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1. Introduction

The theory of fixed point is one of the most influential tools of
modern mathematics. Theorem concerning the existence and

properties of fixed points are notorious as fixed point theorem.

Fixed point theory is a beautiful mixture of analysis, topology
& geometry. The concept of generalized metric space was
discussed by various authors [3-10]. But robust concept of a
generalized metric space was introduced by Z. Mustafa and B.
Sims in 2006 as follows,

Definition 1.1. Let X be a nonempty set, and let G : X x X X
X — R™ be a function satisfying the following axioms:

(DI) G(x,y,z2) =0ifx=y=z
(D2) 0 < G(x,x,y), forall x,y € X withx #y
(D3) G(x,x,y) < G(x,y,z) for all x,y,z € X withz #y

(D4) G(x,y,z) = G(x,z,y) = G(y,z,x) = ... (Symmetry in all
three variables)

(D5) G(x,y,2) < G(x,a,a) + G(a,y,2) for all x,y,z,a € X
(rectangle inequality)

Then the function G is called a generalized metric or more
specifically a G — metric on X and the pair (X,G) is called a
G - metric space.

Example 1.2. Let (X,d) be a metric space, then (X,Gy) and
(X,Gp) are G - metric space, where

Gy(x,y,2) =d(x,y) +d(y,z) +d(x,2)Vx,y,z € X

Gm(x>yvz) = max{d(x,y),d(y,z),d(x,z)}Vx,y,z eX

Definition 1.3. Ler (X, G) be a G - metric space, let (x,) be a
sequence of points of X , we say that (x,) is G - convergent to
X if im0 G(x, X, x,) = O that is for any € > 0, there exists
N € N Such that G(x,x,,x,) < €, for all n,m > N.

Proposition 1.4. Let (X, G) be G -metric space then the fol-
lowing conditions are equivalent

1. (xn) is G -convergent to x
2. G(xy,%n,x) = 0,asn — oo
3. G(xn,x,x) = 0,asn — oo

Definition 1.5. Let (X, G) be a G -metric space, a sequence
(xn) is called G -Cauchy if given € > 0, there is N € N such
that G(xp, X, x;) < €, for all n,m,l > N that is if G(Xn, X, X;)
—0asn,m,l — oo,

Proposition 1.6. In a G -metric space (X,G) , the following
are equivalent

1. The sequence (x) is G-cauchy
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2. Forevery € >0, there exists N € N such that
G(xp, Xy Xm) < €
foralln,m > N

Definition 1.7. Let (X,G) and (X',G') be G - metric spaces
and let f : (X,G) — (X',G') be a function, then f is said to
be G -contiunuous at a point a € X if given € > 0, there exists
0 > 0 such that x,y € X , G(a,x,y) < & implies

/

G (fla),f(x),f(y) <e.

A function f is G -continuous on X if and only if it is G
-continous at all a € X

Proposition 1.8. Let (X,G),(X',G') be G -metric spaces,
then a function f : X — X' is G-continous at a point x € X if
and only if it is G-sequently continuous at x , that is whenever
(xn) is G -convergent to x, f((x,)) is G -convergent to f(x).

Proposition 1.9. Let (X,G) be a G -metric space, then the
Sunction G(x,y,z) is jointly continuous in all three of its vari-
ables.

Definition 1.10. A G - metric space (X,G) is said to be G
-complete (or a complete G -metric space) if every G -cauchy
sequence in (X,G) is G -convergent in (X,G).

2. Main results

Theorem 2.1. Let T is mapping from X to X and let (X,G)
be a complete G -metric space . T satisfies the succeeding
condition for some k € N and for all x,y,z € X .

G(T(x)’T(y)aT(Z))
<Amax{G(x,y,z),G(x,x,T(x)),

Gy T(y),6(z:2T(2)
G(x,T(x),T(x),G»T(y),T(y),)
G(2,T(2),T(2),G(x.T(y).T(y)),
G(y,T(2).T(2)),G(2,T(x),T(x))} 2.1
Where A € [0, %) Then u is the unique fixed point of T.

Proof. 1f the condition (1) satisfied by T, let xp in X be an
arbitrary point, and (x,) by x, = T"x( be the sequence.

G(T (xn-1),T (xa) , T (xn))
<Amax{G(xn—1,%n,%n), G(Xn—1,%n—1,T (Xn—1)),
G (%0, T (X)), GO X0, T (X)),

G(xn 15 (xn 1) T(xn—l))aG(xnyT(xn)7T(xn))7
G(xn, T (xn), T (xn)), G(Xn—1, T (xu), T (xn)),
G(xn, T (xn), T (xn)), G(xn, T (Xn-1), T (Xn-1)), }
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G (X Xnt15Xn+1)
<Amax{G(xXn—1,Xn,%n),
G(Xn—1,Xn—1,Xn), G(Xn, Xn, Xn+1),
G(xpn, %0, Xn+1), G(Xn—1,Xn,%n),
G(%n, X1, %n+1)s G(Xns Xt 15 Xn41),
G(Xn—1,%n41,%041), G(Xn, Xt 1, % 41), G(Xn, X0, %) }

G(xn Xn+1 axn+1)
<Amax{G(xn—1,%n,%n), G(Xn—1,%n—1,%n),
G(xnaxnaxn+l 3 G(xihanrl )xll+1)7

G(x,,_1 sXn+1 7xn+1)}

So,

G(xn KXn+1,Xn+1 )

S Amax{G(-x}’l*l yXn+15Xn+1 )7 G(-xnfl axnaxn)}
But, by (DS5), we have

G(Xn—1,Xn 15X 1) < G(Xn—1,%n,Xn) + G(Xn, Xn 1, Xn41)
G (X, Xni 15, %n+1) < Amax{G(xy—1,Xn, %)
+ G (X0 X415 Xn+1), G(Xn—1,%n,%n) }
G(xn, Xt 1,%0+1) < A{G(xp—1,%n,%n) + G(Xn, Xnt1,Xn41) }
G (X, Xnt1,Xn+1) < AG(Xn—1,%0,%Xn) + AG(Xn, X1, Xn+1)

G(xn7xn+17xn+1) _)vG(xn7xn+17xn+1)
< A’G(xnflaxmxn)(l _A)G(xnvanrlaanrl)
< /’LG(xnflaxnaxn)G(xnaanrl 7xn+l)

= 7& G(xnflyxnaxn)G(xmxn+l an+1)

S B G(.xn7] 7xn7xn)

Let B =
we have

% , then B < 1 and by frequent above progression,

G(xmanrl 7xn+1) < Bn G(xnfl 7xn7xn)
Then, for all n,m € M,n < m, By using the rectangle inequal-
ity
G (s XmsXm) < G(Xn, Xng 1, Xn41) + G(Xng 1, Xn g2, Xn42) + - .-
+G(xm71,xm;xm)
< (B"+B" 4.+ B ) Glxo, 1, x1)
n
. B
S1-8
Then, im G (xp, X, Xm) =
ﬁn
1-B

G(xo,x1,x1)
0 as n,m — oo, since

0

G(xo,x1,x1) =
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as n,m — oo,
For n,m,l € N which implies,

G(xpn, Xy x1) < G(Xgy Xy X ) + G (X7, X, X )

taking limit as n,m,[ — oo.

We get G(xy,Xm,x;) — 0. So, (x,) is G-Cauchy sequence.
By completeness of (X,G), Ju € X is G-converges to u. If
T(u) # u. Then,

G(%n, T (), T ()
<Amax{G(xn—1,¥,2), G(Xn—1,Xn—1,%n),
G(u,u, T (u)), G(u,u,T (u)), G(Xn—1,%n, Xn),
G(u,u,T(u),G(u,u, T (u)),G(xp-1,T (u), T (u)),
G(u, T (u), T (u)),G(usXn,xn) }

Taking limit n — oo
G(u,T(u),T(u)) < AG(u,T(u),T (u))

Which is a =<, because 0 < A < % =u="T(u)
To show uniqueness, if u # v is such that v = T'(v). Equation
(2.1) implies that

G(T(u),T(v),T(v))

G(
G(v,T
G T
G(u,v,v) <Amax{G(u,v,v),G(u,u,u),
G(v,v,v),G(v,v,v),G(u,v,v),G(v,v,v),
G(v,v,v),G(u,v,v),G(v,v,v),G(v,u,u) }
G(u,v,v) <Amax{G(u,v,v),G(v,u,u)}
Thus, G(u,v,v) < AG(v,u,u). Once more, by the same quar-
rel,
G(v,u,
G(u,v,

u) <AG(u,v,v) = G(u,v,v) < A(AG(u,v,v))
V) <k*G(u,v,v)

= u =v. Hence proved. O

Theorem 2.2. Let T is mapping from X to X and let (X,G)
be a complete G -metric space. T satisfies the succeeding
condition for some k € N and for all x, y, z € X.

G(T (x),T(y),T(z)
<Amax{G(x,T(y),T(y)),G(» T

0, T(2),T(2),G(z,T(y),T(y)),

(x,T(2),T(2)),G(z, T (x),T(x))}

, %) , Then u is the unique fixed point of T.

(%), T (x)),
G
G

Where A € [0
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Proof. If the condition (2) satisfied by T, let xyp in X be an
arbitrary point, and (x,) by x, = T"(xo) be the sequence.

G(T (xn-1),T (xn), T (xa))
<Amax{G(x,—1,T (x,), T (x)),
G(xn, T (xn-1), T (Xn—1)), G(xn, T (x), T (X)),
G(%n, T (%n), T (xn)), G(xn—1,T (xa), T (xn)),
G(%n, T (Xn—1), T (Xu—1)) }

G (X Xn1,%n4+1) <Amax{G(xn—1,Xn+1,%n+1),
G(xn,x,,,xn),G(xn,xn+1,x,,+1),
G(%n,%n41,%n41), G(Xn—1, X041, Xn11).
G(xp, X, Xn) }

G(xnaxn+lyxn+l) Slmax{G(xnfl,an,an),

G(Xn; Xnt15Xn+1) }

G(xp, Xnt1,%n+1) SAG(Xp—1,%n+1,Xn+1)

But, from(D5), we have

S G(xn 1 xn7xn)+G(xn;xn+l anrl)
< A’( (xﬂflvxﬂvxﬂ)+G(xnaxn+lvxn+l))
S AG(Xp—1,%n, %) + AG(Xn, Xnt-1,Xn+1)

G(xnflaanrlaanrl)
G(xnaxn+1;xn+1)
G(xnyxn+laxn+1)

G(xnaanrl axn+l> - ;LG(Xn,Xn+1 axn+l) < /,LG(xnfl axnaxn)

(l - A)G(xnaxtﬂ»laxnjtl) < 2'G()Cnflaxnaxn)

G(xnaxth]aanrl) < G(xnflvxmxn)

A
1-A
G(xnaxn+17xn+1) < ﬁG(xn—lyxmxn)

Let = % then B < 1 and repeated above process, we have

G (X, Xpt1,%n41) < B" G(xo,x1,x1)
Then Vn,m € N,n < m. Using rectangle inequality
G (Xn,Xm,%m) < G(Xn, Xp 11, Xn11) + G(Xn 1, X042, Xn12)
+ .o+ G(n—1,Xm, Xm)
<(B"+ B . 4B G (x,x1,x1)

<P
<1

G(x0,x1,x1)

B

Then, 1im G(x,,, Xm, Xm) = 0 as n,m — oo, since

1-p

as n,m — oo. For n,m,l € N, implies that

0

G(xo,x1,x1) =

G(xnvxmvxl) S G(xn,xm,xm) + G(xl,xm,xm)

taking limit as n,m,l — oo. We get G (X, Xm,x;) — 0. So, (x,)
is G -Cauchy sequence.
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By completeness of (X,G) , Ju € X is G -converges to u .
If T(u) # u. Then,
G(T (xn),T (u), T (u))
<Amax{G(x,-1,T (), T(u)),G(u, T (x,),T (xn)),
G, T(u), T (), G(u, T (u), T (u)),
G(xn—laT(u)aT(u))’G(u’T x’l)?T(x"))}
Taking the limit as n — oo,

G(u,T(u), T(u)) <AG(u,T(u),T(u)).

Which is contradiction, because 0 < A < % =u="T(u). To
show uniqueness, if u # v, such that T (v) = v then
G(u,v,v) <Amax{G(u,v,v),G(v,u,u),
G(v,v,v),G(v,v,v),G(u,v,v),G(v,u,u)}
G(u,v,v) <Amax{G(u,v,v),G(v,u,u)}
G(u,v,v) <AG(v,u,u)
Again by the same argument, G(v,u,u) < AG(u,v,v). Thus,

G(u,v,v) <A(AG(u,v,v))
G(u,v,v) <k*G(u,v,v)

Which implies that # = v. Hence proved. O

Corollary 2.3. Let T is mapping from X to X and let (X,G)
be a complete G -metric space. T satisfies the succeeding
condition for some k € N and for all x,y,z € X.

G(TH(x),T"(v), T*(2))
<Amax{G(x,T*(y),T*(y)),
G(y, T*(x), T*(x)), G(», T (2), T*(2)),
Gz, T*(y), T*(y)), G(x, T*(2), T (2)),
G(z, T (x), T*(x))}

Where k € |0, %) Then T has a unique fixed point u.

Proof. The proof of the above theorem, we take, T%(u) = u.
But

T(u)=T(T* () = T (u) = TX(T (), T*

has another fixed point 7'(«) and by uniqueness Tu = u. [
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