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Global stability of mutualistic interactions among three species

population model with continuous time delay
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Abstract

This paper deals with the study on a mathematical model consisting of mutualistic interactions among three species
with continuous time delay. The delay kernels are being convex combinations of suitable nonnegative and normalized
functions, the linear chain trick gives an expanded system of ordinary differential equations with the same stability
properties as the original integro-differential system. Global stability is discussed by constructing Lyapunov function.
It has been shown that equilibrium state of the model is globally stable. Finally, numerical simulations supporting our

theoretical results are also included.
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1 Introduction

The study of equations describing population growth is very interesting and challenging mathematically
as well as biologically to discuss the problems on global stability. In the biological process of evolution, the
population of one species does not respond instantaneously to interact with other species. To incorporate this
role in a modeling approach, time delay models have been developed. Gopalsamy K. [5] and Kuang Y. [9]
discussed the necessity of delay differential equation models, see also Beretta E. and Takeuchi [I], Busekros
A. W. [2], Cushing J. M. [3], Gopalsamy K. [6], Hale J. K. and Waltman P. [7], Harlan S. W. [§], Mc Donald
N. [10], and Solimano F. and Beretta E. [13]. Relatively less attention has been given to the study of three
species model with continuous time delay and their dynamical behavior. This motivates the authors to study
mutualistic interactions among three species population model with continuous time delay.

The main purpose of this paper is to establish global stability of three species mutualistic system with
continuous time delay. In section 2, we introduce our mathematical model. In section 3, we discuss global
stability about the biologically feasible equilibrium point of the model by constructing a Lyapunov functional.
In section 4, we illustrate our results by some examples. We conclude with a short discussion in section 5.

2 Mathematical Model

In this section, we consider a mathematical model for three mutually interacting species with continuous
time delay is given by the following integro-differential equations:

t

dN- K

TtI = N1 (a1 70[11]\71 +CJ£12/ kg(t*S)Ng(S)dSﬁ*alg/ ]Cg(tS)Ng(S)dS),
dN2 t t

W = N2 (0,2 — 0122N2 =+ o1 / ]Cl (t — S)Nl(s)ds + Q23 / ]Cg(t - S)Ng(S)dS),

*Corresponding author.
E-mail addresses: mashok.math@gmail.com (A. B. Munde) and mbdhkane@yahoo.com (M.B. Dhakne)



A. B. Munde et al. / Global stability of mutualistic interactions... 99

t

dNs !
—_— :N3 a3—a33N3—|—a31/ kl(t—S)Nl(S)dS-l-agg/

dt . n ko (t — S)NQ(S)dS) , (2.1)

where N;,i = 1,2, 3 represent the population density of first, second and third species respectively, a; represent
the intrinsic growth rate of first, second and third species respectively, a;;,i = 1,2,3 represent the rate of
decrease of first, second and third species due to limited resources, ajo is the mutual coefficient of second
species to first species, a3 is the mutual coefficient of third species to first species, aso; is the mutual coefficient
of first species to second species, asg3 is the mutual coefficient of third species to second species, agz; is the
mutual coefficient of first species to third species, ago is the mutual coefficient of second species to third
species, k;(t) called the delay kernels, are weighting factors which indicating how much emphasis should be
given to the size of the population at earlier times to determine the present effect on resources availability.
Here a;, a;;,1 = 1,2,3, and «q2, 13, (a1, a3, a1, gz are assumed to be nonnegative constants. Usually the
delay kernels are normalized so that

/ ki(u)du =1 1=1,2,3.
0

We assume that every kernel k; appearing in system (2.1]) is a normalized convex combination of functions

Bnun—le—ﬁu

k) ===

n=12,.

with 3 > 0 is a constant, n an integer. When n = 1, the kernel is k(u) = Be~5*. Therefore, the system (?2.1)
becomes

dN t t

ditl =N <a1 —a Ny + a12/ Be P Ny(s)ds + 0413/ ﬂe_ﬁ(t_s)NS(s)dtS)a

AN, b aes) LB

el Ny ag — aga Ny + a9y / Be Ni(s)ds + a23/ Be Ns(s)ds |,

AN b aes) LB

el N3 as — as3 N3 + as; / Be Ni(s)ds + agg/ Be Ny(s)ds |, (2.2)

where using linear chain trick, define

Pi(t) = / " BePIN, (s)ds,
Py(t) = / " e Ny (s)ds,

&@)/tﬂemt@NﬂQ@.

Therefore, the system ([2.2)) is equivalent to the following system of six ordinary differential equations.

% = Ni(a1 — a11 N1 + a12Ps + a13Ps),

% = Ny(ag — Ny + a1 Py + ao3 P3),

% = Ns(as — assN3 + ag1 Py + aza P),

% = B(N1 — Pr),

% = B(N2 — P2),

W by - ) (2:3)

3 Stability Analysis

In this section, the existence of the unique positive biologically feasible equilibrium point of the system
(2.3) and local and global stabilities are investigated. The equilibrium point E; (N7, Ny, N, Py, P35, P}) exists
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if and only if there is a unique positive solution to the following equations.

—a11 N1 + a12P + a13P3 = —ay,

—aaNa + a1 Py + a3 P3 = —axo,

—ag3Ng + az1 P1 + aga P2 = —as,
B(N1 — P1) =0,
B(N2 — P2) =0,
B(N3 — P3) =0,

provided that the four conditions

(C1) a10o2033 4+ az(ai2as3 + anzasz) + as(ar2023 + aizagg) > ajagsass,
(C2) a1(agiass + agzasy) + agariass + az(ariaes + aizagr) > azaizas,
(C3) ai(aass + aziass) + as(aiiass + aa0i1) + asagee > azanaoer,
(C4) arragzass > an13ase + 021033 + G231 + 3Q220i31 + 130021 (432,

hold, where

* *
N{ = P = |ai(a20a33 — aa3uzg) + as(anaass + aqzass + as(aiaaes + 04130622)] / [0411a22a33 — (11 0230x32

— (x]2Qr21 (33 — (V12023031 — (X13(22(x31 — (X13(¥21(X¥32

* *
N3 = Py = |a1(ag1ass + asgzast) + az(aqiass — aqzast) + az(oiaes + cazas) / Q11 ig2(X33 — 1112332

— (22133 — (\1223(v31 — (r1322(x31 — (X13(V21(X32 |,

* *
N3 = P; = |a1(aa2a31 + az1a32) + az(ar1ass + a12031) + asz(ai10os — aqa01) / Q110220033 — (V11 (123(X32

— (xj2Qi21 (33 — (\12Qi2303] — (X13(22(x31 — 041304210432} .

We note that the equilibrium point F; of the system ([2.3) is also an equilibrium point of the system (2.1
with the kernel fe=#". To discuss the local stability of the system (2.3), we compute variational matrix about
equilibrium point F; as

Jl(Nf7N§7N§ﬂPf7P2*7P§):

70&11Nf 0 0 0 OtlgNik OélgNik
0 _a22N; 0 C¥21.N§k 0 Oé23N§k
0 0 —043,31\/3F 0131]\73’:< 0132]\75,k 0
3 0 0 -8 0 0
0 B 0 0 -8 0
0 0 B 0 0 -6

The characteristic equation of the above variational matrix about equilibrium point Fj is
A0+ B A% 4 koAt 4 kA + kaA? + ks + ke = 0,
where,
k1 =30+ a11 NT + a2 NS + asz Ny

kQ :3,82 =+ 3 <OZ11N1* =+ CVQQN; —+ 0433N§<>ﬁ —+ Ck110[22NikN; =+ a22a33N;N§ + OéllaggNikN;
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ks =B + 3<a11N1* + agaNJ + a33N§)52 + 3<0l110422NfN2* + aooa33 Ny N3 + a11a33NTN§‘>ﬂ
+ araass Ny Ny Ny

k4 2(0411]\71* + aga Ny + agsN:;k)ﬁg + [(301110422 - CV120121>NEKNQk + (3a22a33 - 0623%2) N3 N3
+ <3a11a33 - algagl)Nl*N;]ﬂ2 + 3ar1azaz3 Ny N3 N; B

ks = [(06110422 — 04120621>]\7ik]\7§k + <a22a33 — a23a32>N2*N§ + <a11a33 - 04130431>Nng] 53
+ (3041101220433 — (111930032 — (U121 (X33 — Ol1304220131>N1*N§N§52

* * * 03
ke = (a11a22as3 — (11 Q23032 — Q12021 (33 — (112(¥23(X3] — (V13(22(¥31 — 041304210432>N1 Ny N3 5.

It is very difficult to find the roots or apply Routh-Hurwitz criteria. Therefore, we conclude that if all the roots
have negative real part then the system is stable (see numerical examples in Section 4).

Now we establishes the global stability of the system by constructing a suitable Lyapunov function in the
following theorem.

Theorem 3.1. The positive equilibrium point Ey (N5, Ny, N3, Py, Py, Pf) of the system is globally stable,

if
2011 > a3y + ady + 4
2092 > a3 + a3g + 4
2033 > a3y + ady +4
holds.

Proof. The proof can be reached by using a Lyapunov stability theorem which gives a sufficient condition.
Now, let us consider a positive definite function

V(N1, N2, N3) = Vi(N1) + Va(Na) 4+ Va(N3) + Va(Pr) + Vs (Ps) + Vs (Ps)

where,

—
V(o) = 2(N2 Nj - Njln %)
V3(N3) = 2<N3 — N3 — N3In JJ\E)’
VilP1) = (P~ PP,

Va(Pa) = S(Pa— Py,

Va(Py) = S(Pa— Py,

on H = {(Nl,NQ,Ng,Pl,PQ,Pg) | Ny > O,NQ > 0,N3 >0,P > O,PQ > 0,P3 > 0} It is obvious that
V(Nl,N27N3,P1,P2,P3) e C’l(I’I7 R) and V(Nf,N;,Ng,Pf,P;,P;) = 0 The function V(N17N2,N3,P17P2,P3)
satisfies

V(NlaN27N37P17P25P3) > V(NT’N;7N';7P;7P;7P;) =0
which holds for all V(N17N2’N3,P1,P27P3) € H- {El} Then the time derivative of V(N17N2’N3,P1,P27P3)
computed along the solution of the system is

dv . . *
E =2 — Oéll(Nl — N1 )2 — 0422(N2 — N2 )2 — 0533(N3 — N3 )2
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+aia(N1 — NY) (P — Py) + au3(Ny — Ny )(Ps — Py)
+ g1 (N2 — N3 )(P1 — P{') + azs(N2 — N3)(Ps — P5)

T (Ns — Nj)(Pr — PY) + (Vs — N3)(Py — P;>]
+4[<N1 CND)(PL— P+ (N — N3)(Py— PY)

+(N3—N§)(P3—P§)—(P1—Pf)z—(Pz—PE)Q—(P3—P§‘)2}

= —(PL—P{)> = (P, — Py)*> = (P3s — P§)* — |2011 — 0y

- 4} (Vi — Np)? - [mm ol — ol - 4} (N2 — N3)?

— 2033 — a3 — a3y — 4] (N3 — N3)? —

0412(N1—Nf)—(P2—P§)]

Nawn —np) — -] - [am(zvz CND) (P - Pf)}

— |aa3(Ny — Ny) — (Ps — Py)

- 12
— |az2(N3 = N3) — (P — Py)

' ~Joma - vp) - pi - Pf)f

< 0
This shows that %/ < 0 on H. Therefore, the function V' is a Lyapunov function with respect to F;. Hence,
the equilibrium point F; is globally asymptotically stable on H. O
Consequently, we have the following result.
Theorem 3.2. The equilibrium point (N, N5, N5) of the system with a kernel k(u) = Be=P" is globally

stable.

4 Numerical Simulations

To check the feasibility of our analysis regarding stability conditions, we have conducted some numerical
computation by choosing the following set of parameters values in model system ([2.3) as

ar=1, a2=05, az3=2, an=1, ap2=01 a3=03, ay =02,

oo = 15, o3 = 03, a3l = 0.4 32 = 0.6 33 = 13, ﬂ =38

With the above parameter values, it follows that the system is locally stable as shown in Figure 1.
However, even if these parameter do not satisfy the conditions of Theorem 3.1, Figure 2 exhibits that the
system seems to be globally stable.

Consider the another set of parameters values in system as

a; = 2, ag = 4, as = 3, 11 — 25, 12 — O]., 13 — 03, g1 — 02,

Qoo — 35, Q23 — 03, a31 — 0.4 39 — 0.6 a33 — 3.3

From Theorem 3.1, under these parameters values the system ([2.3) is globally stable as shown in the figure 3.
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Figure 1: (a) Time series for Ni(t), N2(t) and Ns(t). (b) The phase graph with initial condition (1.8879,1.5409,
2.4459,1.8879, 1.5409, 2.4450).
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Figure 2: (c) Time series for N1(t), N2(t) and N3(t). (d) The phase graph with initial condition (8,12, 10, 40, 30, 20).
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population

Figure 3: (e) Time series for N1(t), N2(t) and N3(t). (f) The phase graph with initial condition (2,4, 5, 10, 20, 30).

5 Discussion

In this article, local and global stabilities of the three mutually interacting species with continuous time
delay has been investigated. Our numerical simulation shows that even if time delay parameter vary for large
value the system remains stable. The approach of study in this article differs from Feng C. H. and Chao P.
H. [4], Mukherjee D. [I1I], Shukla V. P. [I2] and Xia Y. [I4] in the sense that it studies two species mutualistic
system with discrete delay. To the best of our knowledge, this paper is the first time to deal with the research
for system which belongs to a three species mutualism model with continuous time delay. There is a lot of
work to do in this area. For example it would be interesting to see what the behavior of the model would
be when several delays occurs in this system. However less attention has been given to the study of mutualism
as compared to the prey-predator and competition. Thus the present article contributes a few more results on
mutualism model.
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