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Some results for the Jacobi-Dunkl transform in the space L*(R, A, g(t)dt)
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Abstract

In this paper, using a generalized Jacobi-Dunkl translation operator, we prove an analog of Titchmarsh'’s
theorem for functions satisfying the Jacobi-Dunkl Lipschitz condition in L*(R, A, g(t)dt), & > B > 5, a #
-1
T-
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1 Introduction

Titchmarsh'’s [[10]], Theorem 85] characterized the set of functions in LZ(IR) satisfying the Cauchy-Lipschitz
condition by means of an asymptotic estimate growth of the norm of their Fourier transform, namely we have:

Theorem 1.1. [10] Let « € (0,1) and assume that f € L?(R). Then the following statements are equivalents:
(@ |f(t+h) = f(t)| =0(h*), as h—0,

7 2 _ -2
(b /W FOPAA =00 2), as 1 — oo,

where fstands for the Fourier transform of f.

In this paper, we prove in analog of Theorem [1.1| for the Jacobi-Dunkl transform for functions satisfying

the Jacobi-Dunkl Lipschitz condition in the space L?(IR, A, g(t)dt). For this purpose, we use the generalized
translation operator. Similar results have been established in the context of non compact rank one Riemannian
symetric spaces [9].
In section 2 below, we recapitulate from [[1],[2],[3],[5]] some results related to the harmonic analysis associated
with Jacobi-Dunkl operator A, g. Section 3 is devoted to the main result after defining the class Lip(J,2,«, B)
of functions in Li, 8 (R) satisfying the Lipschitz condition correspondent to the generalized Jacobi-Dunkl
translation.

2 Notation and Preliminaries
The Jacobi-Dunkl function with parameters («, ), « > > %1, o %1, is defined by the formula:
PP (x) — 8% (x) ifA e C\{0},
1 ifA =0,
with A2 = p? +p? p=a+p+1and ¢i’ﬁ is the Jacobi function given by:

oP(x)=TF ("*”‘ P 1, —(sinhx)z) ,
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where F is the Gausse hypergeometric function (see [1],[6] and [7]).
l/):"\"5 is the unique C*-solution on R of the differentiel-difference equation

{ Ayl =iA, A€C,
U =1,

where A, g is the Jacobi-Dunkl operator given by:

Ay pU(x) = dz;{lix) + [(2a +1) cothx + (28 + 1) tanh x] x w :
The operator A, g is a particular case of the operator D given by
_dU(x)  Ax) (UE) -U(=x)
Du(x) = ix A(x) % 2 ’
where A(x) = |x[**™B(x), and B a function of class C* on R, even and positive. The operator A g

corresponds to the function
A(x) = Ay p(x) = 2°(sinh |x[)2*1 (cosh |x| )2 L.

Using the relation
d ap, .\ wr+p? a+1,8+1
() = - Jo s sinh @) P (),

the function wﬁ‘;ﬁ can be written in the form below (see [2]])

0B, N ap A . a+1,6+1
P (x) = @7 (x) + l4(¢x ey sinh(2x) ¢y, (x), x€R,

where A2 =2+ 0%, p=a+p+1

Denote L s(R) = Li,ﬁ(R Ag p(t)dt) the space of measurable functions f on R such that

1/2
11z ) = </]R |f(t)|2Aa,5(t)dt> < +o0.

Using the eigenfunctions tpi’ﬁ of the operator A, g called the Jacobi-Dunkl kernels, we define the Jacobi-Dunkl

transform of a function f € Li,ﬁ(lR) by:

FupfO) = [ FOBPOAp0E, ACR,
and the inversion formula

0= [ FapfO$5(0do(2),

where N
do(A) = Ty, o (A)dA.
) 871/AZ — p?|Cy g (/A2 — p?)]| R\J-p((})
Here, ‘
207 T (o + 1T (i ‘
Caplp) = (& + DI (ip)  aec\iN),

T(3(p+iu))T(3(a = p+1+in))
and IIg\j_, .| is the characteristic function of R\| — p, p[.

Denote L2(R) = L?(R,do(A)).

The Jacobi-Dunkl transform is a unitary isomorphism from Li, 8 (R) onto L2(R), i.e.,

Il = HfHLi/ﬁ(]R) = [FapHll2(w)-

2.1)
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The operator of Jacobi-Dunkl translation is defined by:
TJW%ﬁ@ﬂﬂwﬁﬁx Vx,y €R, (2.2)

where 1/;‘,’5 (z), x,y € R, are the signed measures given by
Kop(x,y,2)Agp(z)dz if x,y € R,
wProy
Wy =1 5, ify =0,
dy ifx=0,
here, é, is the Dirac measure at x. And,
T
Ka,ﬁ(x, y,z) = M“/ﬁ(sinh(|x|) sinh(|y|) sinh(|z|))*2“1[1xry X /0 po(x,y,2)
X (8o(x,y,2))4 1 sinf gas,
&yZ[IﬂlwﬂM IO Tl = [yl [x] + lyl],
1-

pg(x,y,z) = x/z+azxy+azyxi
cosh x+coshy—coshzcosf .
0 sinh x sinh y , if Xy 7& 0,
VzeR,0€[0,7],0y,.=
0, if xy =0,

g6(x,y,2) = 1 — cosh? x — cosh? y — cosh? z ++ 2 cosh x cosh y cosh z cos 6,
t, ift>0,
t+ =
0, ift<0,

2720 (a41)

and,

VrG-pree ) 4P
Myp =
0 if o = B.
In [2]], we have
Fep(Tuf)(A) = 3P () Fop(f)A), A eR. 23)
For a > >!, we introduce the Bessel normalized function of the first kind defined by:
= (D))
W@ =T ) L o ey 2€C
Moreover, we see that
'U
iy P %0

by consequence, there exists C; > 0 and # > 0 satisfying

2l < 7 = lja(z) =11 = G2 (2.4)
Lemma 2.1. The following inequalities are valids for Jacobi functions goZ’ﬁ (t):
© g <1,

@ 1= g ()] < P2+ 7).
Proof. (See [8], Lemma 3.1, Lemma 3.2).

Lemma 2.2. Leta > > 5 2 e L. Then for |v| < p, there exists a positive constant Cy such that

11— 9%, ()] = Cal1 — ja(ut)].

Proof. (See [4], Lemma 9).
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3 Main results

In this section we introduce and prove an analog of Theorem 1.1. Firstly we have to define, for functions in
L‘Z‘(’ 8 (R), the conditions of Cauchy-Lipschitz related to the Jacobi-Dunkl translation operator given in

Definition 3.1. Let 6 € (0,1). A function f € Lﬁ/ﬂ(]R) is said to be in the Jacobi-Dunkl-Lipschitz class, denoted by

Lip(6,2,a, B), if _
INWALgf | = O(h°), as h—0,

where N, = T, + T_j, — 21, 1 is the unit operator in the space Lf‘,ﬁ(lR) andm =0,1,2, ...

Lemma 3.3. For f € Li,ﬁ(]R)' then

INAZSFI = 4 [ A1 00 1P| Fopf (Do (1)
Proof. Since F g(Aypf)(A) = iAFy5(f)(A), we have
Fup(NISHA) = A" F ()N, m=0,1,2, .. (3.5)
We us formulas2.3]and 3.5 we conclude that

Fap(NoALf)(A) = " (P () + 93P (=h) —2)A" Fy g (£) (M),

Since N
a,p _ap . . a+1,8+1
UP ) = g ) +i Sy sinh(2h) gy (),
wB, g\ wpy g\ . A . a+1p+1,
Py (—h) = Pu (—h) 14(06+1) smh(Zh)q)y (=h),
and (p?j’ﬁ is even (see [2]), then

Fup (NG AL F)(A) = 20" (9P () — DA Fy g (£) (A).
Now by Parseval’s identity (formula[2.1), we have the result.

Theorem 3.1. Let f € Li,ﬁ(R)' Then the following statements are equivalents:

(i) fe€Lip(s,2ua/pB),

(ii) /erAZm\fw(f)m)Fda(A):ou%), as 7 — oo

Proof. (i) = (ii). Assume that f € Lip(é,2,a, 8), then we have
INyARgfll = O(K), as h— 0.

From Lemma [3.3] we have
INAGFIE =4 [ 3011 — g )L o F) 1) P ()
By[2.4and Lemma[2.2) we get:

2 &B 132 2 22
Jy g P AP Fp (N 1) o) 2 GRS |

Ui n
2% I <A<q

B AP" Fop () (A)[Pdo (A).

From % <Al < %wehave
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Take h < %, then we have 2h? > C3 = C3(7).
So,

2myq B2 2 >222/ 2m 2
[y ooy I P PIE (O Pao0) 2 GG [, A\ Fup(P)A) P (1),

Y 2h=

There exists then a positive constant C such that
[, P FGDNPAo(A) < C [ 4211 = g () PIF () () Pdo(A) < O,
H<M<q ' R '
Forall0 < h < %, then we have
A2 M)Pdo(A) < Cr? :
L pea X Fes ()P (0) < €, r oo

Furthermore, we obtain
/\Zm .F )\ Zd )\ — o / /\Zm f' )\ Zd A
/IMZr FuplF)A)Fdo(2) 1;) ir<|A|<2i+tr [Fap(F)(A)[Fde(A)

C 2(21‘,,)—26
i=0

< Cr 2,

IN

This proves that
/‘ | A2 F g (F)(V)Po(A) = O(r %), as r— .
Al>r

(ii) = (i). Suppose now that
A2 Fo s (F) (V) Pdo(A) = O >
Alsr | Fop(F)(M)[do(A) =O0(™), as r— oo,

and write

SR = o W PIF (NP ) = [ 21— g ) PIFup(f) (V)P ()

o
nE

A1 = @i ()P Fu p(£) (V) P (2).

1
h

Using the inequality (c) of Lemma[.T} we get

/w> A1 = g (1) 2| Fup(F)(V) o (1) < 4 A" Fop(f) (D) Pder(A).

1
(A=

Then

/\M>l A2 (1= g ()P Fup(F)(V)Pder(A) = O(h), as h— 0, (3.6)

h

Set

P = [ T ) P ),
An integration by parts gives:
Y 2y2m 2 I T IV
| R EG(NWPRe() = [T 2% (1)dr
- —x2¢(x)+2/0 Ap(A)dA
Y 11-26
< 2 /0 O(A1-2)dA
= O(x2¥).
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From Lemma 2.1, we get

Juey = AP OPIF Do) < [ 2= g 011 )P )

1
h

= /w@ AP (2 + 02 )2 | Fop(£) (1) Pder(A)
< g AT ()P (1)
= O(hzh—Z—O—Z(S)‘
Hence,
/wSl 21— gy ()P Fop () (V) P (A) = O(). 57)

Finally, we conclude from .6|and [3.7]that

[ A= P ) PIF s () (0 o ()

v
/A|<,£ e

= O(h*)+O(Kh*)
= O(h?).

And this ends the proof.

Corollary 3.1. Let f € Li’ﬁ(IR), and let

INWAYgf|l = O(K), as h—0,

Then
Jyo, | Fp(NQPd(3) = O62"2), a5 7= o
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