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1 Introduction

Let # be the class of functions analytic in the open unit disc U = {z € C: |z| < 1}. Let H (a,m) be the
subclass of H consisting of functions of the form f (z) = a + a,, 12" ! + 4222 + -
Let A, be the class of functions analytic in the open unit disc U = {z:| z |< 1} of the form

f(z) =2 + i anypz"P (p>1). (1.1)

n=1

and let A = A;.
For the functions f(z) of the form and g(z) = zF 4+ Y5 byypz" P, the Hadamard product (or
convolution) of f and g is defined by

(f*8)(z) =27+ }_ anipbuypz"".

n=1

Let f(z) and g(z) be analytic in U. Then we say that the function f(z) is subordinate to ¢(z) in U, if there
exists an analytic function w(z) in U such that |w(z)| < |z| and f(z) = g(w(z)), denoted by f(z) < g(z). If
¢(z) is univalent in U, then the subordination is equivalent to f(0) = ¢(0) and f(U) C g(U).

In our present investigation, we shall also make use of the Guassian hypergeometric function

o ab z  ala+1)b(b+1) 22
2hila b6 2) =1+ o+ =y g
(12)

:ZM% (a,b,ceC, with c¢Z; ={0,-1,-2,...})

where the Pochhammer symbol (x) is defined, in terms of the Gamma function I', by
(x) F(x+k) (1 ifk=0
FTTT) e+ D)(x+2) ... (x+k—1)  ifke N={1,2,...}.
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Definition 1.1. Let o« > Qand §, v € R, then the generalized fractional integral operator Ig’zﬁ " of order a of a function

f(z) is defined by
z7%F oz
If)‘f Tf(z) = W/o (z—1)*1 LR (oc +B, vl — i) f(t)dt, (1.3)

where the function f(z) is analytic in a simply - connected region of the z - plane containing the origin and the
multiplicity of (z — t)*~1 is removed by requiring log(z — t) to be real when (z — t) > 0 provided further that
f(z) =0(z|)¢,z—=0 for €>max(0,f—7)—1. (1.4)
Definition 1.2. Let 0 < a < 1and B, v € R, then the generalized fractional derivative operator ]g,’zﬁ "V of order a of a
function f(z) is defined by
AT S afﬁ/z e a1yl wlt
Joi ' f(z) = F(l—oc) e {z ; (z—1t) 2B (B—a,1—71—a;1 . f(t)dt

= PR

where the function f(z) is analytic in a simply - connected region of the z - plane containing the origin, with the order
as given in (I.4)and multiplicity of (z — t)* is removed by requiring log(z — t) to be real when (z —t) > 0.

(1.5

Definition 1.3. For real number o (—oo < o < 1), B(—o00 < B < 1) and a positive real number vy, the fractional
operator U ﬁ 7. 1 Ap — Ay is defined in terms OfI0 P and I'X B by

> (1+p)u(l+p+7—B)u ¥
u = napz TP 1.6
R iy W By e (1.6

which for f(z) # 0 may be written as
{T(Hpﬁ) (L+pty—o) ﬁ]gzﬁ " f(2); 0<a<l1

a, B,y
uO,z -

T(1+p) I (1+p+7—B)

1+ 14p+ B, .
((1-€P)ﬁf)(l(+p£77ﬁ)a PL P f(2); if —eo<a <O

where ]g,’f "V f(z) and Iy g,ﬁ "V f(z) are, respectively the fractional derivative of f of order a if 0 < a < 1 and the
fractional integral of f of order —w if o < < 0.

Recently, using the operator Ug f "7, Ahmed S. Galiz [], introduce the linear operator 4)21/313 fApy— Ap
by

mLAf(2) = 2P pri+An]™ (1+p)a(Q+p+7—B)n ntp
%ﬁv =z —l—nz;l[ o ( ) An+pZ (1.7)

L+p=PBm(l+p+7y—a)
wherem € Ng =INU{0},/>0,A>0and p € N.

The above operator generates several operators studied by many authors such as El - Ashwah and Aouf
[4], Selvaraj and Karthikeyan [21], Dziok - Srivastava operator [6], Salagean [19], Goyal and Prajapat [7] and
others.

From (1.7), we can easily verified that

e (¢;"g$f< )) = (oD AL f(2) — [p(1 = A) + 1] g (2). 18)
On differentiating (L.8), we get
Az (cpszg;;f(z))" = (p+0) (e F@) — I+ 1+ (1= pA] (9l f(2)) 19)

m, A .

We note that the operator Gy g 152 generalization of several familiar operators and we will show some of

the interesting special cases:

(1). If m = 0,0« = A, B = uand v = 7 then the operator is reduced into the well - known fractional
differintegral operator I{,‘ (u, 1) which was introduced and investigated by Goyal and Prajapat [7].

(2). If wetakem =0, &« = A, B = p and v = 5 = 0 then the operator is reduced into the known fractional
differintegral operator Qé,‘. It was studied by Patel and Mishra [17] and also in [18].

3). ¢ i 3 p-1= Qﬁ p (B > —p), where Q“ B,p s the Liu - Owa operator (see in [11] and [3]). Also putp =1,
it is well known Jung - Kim - Srivastava operator [8].

4). 4)0 { 6‘ p-1= = Jg,p (B> —1), where Jj , is the Bernardi integral operator (see [5]).
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2 Definitions and Preliminaries
We denote by P the class of functions x(z) given by

x(z) =1+cz+cz>+---, (2.10)
which are analytic in U and satisfy the following inequality Re {x(z)} > 0 forz € U.

Definition 2.4. A function f € A, is said to be in the class S;”'bl’/\ («, B, v; ) if it satisfies the following subordination
condition;
/

z (055 f(2)

1—|—1 M—l < P(z) (zeU;p eP) (2.11)
b m,l,A

qua,ﬁ,fyf(z)

where (and throughout this paper unless otherwise mentioned) the parameters p, v, A, b and [ are constrained as

follows:
peEN,beC"=C\{0},yeR, B<p+1l, —o<a<y+p+1 and A>0.

For the sake of conveniance, we set

1 1+ Az i
S;:’b’)\ (D‘/ ,B/ e HBZ) = S;’f’b’/\ (lX, AB/ ’)/;A/ B) (_1 S B<A S 1)

ForA:l—%”,B: —1, we have

syt (oc, B, 1il— 2;7, B= —1> =S B (0<n<1).

In order to estabilish our main results, we shall require the following known lemmas:

Lemma 2.1. [10] Let the function §(z) be analytic and convex(univalent) in U with {(0) = 1. Suppose also that the
function ¢(z) given by

P(z) =1+ 2" + ck+1zk+1 + - (2.12)
is analytic in U. If
$(z) + 114’;7(2) <9(z) (Rv)>0;v#0;z€U), (2.13)
then .
#(2) <a() = (= [Ty < pe),

and q(z) is the best dominant of .

Lemma 2.2. [26] Let y be a positive measure on the unit interval [0, 1]. Let g(z, t) be a complex valued function defined
on U x [0, 1] such that g(0, t) is analytic in U for each t € [0, 1] and such that g(z, 0) is y integrable on [0, 1] for all
z € U. In addition, suppose that Re {g(z, t)} > 0, g(—r, t) is real and

1 1
Re{g(z, t>} > oy (H<r<iielo).

1
If G is defined by G(z) = /0 g(z, t)du(t), then

1 1
Re{G(z)}z ) (z| <r<1).

Lemma 2.3. [15] Let ¢ be analytic in U with ¢(0) = 1 and ¢(z) = 0for 0 < |z| < 1and let A, B € C with A # B,
|B| <1.

v(A

v(A—B) T_B) + 1’ < 1. If ¢ satisfies

(i). Let B # 0and v € C* = C \ {0} satisfy either

—1‘ <1lor

z¢'(z) - 1+ Az
vp(z) 1+ Bz’

(2.14)

then
A-—B

p(z) < 1+ BZ)U(T),
and this is best dominant.
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(ii). Let B=0and v € C* = C\ {0} be such that [vA| < 7. If ¢ satisfies (2.14), then

plz) < %

and this is the best dominant.
Lemma 2.4. [12]] Let x, T € C. Suppose that ¢ is convex and univalent in U with ¢(0) = 1 and Re(x¢ + T) > 0. If
the function g is analytic in U with g(0) = 1, then the subordination

z8'(2)

W < ¢(z) (zeU)

8(z) +
implies that
8(z) <9(z)  (zeU).

Lemma 2.5. [20] Let the function g be analytic in U with g(0) = 1 and Re {g(z)} > 1. Then, for any function F
analytic in U, (g % F) (U) is contained in the convex hull of F(U).

Lemma 2.6. [25] For real and complex numbers a, n and c (c & Z,)

/01 71— )N (1 — k) e = F(n)ll:((cc)—n) oF (a, n;c;z)  (Re{n}, Re{c} >0), (2.15)
2F (a,m;6z) = (1—2) "k (a, c—n;c; zil) . (2.16)

Motivated by the concept of Aouf et. al. [2], Huo Tang, Guan Tie Deng and Shu Hai Li [24] and Selvaraj
et. al. [22], in this paper, we investigate some inclusion relations and other interesting properties for certain
classes of p - valent functions involving an integral operator.

3 Inclusion Relationship

Theorem 3.1. Let m € Ng = NU{0},! > 0,A >0,b = by +iby # 0, tano = %andlp € P with
Im(p) < (Re(yp) — 1) coto. Then

Syt (w Bovy) € Syt (w Bviy) (3.17)
Proof. Let S;’I‘ZL YA (a, B, v; ) and suppose that
LA !
1|2 (s f(2)
8(zx) =1+ Mq ,  (zeU) (3.18)

LA
p¢Z1, B, fyf(z)
where ¢ is analytic in U with g(0) = 1. In view of and (3.18), we obtain

S A
g f(2)
S A
¢Zf /S, ’yf(z)
Differentiating (3.19) both sides with respect to z, and using (3.18), we get
/
= (9052 2)

(p+1) =Abp(g(z) — 1)+ (p+1). (3.19)

1 Azg'(z)
14 - | NP | = o(z) + . (3.20)
b pel ) ST Nop(sz) —1) +p+1
Since Re(Abp(y(z) —1) +p+1) > O0for Im(¢) < (Re(¢) — 1) coto and where tano = l%' so applying Lemma
to (3.20), it follows that g(z) < ¥(z), thatis f € S;:f’bl’)‘ (a, B, v:¥). O
. 1+ Az, .
Taking 1(z) = T Theorem 3.1} we have the following corollary.

Corollary 3.1. Letm € Ng=INU{0},1>0,A>0,b=0b;+iby #0and -1 < B < A <1, then
8;'?;1’1’/\ (a, B, 1;A, B) C S;'f’hl’)‘ (a, B, 1; A, B).

Remark 3.1. Ifweput m = 0,0« = A, B = y and v = 1, then this result is reduced into the class of functions
M?,(y, 1;7; ¢) which is studied by [24].
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4 Convolution properties
Now, we derive certain convolution properties for the function class S”:,‘/bl Ma, B, 1Y)

Theorem 4.1. Let f € ng’bl’)‘ (a, B, v;¥). Then

f(z)= [z”-exp (bp /OZ lp(éd(?)_ldC)] *

4.21
e (P T U Bl a2l
p+I I+ p)u(l+p+7 =B '

n=1

where w is analytic in U with w(0) = 0 and |w(z)| <1 (z € U).
Proof. Let f € SZ'bl’A (a, B, ;). From (2.11)
A !
2 (ow5/ @)
S A
4)21,’3,71:(2)
where w is analytic in U with w(0) = 0 and |w(z)| < 1 (z € U). By virtue of (4.22), we can easily find that

= [p(w(z)) = 1]bp+p (4.22)

M p_ [plw(z) —1]bp (4.23)
tgaf@ :

Integrating (4.23), we get

m,l,A
log (‘Pmﬂ)) Y RCCEIRIL

zP
(4.24)
1A ? [p(w(@) —1]
= 4)Zfﬁ,vf(z) =zl exp {bp./o Td@’
Then, from and (4.24), we deduce that the required assertion of the Theorem [£.1] O
Corollary 4.2. Let f € Sg'bl’)‘ (a, B, v; A, B) with =1 < B < A < 1. Then
Z — —
fz) = [Zp exp (bp / (A B)(gu(a:)) L déﬂ .
0
. i (p+l+An>’" Atp=Pn(tp+y—On uip)
n=1 p+1 (I+p)n(l+p+7—PBn
where w is analytic in U with w(0) = 0 and |w(z)| <1 (z € U).
Theorem 4.2. Let f € Ay andp € P. Then f € S;”’b[')‘ («, B, v; ) if and only if
1 > p+l+/\nr(n+p)(1+p)n(1+p+7—ﬁ)n
— < x| pzf + 2P
4 {f (p ,;1{ p+I (A+p=B)n(l+p+7—an w25)
; - +14+An\ " A+p—B)n(l+p+7y—a) .
—p [(bp(e®) —1) +1| x | 2P + <P ) - 2" 0
plope) -1 +1] < L5 A+ a0t p+7— P 7
(z€U;0< 6 <2m).
Proof. Suppose that f € S;”’bl’)‘ (a, B, ;). We know that holds true, which implies that
/
z (g f(2) .
141 M—l £p®)  (zeU;0< 6 <2m). (4.26)

b\ pellf(2)
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One can easily verify that, from (4.26)

1 ! :
5 { (eralf@) —p |y —1) +1] g0 f(z )} £0  (zeUi0<0<21).  (427)
On the otherhand, we find from that

I, A P S [p+l+An]" (n4+p)(A+p)u(l+p+7— B "
(wpara) =r+ L [ S iy ey Ca o 29

Combining (1.7), (#27) and (4.28), we can easily get the convolution property (4.25) asserted by Theorem
O

n=1

5 Some properties of the operator gbm LA

m,l,A
a B,

Theorem 5.1. Let ¢ > 0, vy € R, p € N\ {1}, =1 < B < A < 1 and the function f € Ay satisfies the following

Now we discuss some properties of the operator ¢

subordination: , )
1A m+1,1,A
(eranf@) (a5 @) 14 Az
(1—-0) pop +o p— <1+Bz' (z e U). (5.29)
Then ,
1A
(eranf(2)) 14 Az
T P(z) < 5, (5.30)
where
!
o) = 4+(1-4)+B2)7" oA (LU +15)  forB#0, 6531
1—|—km+p+1Az forB=0.
is the best dominant of (5.30). Furthermore,
fesy (B 7;0) (5.32)
where
s |3 (-3)0-B SA(LLETHuE)  foBAO
1+ kU/\ileJrlA forB =0.
The result is best possible.
Proof. Let
1A !
P g0 f (2)
g(z) = 7< i fe) , (5.33)

pzr~
where g is of the form (2.12) and is analytic in U. Differentiating (5.33) with respect to z and making use of
(1.9), we get

m, 1A ! m+1,1,A !
o (eirf@) ., (s @) o)+ 2 )
pzP~1 pzP~1 -8 p+1
1+ Az

1+ Bz’

(z€eU)
Applying Lemma[2.T|and Lemma[2.6| we have

(o5 2))

P <)
p+l P;rl z ;{’7*1,1 1+ At
= %ot s )
!
_JA+(1-8)a+B)t SR (LU +Ll)  forB#O
p+l
1+km+p+1Az forB =0.
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This proves the assertion (5.30) of Theorem 5.1} Next, inorder to prove the assertion (5.32), it suffices to prove

that
inf {Re(yp(z))} = 9(-1).

|z]<1

Indeed, we have

1+Az _ 1-Ar
> = 1
Rel+Bz‘1—Br (2l =r<1)

Setting
14+ Az
14+ Blz

which is a positive measure on the closed interval [0, 1], we get

G(2,0) = and () = Pk 0<g <),

¥ = [ GG Q).

Then
Refy@)} 2 [ 1o @ = y(-r)  (l=r<1)

Letting ¥ — 1~ in the above inequality, we obtain the assertion (5.32). Finally, the estimate ( is best
possible as 1 is the best dominant of (5.30). This completes the proof of the theorem. O

Theorem 5.2. Let f € ng’bl’)‘ (a, B, ;) (0<m<1),then

m,l,A ! m LA !
y (1_0)(¢w7f( 7)) Y (ersh (=) ) (e

pzP~1 pzP~1
where X
+ 12+ (cAk)Z — oAk | *
R = {\/(” ) (pJ(rl) ) } . (5.34)

The result is best possible.

Proof. Let f € S™ A «, B, v;1), then we write
p,b U

(o2 f ()

pp 1 (I-nu(z) (zeU) (5.35)

where u is of the form (2.12) and is analytic in U. Differentiating (5.35) with respect to z, we have

1A ! 1LA !
BRI PR CFR0) +U(4’ZZE7 f<z)) by @) (5.36)
1—y pzf~! pzt! g (p+1) '
Applying the following well-knowing estimate [9]:
|zu'(2)| 2krk
Re{uz)} S1-& (Fl=r<b
in (5.36), we have
m,1,A ! m+1,1,A !
Y P (erp2f(2) N (orsr@)
1- 1 sz*l pr 1 U
(5.37)

20\ krk
> Re {M(Z)} <1 - (P + l)(l _ er)) !
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such that the right hand side of (5.37) is positive, if ¥ < R, where R is given by (5.34). In order to show that
the bound R is best possible, we consider the function f € A, defined by

LA !
‘Pm,s f(z) 1+2F
(“pzll)—ﬂ”l—’?h_zk O=y<lzev)
Note that
A ! 1,1, !
1 (1-0) (4’21,&7]((2)) +a( trx”;v f(z)) b (D=2 20Kk 0 (5.38)
1—7 pzp 1 pzr T L O P I B ‘
forz = Re'F. -

For a function f € Ay, the generalized Bernardi - Libera - Livingston integral operator F,, is defined by

ctp /Z c—1 = ctp +
F, =P [ dt = (2P + Y —— Lt
@)= S [CeTpnar= (24 & o Ee ) 59)
=zPoF(Lc+pc+p+12) * f(2) (c>—p;ze )
From and (5.39), we have
!/
2 (@0 AEp(F(2))) = (c+ Pp i f(2) = cglig MR p(£(2) (5.40)
Theorem 5.3. Let f € SZf’bl’A («, B, 7; A, B) and F, , be defined by . Then
1A !
(eraiFep () 14 Az
pzP~1 <0(z) < 1+ Bz’ (4D
where
A A - . pt .
o= 15 (1-4)+B2)7 oA (LU EE+1485:)  forB#0, 542
1+ g Az forB=0.
is the best dominant of . Furthermore,
LA !
Re (4’25,71:6,;7(]((2))) S
pzrt g
where
4+(1—A)(1—B)*1 F(1 1-”—+C+1-i) B #0
— B B 2 1 7 7 k 7 B—1 for 7é 7
1+ g Az forB =0.
The result is best possible.
Proof. Let
1A !
Pu, o Fe,p(f(2))
K(z) = (9251 - ) (z € U). (5.43)
pz¥

where K is of the form (2.12) and is analytic in U. Using (5.40) and (5.43) and differentiating the resulting
equation with respect to z we have

m,l,A !
(ergnEep(F2)) Ky K@) 144z
sz*1 o z p+c 1+Bz’

The remaining part of the proof is similar to that of Theorem [5.1|and so we omit it. O
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Theorem 5.4. Let f, ¢ € A, satisfy the following inequality:

m, I, A
Re (W) >0 (zeU).

zP
If
m,l, A
VA f(2)
Pupaf )1 (z € U)
m,l,A
¢a,[3,'yg Z)
then
z (9hg0f(2)
Re ( :;f; ) >0 (]z] < Ri;z € U),
(pa,’ﬁ:'yf(z)
where )
—3k+ /9K +4p(p+ k) \*
Ry =
2(p+k)
Proof. Let
o= AN
#528(2)
=+,

519

(5.44)

(5.45)

where g(z) is analytic in U with g(0) = 0 and |g(z)| < |z|¥. Then, by applying the familiar Schwarz Lemma

[14], we have q(z) = z"x(z), where x is analytic in U and x(z) < 1.

From (5.45),
m,l, A _ooom, A k
Py f(z) = @iy is(z) [1+2x(2)]
Differentiating (5.46) logarithmically w.r.t z, we have

(enr@) = (ns@) | )+

oranfE) eiis(2) 1+ 2 (2)

Letting
m,l, A
7k Z)
w (Z) = ¢a’ﬁ,Z’;g<

where w is in the form (2.12) is analytic in U, Re {w(z)} > 0 and

(zeU),

LA !
2(5h3@)  zwi(a)

e )

then we have

LA !
re) ZOE5AE) | | jawfa)) | e +2x' )
orgfz) | w(z) 14 zkx(2)
Using the following known estimates [9],
W'(z)| _ 2krk1 kx(z) + zx'(z)
< d = 1),
‘w(z) T 1+2z8x(z) |~ 1—7k (gl =r<1)

in (5.48), we have
A !
z ( Zfﬁ,a,f(z)) S P- 3krk — (p +k)r2k
I

which is certainly positive, provided that » < Ry, where R; is given by (5.44).

Re

(5.46)

(5.47)

(5.48)

(5.49)
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Theorem 5.5. Let f € 8;”’171')‘ («, B, 7v; A, B) and g € A, satisfy the following inequality:

Re {gz(i)} > % (zeU) (5.50)

then (f * g)(z) € Sl’:’bl'A (a, B, 1; A, B).
Proof. We have
m,l,A / m,l,A I
WU OE) WO s@
sz sz zP

where g satisfies (5.50) and %igj is convex in U. By using 1i and applying Lemma|2.5| we get the required
assertion of this theorem. O

Theorem 5.6. Let ¢ € C* and A, B € C with A # B and |B| < 1. Suppose that

‘ﬁ(p+l)(A—B) ‘19(;9+l)(A—B)

— <
B 1‘1 or

+1’ <1,ifB#£0,

‘ﬁ(erlA)

T A' < 7,ifB =0.

If f € Ap with (,bzlé,)y‘f(z) # 0forallz € U* = U \ {0}, then

A
Pipy ) 144z
m,l, A = 14+ Bz’
Pa,p0f (2) bz

o B,y
m,l,A 4
implies <¢""’S’Z}f(z)) < g1(z). where
(14 B2)" "% forB £0,
81(z) = 8(p+1) 4
e x forB =0,
is the best dominant.
Proof. Let
m,1,A ¢
5 (2)
o(z) = (“/ﬁfz'; (z e U). (5.51)

Then ¢ is analytic in U, ¢(0) = 1 and ¢(z) # 0 for all U. Taking the logrithamic differentiation on both sides
of (5.51) and using the identity (1.8), we obtain

A B 1ea
p+1)e(z) ¢Z1,'ﬁlf$f(z) 1+Bz’

Now the assertions of Theorem 5.6 follows from Lemma 2.3 O
Taking B= —1and A =1 —2#,0 < < 1in Theorem[5.6, we get the following corollary:
Corollary 5.3. Let ¢ € C* satisfies either

219(P+l)(177)1‘<1 or ’219(p+l)(111)+1 <1
A = A =

If f € A, with ™M f(z) £ 0 for all z € U*, then

B,y
A,
Re ‘PZZE% "f(z) 1+ Az
wpafe) | T
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implies

o)
TPt <a)
where

—20(p+1)(1—1)

g1(z) = (1-2z) x
is the best dominant.

Theorem 5.7. Let o > 0,e >0, —1 < B < A < 1 and the function f € A, satisfies the following subordination:

m, A m, 1, A !
v f(z $ug o f(2)
¢,ﬁ,7f()+0_( a, B,y ) _<1—0—AZ

(1-0) 7 P 1+ B2 (z e U). (5.52)
Then )
m,l,A €
s by (Z)
Re {W > ot (5.53)
zP
where

5:{g+(1_g)<1_3>1 2F1(1,1;%+1;%) forB #0,

1+ ﬁA for B =0.
The result is best possible.
Proof. Let

m,l,A
G(z) = Pa.1 12 ’Z”;f(z), (5.54)

where G is of the form (2.12) and is anlytic in U. Differentiating (5.54) with respect to z, we get

m, 1A m,1,A !
5 f(z $ug o f(2) /
(1-0) zx,ﬁ,zf;f( )—|—¢7< Dc,ﬁ,';_l ) :G(z)+UZG (2)
pZ
1+ Az
1+ Bz’ (zeT)

Now, applying similar steps invoved in Theorem 5.1{and using the elementary inequality
Re {Q} > Re{O}" (Re{Q} > 0;x € N),
we obtain the required result. O

Remark 5.2. Taking m = 0 and the choices of «, p and -y , this subclass is reduced into the class S;‘IH(A, B) which is
studied by A. O. Mostafa and M.K.Aouf [13]].
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