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1 Introduction

There have been a number of generalizations of metric spaces. One of such generalization is a probabilistic
metric space, briefly, PM-spaces, introduced in 1942 by Menger [21]. In the PM-space, we do not know exactly
the distance between two points, but we know probabilities of possible values of this distance. This space was
developed by Schweizer and Sklar [26) 27]. Modifying the idea of Kramosil and Michalek [15], George and
Veeramani [9] introduced fuzzy metric spaces which are very similar to Menger spaces. Recently, using the
idea of intuitionistic fuzzy set, see Atanassovas [2] and [3], which is a generalization of a fuzzy set, see Zadeh
[32], Park [24] introduced the notion of intuitionistic fuzzy metric spaces as a generalization of fuzzy metric
spaces due to George and Veeramani [9]. Kutukcu et. al [17] introduced the notion of intuitionistic Menger
spaces as a generalization of Menger spaces.

Jungck [13] introduced the notion of compatible mappings in metric spaces. Mishra [22] extended the
notion of compatibility to probabilistic metric spaces and this condition has been weakened by introducing
the notion of weak compatibility by Jungck [14].

Sintunavarat and Kumam [31] introduced the concept of CLR property. Very recentlly, Chauhan et. al
[4] introduced the notion of JCLR property. The importance of these properties is that we don’t require the
closedness of subspaces for the existence of fixed points.

The purpose of this paper is to prove common fixed point theorems for weakly compatible mappings in
intuitionistic Menger spaces using these propertirs. Our theorems generalize and improve theorems of [5],
(6], [7], [8], [10], [20] and [28].

2 Preliminaries

Definition 2.1 ([26]). A binary operation * : [0,1] x [0,1] — [0, 1] is a continuous t-norm if  satisfies the following
conditions.
a) * is commutative and associative,
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b) * is continuous,
cax1l=aforallac|0,1],
d) a x bc « d wherever ac, bd and a,b,c,d € [0,1].

Examples of t-norms are a « b = min {a,b} and a x b = ab.

Definition 2.2 ([26]). A binary operation § : [0,1] x [0,1] — [0, 1] is a continuous t-conorm if { satisfies the following
conditions.

a) ¢ is commutative and associative,

b) ¢ is continuous,

c)aQ0=aforalla € [0,1],

d) aQb > cQd wherever a > ¢, b > dand a,b,c,d € [0,1].

Examples of t-conorms are aQ)b = max{a, b} and a0b = min{1,a + b}.

Remark 2.1. The concepts of triangular norms (t-norms) and triangular conorms (t-conorms) are known as the
axiomatic sketlons that we use for characterizing fuzzy intersection and union respectively. These concepts were
originally introduced by Menger [21]] in his study of statistical metric spaces.

Definition 2.3 ([26]). A distance distribution function is a function F : R — Ry which is left continuous on R,
non-decreasing and infycg F (t) = 0, sup, g F (t) = 1. We will denote by D the family of all distance distribution
0, if t0

functions and by H a special element of D defined by H(t) = { i L0

If X is a non-empty set, F : X x X — D is called a probabilistic distance on X and F (x,y) is usually
denoted by Fy,.

Definition 2.4 ([17]). A non-distance distribution function is a function L : R — Ry which is right continuous on IR,
non-increasing and inf;cr L (t) = 1, sup,c L (t) = 0. We will denote by E the family of all non-distance distribution
1, if t0

functions and by G a special element of E defined by G(t) = { 0, if t>0

If X is a non-empty set, L : X x X — E is called a probabilistic non-distance on X and L (x,y) is usually
denoted by Ly,.

Definition 2.5 ([17]]). A triplet (X, F, L) is said to be an intuitionistic probabilistic metric space if X is an arbitrary set,
F is a probabilistic distance and L is a probabilistic non-distance on X satisfying the following conditions for all x,y,z
€ Xandt,s >0

1) Fyy (t) + Lyy (8) 1,

2) Fyy (0) =0,
3) Fyy (t) = lifand only if x = y,
4) Fyy (t) = Fyx (1),

(

5)If Fyy (t) = 1and Fy; (s) = 1, then Fy; (t+5) =1,
6) Ly, (0) =1,

7) Lyy (t) = 0ifand only ifx = y,

8) Lay (t) = Lyx (t),

9 IfLyy (t) =0and Ly, (s) = 0, then Ly, (t +5) = 0.

Definition 2.6 ([17]). A 5-tuple (X, F,L,*,Q) is said to be an intuitionistic Menger metric space if (X, F,L) is an
intuitionistic probabilistic metric space and in addition, the following inequalities hold for all x,y,z € X and t,s > 0,
1) ny (t) * Fyz (S) Fy; (t +S)/
2) ny (t> <>Lyz (5) Lz (f + S)/
where x is a continous t-norm and  is a continous t-conorm.

The functions Fyy and Ly, denote the degree of nearness and the degree of non-nearness between x and y
with respect to f respectively.

Remark 2.2. In intuitionistic Menger space (X, F,L,*,), Fyy is non-decreasing and Ly, is non-increasing for all
x,yeX
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Remark 2.3 ([17]). Every Menger space (X, F, x) is an intuitionistic Menger space of the form (X, F,1 — F, %, {) such
that the t-norm x and the t-conorm { are associated, see [19], that is xQy =1 — (1 — x) * (1 —y) forany x,y € X.

Remark 2.4. Kutukcu et al. [17] proved that if the t-norm * and the t-conorm of an intuitionistic Menger space
(X, F,L,*,Q) satisfy the conditions

sup (txt) =1and inf ((1—-t)0(1—1)) =0,
te(O,l) tE(O,l)

then (X, F, L, *,$) is a Hausdorff topological space in the (€, A) topology, i.e., the family of sets
{Ux(e,A), e >0,A € (0,1], x € X}
is a basis of neighborhoods of point x for a Hausdorff topology T 1), or (€, A) topology on X, where
Uy (e,A) ={y € X: Fyle) >1—Aand Ly, (e) < A}.

Example 2.1 ([17]). Let (X, d) be a metric space. Then the metric d induces a distance distribution function F defined
by Fyy(t) = H(t —d(x,y)) and a non-distance distribution function L defined by Ly,(t) = G(t —d(x,y)) for all
x,y € Xandt > 0. Therefore, (X, F,L) is an intuitionistic probabilistic metric space induced by a metric d. If the
t-norm x is defined by a x b = min{a, b} and the t-conorm  is defined by aOb = min{1,a + b} forall a,b € [0,1],
then (X, F,L,*,Q) is an intuitionistic Menger space.

Remark 2.5 ([17]). Note that the above example holds even with the t-norm a x b = min{a,b} and the t-conorm
aQb = max{a, b} and hence (X, F, L, %, ) is an intuitionistic Menger space with respect to any t-norm and t-conorm.
Also note that, in the above example, t-norm * and t-conorm < are not associated.

Remark 2.6. Every an intuitionistic fuzzy metric space (X, F, L, %, Q) is an intuitionistic Menger space by considering
F:XxX = Dand L:X x X — E defined by Fy,(t) = M(x,y,t) and Ly,(t) = N(x,y,t) forall x,y € X.

Throughout this paper, (X, F, L, %, ) is an intuitionistic Menger space with the following conditions:

lim Fyy (t) = 1and tEToo Ly, (t) =0, forallx,y € Xand t > 0. (2.1)

t——+o0

Definition 2.7 ([17]]). Let (X, F, L, *, ) be an intuitionistic Menger space.
(a) A sequence {x, }, o in X is said to be convergent to a point x € X, if for each t > 0 and € € (0,1), there exists
a positive integer ng = no(t, €) such that for all n > ny

Fyx(t) >1—e€and Ly x(t) <e.

(b) A sequence {xy},cpn in X is called a Cauchy sequence if for all t > 0 and € € (0,1), there exists a positive
integer ng = no(t, €) such that for all n,m > ny

Fyox, (£) >1—eand Ly, () <e.

(c) An intuitionistic Menger space in which every Cauchy sequence is convergent is said to be complete.
Remark 2.7 ([17]). An induced intuitionistic Menger space (X, F, L, *, Q) is complete if (X, d) is complete.

Theorem 2.1 ([17]). Let (X, F,L,*, ) be an intuitionistic Menger space.
A sequence {xy },,cp in X is said to be convergent to a point x € X if and only if

lim Fy, x (f) = 1and nl_%r&(} Ly,x (t) =0, forallt > 0.

n—-+oo
A sequence {x, },,cp in X is called a Cauchy sequence if and only if

lim Fyx, () =1and lim Ly, (t) =0, forallt > 0.

n—+-o00 n—+00
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Lemma 2.1 ([17]). Let (X,F,L,*,{) be an intuitionistic Menger space and {x,}, {yx} be two sequences in X with
Xp — x and y, — y, respectively. Then
(a)
lim n13£0 Fr,y, (t) > Fyy(t) and lim sup Ly,y, (t) < Lyy(t) forall t > 0.

n—o00
(b) If t > 0is a continuous point of Fyy and Lyy, then
lim Fy,y, (t) = Fxy(t) and nh_r}r; Ly,y, (t) = Lyy(t).

n—o00

Lemma 2.2 ([23])). Let {xu},cp be a sequence in an intuitionistic Menger space with the condition (2.1). If there
exists a number k € (0,1) such that for x,y € X, t > 0andn =0,1,2,...

Fxn+2rxn+1 (kt) Z Fxn+1/xn (t) and an+2/xn+1 (kt) S an+1/xn (t) ’
then {xy} is a Cauchy sequence in X.

Lemma 2.3 ([23]). Let (X, F,L,*,$) be an intuitionistic Menger space. If there exists a number k € (0,1) such that
forallx,y € Xandt >0
Fyy (kt) > Fyy (t) and Lyy (kt) < Ly (t),

then x = y.

Definition 2.8 ([23]]). Two self-mappings A and S of an intuitionistic Menger space are said to be compatible if

nLlToo FAan,SAxn (t) =1and nLlToo LASx,,,SAx,, (t) = OfOT’ allt >0,
whenever {x,} C X such that

lim Ax, = lim Sx, =z forsomez € X.
n— oo n—-—+oo

Definition 2.9. Two self-mappings A and S of an intuitionistic Menger space are said to be non-compatible if there
exists a sequence {x,} in X such that limy_, 4o Fay, - (t) = limu— oo Fsy, -(t) = 1 for some z € X, but for some
t > 0, either limy o0 Fasx, sax, (t) # 1 orlimy— 40 Lasy, sax, (£) # 0 or one of the limits do not exist.

Definition 2.10 ([14]). Two self-mappings A and S of a non-empty set X are said to be weakly compatible (or
coincidentally commuting) if they commute at their coincidence points, i.e., if Ax = Sx for some x € X, then
ASx = SAx.

Remark 2.8. Two compatible self-mappings are weakly compatible, however the converse is not true in general, see [I30],
example 1.

Definition 2.11 ([1, 25]). A pair of self-mappings A and S of an intuitionistic Menger space (X, F, L, *,{) is said to
be tangential or satisfy the property (E.A) if there exists a sequence {x, } in X such that for some z € X
ngrroo Fayx,z(t) = nng Fsy, -(t) = 1and HETOO Layx,.(t) = nng Lsy, -(t) =0 forall t > 0. (2.2)

Remark 2.9. It is easy to see that two non-ncompatible self-mappings of an intuitionistic Menger space satisfy the
property (E.A), but the converse is not true in general.

Definition 2.12 ([18]]). Two pairs (A,S) and (B, T) of self~mappings of an intuitionistic Menger space (X, F, L, *, Q)
are said to satisfy the common property E.A, if there exist two sequences {x, } and {y, } in X such that some z € X and
forallt >0

nng FAX"’Z(t) - nng FSX”’Z(t) - ngrrm FBy”’Z(t) - ngrfm FTy”’Z(t) = land
n1—1>r—ir-100 LAx”’Z<t) - n1—1>r—ir-100 Lan,z(t) - n1—1>1—|l:100 LBy”’Z(t) - n1—1>r£oo LTy”’Z(t) =0

If B= Aand T = S in this definition we get the definition of the property (E.A).

Definition 2.13 ([31]]). A pair of self-mappings A and S of an intuitionistic Menger space (X, F,L,*,{) is said to
satisfy the common limit range property with respect to the mapping S ( briefly CLRg property), if there exists a sequence
{xn} in X such that (2.2) holds, where z € S (X).
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Now, we give an example of self-mappings A and S satisfying the CLRg property.

Example 2.2. Let (X, F,L,*,Q) be an intuitionistic Menger space, where X = [0,00), the t-norm x is defined by
axb =min{a,b}, the t-conorm { is defined by aQ)b = max{a, b} and

ny(t) =H(t—|x—yl), Lyy (1) =G(t—|x—yl)

forall x,y € X and t > 0. Define self-mappings A and S on X by: Ax = x +4, Sx = 5x. Let a sequence

1
{xn =1+ } in X. Since limy,—, 1 0o AXxy, = limy,, 1 oo Sx;, = 5, then
nelN*

HETOO FAxn,5(t) = HLITOO stm5(t) =1and
nlil}1m Lax,s5(t) = nlil}1m Lsy,5(t) = 0forall t >0,

where 5 € S (X) . Therefore, the mappings A and S satisfy the CLRg property.

From this example, it is clear that a pair (A, S) satisfying the property (E.A)with the closedness of the
subspace S (X) always verifies the CLRg property.

Definition 2.14 ([12]]). Two pairs (A,S) and (B, T) of self-mappings of an intuitionistic Menger space (X, F, L, *, Q)
are said to satisfy the common limit range property with respect to mappings S and T ( briefly, CLRgT property), if there
exist two sequences {xy } and {y, } in X such that for all t > 0

nl—i>1-‘,l:100 FAx”’Z(t) - nl—i>r-£loo st”’z(t) - ngr-{loo FBy"’Z(t> - n1—i>I-&l?oo FTy"’Z(t) = land
ngl?oo LAx"’Z(t) - ngrfoo Lsx"’z(t) - nLlIJIrloo LBy"’z(t) - nl—l)Too LTy”’Z(t) =0

wherez € S (X) N T (X).
Remark 2.10. If B = A and T = S in this definition we get the definition of CLRg property.

Remark 2.11. The CLRgt property implies the common property (E.A.), but the converse is not true in general, see [5],
example 21.

Proposition 2.1 ([5]). If the pairs (A, S) and (B, T) satisfy the common property (E.A.) and S(X) and T(X) are closed
subsets of X, then the pairs satsfy also the CLRgT property.

Definition 2.15 ([4]). Two pairs (A, S) and (B, T) of self-mappings of an intuitionistic Menger space (X, F,L, *,{)
are said to satisfy the joint common limit range property with respect to mappings S and T( briefly JCLRgt property), if
there exist two sequences {xy } and {y, } in X such that for all t > 0

ngl}rloo FAX"’Z(t) - ngrfm st"’Z(t) - ngrﬂm FBy”’Z(t) - nng FTy"’Z(t) = 1and
ngr—&liloo LAX”’Z(t) - ngr—&{loo Lan,z(t) - n1—1>r—ir-100 LBy"’Z(t) - n1—1>r—ir-10c> LTy"’Z(t) =0

where z = Su = Tu, u € X.
Remark 2.12. If B = Aand T = S in this definition we get the definition of CLRg property.

Definition 2.16 ([11]). Two families of self-mappings { A;} and {S;} are said to be pairwise commuting if
(1) AIA] = A]'AZ', l,] S {1,2,...,7]’[},
(2) SkSl = SlSk, k1 e {1,2,...,1’1},
(3) AiSk = SkAi,i € {1,2,...,m},k € {1,2,...,71}.

3 Main results

Lemma 3.4. Let A, B, S and T be self~mappings of an intuitionistic Menger space (X, F, L, *, () satisfying the following
conditions.

1) The pair (A, S) satisfies the CLRg property or the pair (B, T) satisfies the CLRy property,

2)A(X) CT(X)orB(X)CS(X),
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3) T (X) or S (X) is a closed subset of X.
4) B (yn) converges for every sequence {yy } in X whenever T (y,) converges or A (x,,) converges for every sequence
{xn} in X whenever S (x,) converges.

(14 &Fsx,1y (t)) Fax,y (t) > amin {Fay sy (t) Fay,1y (t) , Fsx By( ) Faxty (1)}
{ FSx,Ty( ) SUpy 1 f,= Ztmln{FAxSx (t1) PByTy [5) }/
SUPy, 4 t,=0t min {FSx,By (t3) Fax Ty (t4)}
(T+ BLsx,1y (1)) Laxpy () < Bmax {Laysx () Lpy,ry (), Lsx By t ) Lax,Ty
LSx,Ty( ) inft +ty= maX{LAx Sx (tl LBy Ty t2 7 }
infy, 4,0t maX {Lsxpy (t3) , Laxty (ta) }

+ min
(3.1)

+ max

forall x,y € X, t > 0, for some o, p > 0and 1 < k < 2. Then the pairs (A,S) and (B, T) satisfy the CLRgy
property.

Proof. Suppose that the pair (A, S) satisfies the CLRg property and T (X) is a closed subset of X. Then, there
exists a sequence {x, } in X such that

lim Ax, = lim Sx, =z, wherez € S (X).
n——+o0o n—r—+4o00

Since A (X) C T (X), there exists a sequence {y,} in X such that Ax, = Ty,. So

lim Ty, = lim Ax, =z, wherez € S(X)NT (X).
n—+4o00 n—+4o00
Thus, Ax, — z, Sx, — z and Ty, — z. Now, we show that By, — z.
Let limy— o0 Fpy, 1 (fo) = 1 and limy—, o Lpy, 1 (to) = 0. We assert that | = z. Assume that [ # z. We
prove that there exists ty > 0 such that

2 2
E, <kfo> > F,; (tp) and L, (kfo) < L, (to). (3.2)

Suppose the contrary. Therefore, for all t > 0 we have

Fa () < Far ) and Loy (1) = L 0. (33)
Using repeatedly ( 3.3), we obtain
2

n

lel (t) > Fz,l <kt> .2 Pz,l (<i) t> — 1 and
n

Lz,l (t) Lz,l (it) <..< Lz,l ((i) i’) — 0;

as n — +oo, this shows that F,; (t) = 1and L, (t) = 0 for all t > 0, which contradicts [ # z and hence (3.2) is
proved.

Without loss of generality, we may assume that ty in (3.2) is a continuous point of F,; and L,;. Since
every distance distribution function is left-continuous and every a non-distance distribution function is right
continuous, (3.2) implies that there exists € > 0 such that (3.2) holds for all t € (ty — €, t). Since F,; is non-
decreasing and L. is non-increasing, the set of all discontinuous points of F,; and L, is a countable set at
most. Thus, when { is a discontinuous point of F,; and L, ;, we can choose a continuous point ¢; of F,; and
F,;in (ty — €, tg) to replace ty. Using the inequality (3.1) with x = x,,, y = y, we get for some ty > 0

v

IN

Fax,,5x, (to) Fy,, 1y, (o), }

1+aF t)) E ¢ > amin{
( Sxn, Tyn ( 0)) Axy,Byn ( 0) stmgyn (to) FAx,,,Tyn (tO)

FSx,l,Tyn (tO
+ min { min {FAxn,an ( ) FBymTyn < )}

min {stan]/n (Zto FAZX” Tyn }
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and
L Ax,,sx, (to) LBy, 1y, (f0)
1+ BLsy, 1y, (t0)) Lax, By, (o) < max{ nsSXn Y, Tyn
( BLsx /Ty ( )) Axy,By (to) B Ly, By, (to) L axy, Ty, (to)
Lan Tyn (tO
+ max max {LAx;qun ( ) LByn,Tyn ( >}

max {Lan,Byn (21’0 — £ LAxn,Tyn }

foralle € (O, it()) . Letting n — +o0, we have

2
E,;(to) +aF,; (to) > waF;;(fg) + min {Fl,z (kfo - 8) Fi . (2t — 8)} and

2
L, (t) < max {Ll,z (kfo - 8) Lz (2t — 8)}
As ¢ — 0, we obtain
2 2
F.; (to) > F, (kto) and L. (to) < Lz, (kto)
which contradicts (3.2) and so we have z = . Thus, the pairs (4, S) and (B, T) satisfy the CLRgt property. [I
Remark 3.13. The converse of lemma3.4)is not true in general, see the example[3.3|below.

Theorem 3.1. Let A, B, S and T be self-mappings of an intuitionistic Menger space (X,F,L,*,Q) satisfying the
inequality (3.1) of lemma If the pairs (A,S) and (B, T) satisfy the CLRgy property, then (A,S) and (B, T) have
coincidence points. Moreover, if (A,S) and (B, T) are weakly compatible, then A, B, S and T have a unique common
fixed point in X.

Proof. Since the pairs (A, S) and (B, T) satisfy the CLRgt property, there exist two sequences {x,} and {y,}
in X such that

Jim A= lim S6, = lim By, = lim T, ==

wherez € S (X) N T (X). Hence, there exist u, v € X such that Su = Tv = z. Now, we show that Au = Su = z.
As in the proof of lemma we can prove that Au = Su = z by putting x = u and y = y, in the inequality
(3.1). Therefore, u is a coincidence point of the pair (A4, S).

Now, we assert that Bv = Tv = z. If z # Bo, putting x = u and y = v in the inequality (3.1), we get for
some tg > 0

. 2
(1 + D‘FSu,TU (tO)) FAu,Bv (tO) > D‘FBv,z (tO) +min {FBU,Z (ktO - €> /FBv,z (ZtO - 6)} and

2
(14 BLsy,1o (t0)) Lawpo (fo) < max {LBv,z <ka - 6) s LyBo (2t0 — 6)}

foralle € (O, it()). Letting ¢ — 0, we have

2 2
Fz,B‘U (tO) 2 FZ,B‘U <kt0> and LZ,B‘U (to) S LZ,BU <kt0> ,

which contradicts (3.2) and so Bv = Tv = z. Therefore, v is a coincidence point of the pair (B, T).

Since the pair (A, S) is weakly compatible and Au = Su we obtain Az = Sz. Now, we prove that z is a
common fixed point of A and S. If z # Az, applying the inequality (3.1) with x = z and y = v, we get for
some ty > 0

(1 + ‘XFSZ,TU (tO)) FAZ,BU (tO) > IX(FAZ,Z (t))z + min {FAZ,Z (tO) rFAz,z (tO)}

and
(1 + ﬁLSz,Tv (tO)) LAz,Bv (tO) < IB(LAZ,Z (tO))z -+ max {LAZ,Z (tO) ’ LAz,z (tO)} .
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Hence
FAZ,Z (tO) > FAz,z (tO) and LAz,z (tO) < LAz,z (tO) ’

which is impossible and so Az = z = Sz, which shows that z is a common fixed point of A and S.

Since the pair (B, T) is weakly compatible, we get Bz = Tz. Similarly, we can prove that z is a common
fixed point of B and T. Hence, z is a common fixed point of A, B, S and T. The uniqueness of z follows easily
by the inequality (3.1). O

Remark 3.14. Theorem [3.1)improves and generalizes theorem 3.1 of [8].
Now, we give an example to support our theorem

Example 3.3. Let (X, F, L, *,Q) be an intuitionistic Menger space, where X = [3,11[, a* b = min {a, b} and a0b =
max {a,b} with

Foy (1) = H(t — [x —y]), Lxy(t) = G(t—[x—yl)
forall x,y € Xand t > 0. Define the self-mappings A, B, S and T by

(3 xe{3tUlB11] [ 3 xe{3}U]511]
Ax_{lO x € ]3,5] ’Bx_{9 x €]3,5]

Sy — 7 if x€]3,5 x+4 if x€]3,5

le x—2 if xel5 1]

5 i x=3 3 if x=3
Tx—{
[

if xels11

We Take {x, = 3}, {yn =5+ 3[} or {xn =5+ :l}, {yn = 3}. Since

lim Ax, = lim Sx, = lim By, = lim Ty, =3¢e€S(X)NT(X),
n——+oo n—r+00 n—+0o

n—+o00

then, the pairs (A, S) and (B, T) satisfy the property CLRgr. Also,
A(X)={3,10}1]3,9[ =T (X) and B(X) = {3,9} ({7} U3,6]) = S (X).

Thus, all the conditions of theorem |3.1| are satisfied and 3 is a unique common fixed point of the pairs (A,S) and
(B, T).

Remark that all the mappings are even discontinuous at their unique common fixed 3. In this example S (X) and
T (X) are not closed subsets of X.

Lemma 3.5. Let A, B, S and T be self-mappings of an intuitionistic Menger space (X, F,L,*,Q) satisfying the
conditions 1,2,3,4 of lemma and

(1 + “FSX,Ty (t)) FAxBy (t) > “min{FAxSx ( )FBy,Ty ( ) FSxB/( )FAx
i Fox1y () /supy 44,2 ymin {Fay sy (t1) , Foxpy (f2)},
min
SUp;, i y,_2, mln {Fay,1y (t3) , Fax1y (ta) } o

}

Ty( )}
(1 + BLsx,1y (t)) Lax,y (t) < pmax {LAx sx (1) Lpy,y (t), Lsx By (t) Lax,m ( )
+max{ LSx,Ty() inf, 1,2, max{Laysx (1), Lsxpy (2}, }

(B,T)

infy y—2 maX{LBy,Ty(fs) Lax,y (ts)}
forall x,y € X, t > 0 for some a, B > 0and 1 < k < 2. Then the pairs (A,S) and (B, T
property.
Proof. As in the proof of lemma 3.4} there exists ty > 0 such that (3.2) holds. Using the inequality ( 3.4) with

satisfy the CLRgt

X = Xu, Y = yn and letting n — 400, we have for all € € (0 X )

Fato)  min{15. (Fo—e) | =h (Fo-c),
L,y (tp)  max {0, Ly, < to — 8)} =L, (to - 8)
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As ¢ — 0, we obtain
2 2
Fz,l (tO) 2 Fz,l (kt()) and LZ,l (f,‘o) S LZ,l <kt0)
which contradicts (3.2) and so we have z = I. Thus, the pairs (4, S) and (B, T) satisfy the CLRgt property. [

Theorem 3.2. Let A, B, S and T be self-mappings of an intuitionistic Menger space (X, F,L,*,Q) satisfying the
inequality (3.4) of lemma If the pairs (A,S) and (B, T) satisfy the CLRgt property, then (A,S) and (B, T) have
coincidence points. Moreover, if (A,S) and (B, T) are weakly compatible, then A, B, S and T have a unique common
fixed point in X.

Proof. As in the proof of theorem there exist u,v € X such that Su = Tv = z. Now, we show that
Au = Su = z. If z # Au, putting x = u and y = y,, in the inequality (3.4) and letting n — +o00, we have for all

2
S <O, kt0> .

Letting ¢ — 0, we have

2 2
FAu,z (tO) FAu,z (ktO - 8) and LAu,z (tO) < LAu,z (ktO - 8) .

2 2
FAM,Z (to) > FAu,z <kt0> and LAu,z (tO) < LAu,z (kt0> ’
which contradicts (3.2) and so Au = Su = z. Therefore, u is a coincidence point of the pair (4, S).

Now, we assert that Bv = Tv = z. If z # Bo, putting x = u and y = v in the inequality (3.4), we get for
some ty > 0

2
(1JF“PSu,Tv(tO))FAu,Bv(tO) > “PZ,BU( )+PZBU (k 05) and

2
(1 + IBLSu,Tv (tO)) LAu,Bv (tO) < Lz,Bv (kfo - 5)

foralle € (O, it()). As e — 0 we have

2 2
Fz,Bv (tO) > FZ,BZI <kt0> and LZ,Bv (l’o) < LZ,BU <kt0> ,

which contradicts (3.2) and so Bv = Tv = z. Therefore, v is a coincidence point of the pair (B, T).

Since the pair (A4, S) is weakly compatible and Au = Su we obtain Az = Sz. Now, we assert that z is a
common fixed point of A and S. If z # Az, applying the inequality (3.4) with x = z and y = v, we obtain for
some fg > 0

2
(1+0‘FSZ,T7; (tO))FAsz (to) >“(FAZZ to)) 2 4+ min FAzz to) s Fazz (kt())}

and

Hence

{
(1+ BLsz 1o (f0)) Laz,Bo (f0) < B(Lazz (1))* + max {LAZZ to), Lazz <if0) }
|

FAz,z(tO) > min{FAz,z(tO FAzz( ) _FAZZ tO and

LAz,z (tO) < max {LAZZ (tO) LAzz <kt0> } = LAZZ (tO)

which is impossible and so Az = z = 5z, which shows that z is a common fixed point of A and S. Since
the pair (B, T) is weakly compatible, we get Bz = Tz. Similarly, we can prove that z is a common fixed point
of B and T. Therefore, z is a common fixed point of A, B, S and T. The uniqueness of z follows easily by the
inequality (3.4). O
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Remark 3.15. Theorem [3.2)improves and generalizes theorem 3.2 of 8] and theorem 2.1 of [10].

If B= Aand T = S in theorems[B.T|and [3.2] we obtain a common fixed point for a pair of self-mappings.
Applying theorems and 3.4 we deduce a common fixed point for four finite families of self-
mappings given by the following corollary.

Corollary 3.1. Let {A;}[1;, {B:}7_1, {Sk}h_, and {Ty}] _, be four finite families of self-mappings of an intuitionistic
Menger space (X, F,L,*,Q), where x is a continuous t-norm and { is a continuous t-conorm with A = A1Az...Am,
B = ByBy....By, S = 515...5p and T = T\ Ty...T; satisfying the inequality (3.1) of lemma 3.4 or the the inequality
(3.4) of lemma Suppose that the pairs (A, S) and (B, T) verify the CLRgt property. Then {A;}!,, {Br},_,

{Sk},’::1 and {Th}Z:1 a unique common fixed point in X provided that the pairs of families ({Ai}l'-":1 , {Sk},’zzl) and
({Br};’:1 , {Th}zz1) commute pairwise.

By setting Ay = Ay = ... = Ay = A, By = By = .. =B, =B,5 =5 = ..= Sp = S and
Ty =T = ... = Ty = T in corollary 3.1} we get thai A, B, S and T have a unique common fixed point in X
provided that the pairs (A™, SP) and (B", T7) commute pairwise.

In the proof of the following lemma, we don’t need to prove the inequality (3.2).

Lemma 3.6. Let A, B, S and T be self-mappings of an intuitionistic Menger space (X,F,L,*,Q) satisfying the
conditions 1,2,3,4 of lemma 3.4 and

t)) FAx,By (t) > amin {FAx,Sx (t) FBy,Ty (t) /FSx,By (t) FAx,Ty (t)}
FSx,Ty (t> ’ supt]thZ:%t max {FAx,Sx (tl) ’ FBy,Ty (fz)} ’ }
SUPy, 4 t,=p¢ Max {FSx,By (t3), Fax1y (t4>}
)) Lax,sy (t) < Bmax{Laxsx (t) Lpy,1y (t), Lsx,By () Laxty (£)}
Lsyry (t),inf, |, 2, min {Laxsx (t1), Lpy1y (£2) },
infy, 4,—ormin {Lsy gy (t3), Lax1y (fa) }

—~

(1 + D‘PSx,Ty
+ min
(1 + ﬁLSx,Ty (

+ max

——

(3.5)

—~

forall x,y € X, t >0, for some a, B > 0and 1 < k < 2. Then the pairs (A, S) and (B, T) satisfy the CLRgy property.

Proof. As in the proof of lemma Axy = z, Sxy, — z and Ty, — z. Now, we show that By, — z. We assert
that I = z. Assume that !/ # z. Using the inequality ( 3.5) with x = x;, ¥ = y, and letting n — 400 we have

foralle € (O, ito)
Fz,l (tO) 1and Lz,l (tO) 0
and so we have z = I. Thus, the pairs (A, S) and B, T) satisfy the CLRgt property. O

Theorem 3.3. Let A, B, S and T be self mappings of an intuitionistic Menger space (X, F,L,*,Q) satisfying the
inequality (3.5) of lemmaB.6|. If the pairs (A, S) and (B, T) satisfy the CLRgr property, then (A, S) and (B, T) have
coincidence points. Moreover, if (A,S) and (B, T) are weakly compatible, then A, B, S and T have a unique common
fixed point in X.

Proof. As in the proof of theorem 3.1} there exist u, v € X such that Au = Su = Bv = Tv = z. Therefore, u is a
coincidence point of the pair (A, S) and v is a coincidence point of the pair (B, T).

Since the pair (A, S) is weakly compatible and Au = Su we obtain Az = Sz. Now, we assert that z is a
common fixed point of A and S. If z # Az, applying the inequality ( 3.5) with x = z and y = v, we obtain for
some fy > 0

(1 + aFs 1o (t0>) Faz,Bo (tO) > “(FAZ,Z (tO))z + min {FAz,z (tO) +Fazz (tO)}
and
(1 + :BLSZ,TU (tO)) LAZ,BU (tO) ﬁ(LAz,z (tO))Z -+ max {LAZ,Z (tO) ’ LAz,z (tO)} .
Hence
FAz,z (tO) > PAz,z (tO) and LAz,z (tO) < LAz,z (tO) ’

which is impossible and so Az = z = Sz, which shows that z is a common fixed point of A and S.

Since the pair (B, T) is weakly compatible, we get Bz = Tz. Similarly, we can prove that z is a common
fixed point of B and T by putting x = y = z in the inequality ( 3.5). Therefore, z is a common fixed point of A,
B, S and T. The uniqueness of z follows easily by the inequality (3.5). O
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Let ® be the set of all non-decreasing and continuous functions ¢ : (0,1] — (0, 1] such that ¢(t) > t for all
t € (0,1] and ¥ be the set of all non-increasing and continuous functions ¥ : (0,1] — (0,1] such that ¢(t) < ¢
forall t € (0,1].

Lemma 3.7. Let A, B, S and T be self-mappings of an intuitionistic Menger space (X, F,L,*,Q) satisfying the
conditions 1,2,3,4 of lemma 3.4 and

1+“FSxTy t) FAxBy >“min{FAxSx()PByTy() FSxBy AxTy(t
Fgy Ty SuPhH 24 min {FAx sx (t1) FBy,Ty t2 ’
Sup, mm {Fsxpy (t3), Fax1y (ta) }
(1+5L5xTy t)) Lax,sy () < ﬁmaX{LAxSx( ) Lpy,Ty (1), LSxBy t ) Lax,Ty (t
" ( { Lgy Ty ( ), ll‘lft +h,=2 MAX {LAx Sx (tl LBy,Ty t2 ’ })

inf,, /-2 maX{LSxBy(fs) Lax,Ty (ts)}

(3.6)

-

forall x,y € X, t >0, forsome a, p > 0and 1 < k < 2, where ¢ € ® and ¢ € Y. Then the pairs (A, S) and
(B, T) satisfy the CLRg property.

Proof. It follows as in the proof of lemma O

Remark 3.16. Lemmas B.6|and B.7 remain true if we assume that the pair (B, T) satisfies the CLRT property,
B(X) C S(X)and S (X) is a closed subset of X.

Theorem 3.4. Let A, B, S and T be self mappings of an intuitionistic Menger space (X,F,L,*, Q) satisfying the
inequality (3.6) of lemma If the pairs (A,S) and (B, T) satisfy the CLRgt property, then (A,S) and (B, T) have
coincidence points. Moreover, if (A,S) and (B, T) are weakly compatible, then A, B, S and T have a unique common
fixed point in X.

Proof. As in the proof of theorem .1} z = Au = Su = Bv = Tw. Since the pair (4, S) is weakly compatible and
Au = Su we obtain Az = Sz. Now, we assert that z is a common fixed point of A and S. If z # Az, applying
the inequality (3.6) with x = z and y = v, we obtain for some ty > 0

(1 + “PSZ,TU (tO)) PAZ,BU (tO) > ’X(FAZ,Z (to))z +

@ (min {FAz,Z (tp) , min {FAZ,Z (€), Fazz (ito B €> }}>

(1+ BLsz 1o (f0)) Lazo (o) < B(Lazz (f0))* +
o (max { L (o) max {Lacs €), L (Fro =€) ).

foralle € (O, it()). Letting ¢ — 0, we get

and

FAz,z (tO) > @ (minFAz,z (t0>) > FAz,z (tO)
LAz,z (tO) < v (max LAz,z (tO)) < LAz,z (tO)

which is impossible and so Az = z = Sz, which shows that z is a common fixed point of A and S.

Since the pair (B, T) is weakly compatible, we get Bz = Tz. Similarly, we can prove that z is a common
fixed point of B and T by putting x = y = z in the inequality ( 3.6). Therefore, z is a common fixed point of A,
B, S and T. The uniqueness of z follows easily by the inequality (3.6). O

Remark 3.17. Theorem [3.4)improves and generalizes theorem 26 of [5ll, theorem 3.2 of [6]], theorem 3.1 of [Zl, theorems
3.1, 3.2 of [20]] and theorem 1 of [28]].

Remark 3.18. In theorems B.3|and 3.4} by a similar manner, we can prove that A, B, S and T have a unique
common fixed point in X if we assume that the pairs (A,S) and (B, T) verify JCLRst property or CLR 4 property
instead of CLRgT property.
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Remark 3.19. It is easy to see that theorem [3.1|remains true if we replace

sup min {Fsypy, (t3),Faxry (ta)} and inf max {Lgypy (t3), Lax1y (ta)}
t3+ty=2t t34-ty=2t

in the inequality (3.1) by

sup maxX {FSX,B]/ (l’3) /FAx,Ty (t4)} and inf min {LSx,By (i’g) ’ LAx,Ty (t4)}
t3+ty=2t t3+ty=2t

respectively. Also, theorems[3.2)and [3.4) remain true if we replace

sup min {Fpy,1y (t3), Fax,1y (t4)} and inf max{Lpy1y (t3), Laxy (ts)}
ttHtg=2t t3Hta=7t

in the inequalities (3.4) and (3.6) by

sup max {Fpy,, (t3),Fax1y (f4)} and inf , min {Lpy,ry (t3), Laxty (ta)}
t3+t4:%t t3+t4:?t

respectively.

Theorem 3.5. Let A, B, S and T be self-mappings of an intuitionistic Menger space (X,F,L,*, ) satisfying the
conditions of lemma 3.4 or lemma/3.5\or lemma|3.6|or lemma (3.7} If the pairs (A, S) and (B, T) are weakly compatible,
then A, B, S and T have a unique common fixed point in X.

Proof. In view of lemma([3.4} lemma[3.5 lemma3.6|and lemma[3.7] the pairs (A, S) and (B, T) verify the CLRg
property, therefore there exist two sequence {x, } and {y,} in X such that

lim Ax, = lim Sx, = lim By, = lim Ty, =z,
n—+00 n—+00 n—+-00 n—+00

where z € S (X) N T (X). The rest of the proof follows as in the proof of theorems[3.1}[3.2} .3|and 3.4 O
Remark 3.20. Theorem 3.5]improves and generalizes theorem 28 of [5], theorem 3.3 of [Z] and theorem 2.3 of [10].

Example 3.4. We retain A and B and replace S and T in the example 3.3 by the following mappings

Sy = 6 i xel35 9 if xel35]

xerl x—2 if xe€l511)

3 i x=3 3 if x=3
,Tx:{
if xe€l511)
Therefore,
A(X)={3,4} C[3,9]=T(X) and B(X) = {3,5} C [3,6] =S (X).

Thus, all the conditions of theorem 3.3|are satisfied and 3 is a unique common fixed point of the pairs (A, S) and (B, T).
Also, it is noted that theorem can not be used in the context of this example as S (X) and T (X) are closed subsets of
X.
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