) 2a = 0 for all a,b € R. In 1962
Adil Yaqub [8] proved that the condition ‘commutativity “is not necessary in the definition of Boolean-like
rings. He proved that any ring R with the conditions (i) (ab)? - ab® a?b +ab =0 and (ii) 2a = 0 for all a,b € R is
necessarily commutative.

Ketsela Hailu and others [4] have constructed the Boolean-like semi-ring of fractions of a weak
commutative Boolean-like semi-ring. We have coined and studied the concept of quasi-weak commutative
near-ring in [2]. In this paper we define Boolean-like near ring (right) and prove that every quasi-weak
commutative. Boolean-like near ring can be imbedded into a quasi weak commutative semi ring with
identity.

2 Preliminaries

In this section we recal some definitions and results which we use in the sequal.
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2.1. Definition

A non empty set R together with two binary operations + and - satisfying the following axioms is called a
right near-ring

(i) (R,+) is a group

(ii) - is associative

(iii) - is right distributive w.r.to +

(ie) (atb)c=a-c+b-cVab,ceR

2.2. Note

In aright near-ring R,0a=0VaeR.
If (R,+) is an abelian group, then (R,+, - ) is called a semi-ring.

2.3. Definition

A right near-ring (R,+, - ) is called a Boolean-like near ring if
(i)2a=0VaeRand
(ii) (a+b-ab)ab=ab Vab e R

2.4.Remark

If (R,+, - ) is a Boolean-like near ring,then (R,+) is always an abelian group for 2x = 0 V x € R implies x = -x V x
€ R. We know, a group in which every element is its own inverse is always commutative.

2.5. Definition [5]

A right near ring R is said to be weak commutative if xyz = xzy V x,y,z € R

2.6. Definition [8]

A right near ring R is said to be pseudo commutative if xyz = zyx V x,y,z € R

2.7. Definition [2]

A right near ring R is said to be quasi-weak commutative if xyz = yxz V x,y,z € R

2.8. Definition

Let R be a right near ring. A subset B R is said to be multiplicatively closed if a,b € B implies ab € B.

3.Main results

3.1. Lemma

In a Boolean-like near ring (righty Ra-0=0VaeR
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Proof:

Since R is Boolean-like near ring, (a+b-ab)ab =ab ¥V ab e R
Taking a=0, we get

(0+b-0b)0b=0b

(ie)b-0=0

Thusa-0=0VaeR.

3.2. Lemma

Let R be a quasi-weak commutative right near ring R. Then (ab)” = a"b" V a,b € R and for alln >1.

Proof:

LetabeR.
Then (ab)? = (ab) (ab) = a (bab)
= a (abb) ( quasi weak)
(ab)? = a%b?
Assume (ab)” = a b™
Now (ab)("*1) = (ab)™ ab
=a" b™ ab
=a" (ab™b)
— am+1bm+1

Thus (ab)™ = a™ b™ V a,b € R and for all integer m> 1.

3.3 lemma

Let R be a quasi-weak commutative Boolean like near-ring.Then
a’b + ab?> = ab +(ab)* VabeR.

Proof:

a?b + ab? = aab + abb
= aab + bab
= (a + b)ab
=(a+b ab + ab)ab
=(a+b ab)ab + (ab)?
a?b + ab? = ab + (ab)? ( R is Boolean-like near-ring )

3.4 Lemma

In a quasi-weak commutative Boolean like near ring (R,+, .),
(@a+a®)(b+b*)c=0Vab,ceR.
Proof:

(a+a%)(b+b?)c={a(b+b?) +a>(b+b*)}c
=a(b +b?)c+a(b+b?)c
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=(b +b?)ac + (b +b?) a%c (Ris quasi-weak commutative )
={(b+b)a+ (b+b*)a*}c

={ba + b%a + ba® + b*a}c

={ba + ba + (ba)? + b*a®} (using Lemma 3.3)

= {ba + ba + b*a* + b?a®} (using Lemma 3.2)

={2ba + 2b*a*}

= 0 (R is Boolean-like near-ring).

3.5 Lemma

In a quasi-weak commutative Boolean like near ring R, (a-a?) (b-b?)c=0Vab,ceR.

Proof:

(a-a?)(b-b?)c={a(b—b?) —a?(b—b*)}c
=a(b-b?)c-a%(b-b?)c
=(b-b?)ac-(b-b?) a’c( quasi-weak commutative )
={(b—b*a— (b—b*)a*}c
={ba — b%a — ba® — b?a’}c
={ba — ba — (ba)? — b*a*}
= {ba — ba — b*a* — b?a®} (using Lemma 3.3)
=0

3.6 Lemma

321

Let R be a quasi commutative Boolean like near-ring.Let S be a commutative subset of R which is

multiplicatively closed.Define a relation N on Rx S by (r1 ,51) ~ (r2 ,52)if and only if there exists an element s

€ S such that (rys; - r251)s = 0.Then N is an equivalence relation.

Proof:

(1) Let (r,s) e Rx S. Since rs-rs =0,
we get (rs-rs )t=0 for all t € S.
Hence ~ is reflexive.

(i) Let (r1,51)~(r2,52). Then there exists an element seS such that
(r1,81-12,81)s=0. So (rp,81-11,872)s = 0.
This proves ~ is symmetric.

(iii)  Let (r1,81)~(r2,52) and (r2,82)~(r3,83).
Then there exists p,qe S such that
(r182-1281)p=0 and (r283-1352)q = 0.
So s3(r152-1251)p=0=51(r253-1352)q (By Lemma 3.1)
= (1152-1251)s3p=0=(1253-1352)s1q(R is quasi-weak commutative)
= (1182~ 1281)s3pq=0=p(r283-1382)s1q
=>(1152-1251)s3pq=0=(r253-1352)ps1q(R is quasi-weak commutative)
=>(r152-1251)53Ppq=0=(r253-1352)s1 pq(R is quasi-weak commutative)
= (r18283-125153)pq=0=(r28351-135281)Pq
= (115253~ 25153 +25351-I35251) pq = 0.
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= (1153 Sp-125153+125153-135152)pq=0.(S is commutative)
= (r153-1351)52pq=0

= (r183-1351)r=0 where r = s pge S.

This implies (r1,s1)~(13,53).

Hence ~ is transitive.

Hence the Lemma.

3.6 Remark

We denote the equivalence class containing ( 1,s)e R x Sby £ and the set of all equivalence classes by S™!R.

3.8 Lemma

Let R be a quasi weak commutative Boolean like near-ring. Let S be a commutative subset of R which is also
multiplicatively closed. If 0¢ S and R has no zero divisors,then

(r1,81)~ (rp,82) if and only if rysp=rpsy.

Proof:

Assume (r1,51)~ (r2,87).Then there exists an element seS such that (rysy-1281)s=0.
Since 0¢S and R has zero divisors,we get(rysy-rp51)= 0.

(i.e) rysp = 1287

Conversely assume r{sy = 157.

Then rys; - rps1 = 0 and so (r1s»-12s1) s = 0 for all seS.

Hence (r1s1) € (r287).

3.9 Lemma:

Let R be a quasi weak commutative Boolean like near-ring. Let S be a commutative subset of R,which is also
multiplicatively closed.

Then (i) £ = 2 = Z= I for all reR and for all s,teS.

(i) & = ’S—s,/ for all reR and for all s,s’ € S.

(iii) £ = % for all s,;s” € S.

(iv) If 0eS,then S~!R contains exactly one element.

Proof:

The proof of (i),(ii) and (iii) are routine.

(iv) Since 0€S , (r1s; - 151)0 = 0 V%,;—; eSIR.
and so = 2.
Then S~!R contains exactly one-element.

3.10 Theorem:

Let R be a quasi weak commutative Boolean like near ring.Let S be a commutative subset of R which is also

multiplicatively closed. Define binary operation + and on S~!R as follows :

rn T2 _11S2t1281
5 ts = o, ~and
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r . rp_nr
S1 52 $152

Then S~!R is a commutative Boolean like semi-ring with identity.

Proof:

/ /
Let us first prove that + and - are well defined. Let % = :—} and %::—% Then there exists t;, t€S such that
1 2
(rys)-rispt=0......... 1)
and (r2s5-158)t=0......... (2)
1o/ ! o/ ! o/
Now/[(r1s2+1251)s755-(r]55+155])s152 ]t 12
=[r1528 ) +12518] 851 S551S2-15815152] tytn
=[r18] 50851815285 +1255515] 1552518 [ti to
! / li !/ / li
=[(r18]-1751)5255+(r285-1552)s18] |t1 to
!/ / ! li / !/
=(1‘1$1-I‘151)tl5252t2+(1'282-1‘252)t251Sltl
! /
=0 spsytr + 0 - 5181t
=0

! ol ! o
r182+128 115y +158
Hence 152147251 _1%277%

5182 5/155

;o
(i.e) %+%=;—1+:—§
Hence + is well defined.
From (1) we get
(r1 S,l -1"1 s1)ty t2r28/2=0
tytp(r18]-1]51)r25,=0 (quasi weak commutative)
tytp(r18]12-1]5112)55=0
(r18]12-1]5112)8ht1 =0 (S is commutative subset)
(rls’lrzsfz—r’lslrzs'z)tlt2=0
(r11p8] 851128185t th=0
1128 Shty tr-rj1281SHt 1o =0 ... ...... 3)
From (2) we get
(r285-158)toty 151 =0
(r285-155)t1 tor)51=0 (S is commutative subset)
t1tp(r285-1557)r]51=0 (quasi weak commutative)
t1to (rp8h 1] -1rhs01) )81=0
(12851158017 )ty tps1=0 (quasi weak commutative)
(12851 -15so17 )81t =0 (S is commutative subset)
(12851 51-15571]51)t1 £ =0
(rpr)shs1-151)5251)t1 =0 (quasi weak commutative)
(r]rashs1-1 158251 )t =0 (quasi weak commutative)
r)125185ty tr-1) 155157t tp=0(S is commutative subset)......... 4)
(3) + (4) gives
rlrzs’l S’ztl tz—r’lr’zsl sptitp=0
(r1128] 551 158182)t1 tr=0
This means Z,% = 2 :z
Hence is well-defined.
We note that %+:—§=%=(”%L”)s

=@ (by lemma 3.9)......... 5)
Claim:1(S™!R,+)is an abelian group.
Let 11,2 13 ¢ S7IR.

$1782783

Then
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Np(yBy=r1y 12534138y
s1 52+53)_51( 5253 )
_ 115083 +(r253+7352)s1
- 515253
__118283+7125351+¥38251
- 515283
., 3 7152+72S1
Also(sl+52)+s3—( ) )
__(’152-+7251)53-%’35152
515283
_ 1rlsp534195351 4135152
- 518283

B2+ 2)=(+2)+2
So +1is assoc1at1ve.

For any e R,we have

ry 0 _r+0_r
s+s_ s s

Also ? +1= 0=t
Hence 5 is the additive identity of £ €S IR forallr € R
Clearly + is commutative.
Thus (R,+) is an abelian group.
Claim:2 - is associative.
no (2 ray2rreray_ni(rars)
Now (52 5377 81 V52537 s1(s283)
—(nn)rs
(s152)s3
—(a 2 3
So - is associative.
Claim:3 - is right distributive with respect to +.

Let 11,2, 3 ¢ S7IR.

S] /52 /53
o, 2y.73 r1Sp+7251y. 13
Now (51 + 52) 53 _( 5152 ) s
_TSor3 18173
- 515283
Sor113+S1707" : 1
=% (quasi weak commutative)
15253

_S2rr3 . S11213 :
=5rs5s T 51505, (using (5))
_Sarr3 , Si7ar3

T 535153 | 515253

—nrs 1213

Ts183 | 5283

=n . m3 ,n.n

Ts1 s3 s2 83

This proves right - distributive law.

Claim:4 S™!Ris a Boolean-like ring.
It is already proved in claim 1 that
2($)=0forall £ eS™IR
Leta= 71 and b rz be any two elements of SIR Let t € S be any element.
Now by Lemma 3.5
(a- az)(b bz) t=
(71 ’1 )(Vz 3 )t -

52 53
. ,2 2 2.
[ﬁ(i'é)'é(g'l)]t—o

1’ T
SE-DEHE D=0

82 53 82 3

(:—; :l) t(g :%)rlt 0(quasi weak commutative)

[(Lz_ﬁ r_(ra_ Vz ]t 0

$2 53751 V52 52 2

2
7’252—7‘2 ﬂ_ 128y — 7’2 7’71 —
(2272 222 ) D=0

2 22
[(rzszz "2 )%—( r2522 "2 )Ll]t=0 (using Lemma 3.9)
2 2

2
12821181 —1571S1 7252}’ 7’ 1’
[( S%s% 2 ) 1 271 ]t 0
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2 2
72118281 —1511S SoTot: —T 7
[(B )22 52+ t=0(quasi weak commutative)
5251 551

2 2 2

[( 72715251 727’151 527271 +}'21’1 ]t 0
558 SZS2 5252 5252
2 1 2 1 2 1 271

[ba — b2a — ba + b2 2]t=0
=ba =b?a - ba? + b2a?
=b?a + ba? - (ba)? (using Lemma 3.2)
ba = ba(b+a-ba)
This proves S~IR is Boolean-like near ring.

Claim :5 multiplication in S™!R is commutative
Let i1, 22 be any two elements of S~ IR.
n o ra_nry_ 7'1 128 Yzi’ls
Then 3 - 2=2=01020 V seS 2o (quasi weak commutative)
7'27‘1S

T 57818
=121 (4si
=55 (using Lemma 3.9)

Hence multiplication in S~'R is commutative.

(S is commutative subset)

Claim:6 Existence of multiplicative identity in S™IR
Let S ~IR be any element.

S _1s _r

Thenl 8="12="
r_sr _r
AISOg sT 35 " s

Hence £ € S~ R is the multiplicative identity of S ~!R
Thus SR is a commutative Boolean-like near-ring with identity.

3.11 Theorem

S~!R is quasi-weak commutative near-ring.

Proof:

Leta = rl b=32 = 2 2be any three elements of S -IR
no. Yz . 73 r1r2r3

Now abc =S S Tues

=212 (R is quasi-weak commutative)
15253
=211 (S js commutative)
525153
=hnrts

525183

Then abc = bac Va,b,c e S ~IR.
This proves S!R is quasi-weak commutative near-ring.

3.12 Theorem

Let R be a quasi-weak commutative Boolean-like near ring.Let S be a commutative subset of R which is
multiplicatively closed. Let 0 s €S. Define a map f;: R— S ~! R as f5(r)="2 V re R. Then f; is a near-ring
monomorphism.
Proof:
Letri;,meR.
Then f; (r1+r2)=(”t772)5=@
="124+22(By (5) of Theorem 3.11)
= f(r1) + f(r2)
Alsofs (r; -1y ) = rlms

r1r25
32
_11pss
52
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_T1(sr28)
= 2
_ns . IS

1= . 22>(quasi weak commutative)

=fs(r1)£5(r2)
Also fy(ry) = f5(r)= 22="2°
> 22520
- bnd g

= 152k

= (1-2)=0

n_n
:>s_s

Hence f; is a monomorphism

3.13 Theorem

Let R be a quasi-weak commutative Boolean-like near-ring. Then R be embedded into a quasi-weak
commutative. Boolean like commutative semi ring with identity.

Proof:

Follows from Theorem 3.11 and 3.12.
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