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1 Introduction

Let B(H) be the algebra of all bounded linear operators on an infinite dimensional complex Hilbert space
H. An operator A is an n- power quasi-isometry if A" 1A*24%2 = A*AA" ! for all n € Z*[5]. The operator
A is normal if A*A = AA* and n-power normal if A"A* = A*A" for all n > 2[3]. We denote the class of
n-power normal operators and n-power quasi-isometry operators by [nN] and [nQI| respectively. The class
of normal operators C class[nN]. Also A is an n- power normal operator if and only if A" is normal[3].

Let (X,Y, A) be a sigma-finite measure space and let T be a measurable transformation from X to itself. If
T is a measurable transformation then T" is also a measurable transformation. Further, if T is non-singular
then AT~ is absolutely continuous with respect to A and it follows that A(T~!)" is absolutely continuous
with respaect to A. The Radon-Nikodym derivative of A(T~!)" with respect to A is denoted by /.

Associated with each transformation T is a conditional expectation operator
E(fIT"Y(X)) = E(f) is defined for each non-negative function f € L (1 < p < co) and is uniquely
determined by the following conditions:
()E(f) is T~1(L) measurable.
(i) If B is any T~!(}¥) measurable set for which [, fdA converges then we have [, fdA = [ E(f)dA.

The conditional expectation operator E has the following properties:
() E(f.(g0T)) = E(f)-(go T)
(i) E is monotonically increasing. (i.e) if f < ga.e then E(f) < E(g) a.e.
(i) E(1) = 1.

When E is defined on a possible infinite o-finite measure space it behaves similarly to expectations on
standard probability spaces. As an operator on L?()) , E is the projection operator onto the closure of the
range of Cr.

Let 7 be an essentially bounded function. The multiplication operator M, on L?(A) induced by 7, is given
by, Mpf = m.f for f € L2(A).

A composition operator Cr on L?(A) is a bounded linear operator given by composition with a map T :
X — Xas,Crf = foTforall f € L2(A) and C} is given by Cif = hE(f) o T~ ! forall f € L?>()). A weighted
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composition operator W is a linear transformation acting on a set of complex valued ) - measurable functions
f of the form, Wf = wCrf where w is a complex valued ) - measurable function. When w = 1 we say W is a
composition operator.

The adjoint W* is defined as, W*f = hE(wf) o T~! for f € L?(A). Also, wy, = w.(wo T).(w o T?).....(w o
T"1). For f € L2(A), W'f = wyf o T", W*' f = hyE(wy.f) o T~

A composite multiplication operator is a linear transformation acting on a set of complex valued }.
measurable functions f of the form M, 7(f) = CrMy(f) = (uf)oT = uoT.f oT where u is a complex
valued, ) measurable function. In case, # = 1 almost everywhere, M, T becomes a composition operator.
The adjoint of M, 1 is given by M 1f = uh.E(f) o T-1

Various properties of composition operators and weighted composition operators on L? spaces have been
analyzed by many authors. In particular, spectra of composition operators and their generalized Alugthe
transformations as weighted composition operators are characterized in[4]. In this paper we study the
characterisations of the [nQI]| and [nN] class of composition operators. The characterisations of class[nN]
operators A are evaluated mainly by the aid of the normality of A”. In[7], the characterisations of n-power
normal and n-power quasinormal composite multiplication operators are studied. @~ We study the
characterisations of quasi-isometry and n-power quasi-isometry composite multiplication operators.

2 Characterization of the class[nQI] composition operators

The following Lemmas of [2] and [8] play an important role in the following Theorems:

Lemma 2.1. [2,(8] Let P be the projection of L>(\) onto R(Cr), where R(Cr) denotes the closure of the range of Cr.
Then,

(i) C+Crf = hf and CyCif = ho TPf Vf € L*(A).

(i) R(Cr) = {f € L*(A): f is T~Y(X) measurable}.

(iii) If f is T~Y(X) measurable, and g and fg belong to L2(A), then P(fg) = fP(g) (f need not be in L*(A)).

Also, for k € IN

(iv) (CxCr)*f = hkf.

(0) (CrC})Ff = (ho T)¥Pf

(vi) E is the identity operator on L>(A) if and only if T~1(¥) = ¥,

The following Theorem gives the characterization of n- power quasi-isometry operators.

Theorem 2.1. Let Ct € B(L?(A)). Then Cr is in the class[nQI] if and only if h o T* 1.E(h) o T" =2 = h.
Proof.

Ci1Cy C3f = CECLf, where Cif = h.E(f)o T .
ChICF (foT?) = Ci(foT")
CiICHME(foT?) o T Y =hE(foT")oT !
CiICH[hfoT] = hfoT !
CERE(hfoT)oT Y =hfoT !

Cr . ( JoT 'fl=hfoT"!

Ci2hE(h)oT ' floT =h.foT" !

cn- 2[hoTE( ).foT]=hfoT"?
Ci3hoT>E(h)oT.foT? = h.foT" !
ClAhoTO.E(h) o T>f o T = h.f o T !
hoT" LEMh) oT" 2 foT" ! =hfoT" !
hoT" LE(h)oT" 2=h

Cr e [TIQI]

1 A R
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Theorem 2.2. Let Cy € B(L?(A)). Then Ck is in the class[nQI] if and only if h.E[h]) o T-L.E[h] o T~2...E[h] o
T~=2) E[h) o T-"=3).E[h) o T-"=2.E(f) o T=(""Y) = ho T.E[h].E[h] o T~ ..E[h] o T~("=2) [E(f) o T~("~1).

Proof.
Ci € [nQI] & Ci ' C2CE f = CrCy f. 2.1)
Now,
CyCACEf = CF 'CEhE(h) o T LE(f)o T2
= CY 'hoT2E(h) o T.E(f)
- *" h.E[ho T2E(h) o T.E(f)] o T~
- c*” "hho T.E[h).E(f)o T
= CY hERoT VhEhoT LE(f)oT 2
= C'WE[R o T VE[h o T2E[W] o T VE[h] o T"2.E(f) o T3
= CY hEoT VE[h oT 2E[hoT 3EhoT 2EhoT3.E(f)oT*
= WE[hoT LEh oT 2..E[h o T "2 E[n o T~ "3 E[n] o T~("~2).
E(f) o T~ ("7,
And
CrCi'f = cTcT” YHE(f)oT !
= CrCy" T EE(f) o T Yo T !
= CrCi" P hE[) o T71E( f) oT 2
= CrC " nE o T VE[W o T 2.E(f) o T3
= CTh.E[h] oT VER o T 2. E o T "V E(f)oT ™
= hoT.Eh.EhoT ' E[h]oT "2 E(f)oT "1,
Now (2.1) becomes C € [nQI] < h.E h] o T 1 E[ Jo T 2, [ ] o T~("=2) E[h] o T~("=3) E[h] o T~ ("=2) E(f) o
T-("=1) = ho T.E[h].E[h] o T ..E[h] o T E(f)o O

Example 2.1. Let X = IN, the set of all natural numbers and A be a counting measure on it. T : IN — IN is defined by
T(k) = k+ 1,k € N. Since T" "1 (k) = kywhere k; € N, hy o T" (k) = 1 and h(k) = 1, Cr is of class[nQI]. Here
Cr is the unilateral shift operator on 1.

3 Weighted composition operators of class[nQI]

Theorem 3.3. Let W be a weighted composition operator then W € [nQI] if and only if w, 1.h o T""L.E(w) o
T"2.E(h) o T" 2.E(w.wp) o T"3.f o T" ! = h.E[w.wy] o T~1.f o T" L.

Proof.

€ [nQI] & W' W W2f = W*W"f. (32)
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Consider

WIWE W2 = WIWEWlwf o T)

= Wn_lw*zw[w.f oT]oT

= W' IW*w,.foT?

= W' 'W*hE[wwy.foT?oT ™}

= W' IW'hEwwy))oT LfoT

= W' MmE(w)oT LE(h) o T LE(wwy) o T 2f

= W' 2whoT.E(w).E(h).E(wwy)oT LfoT

= W' 3wwoThoT?E(w)oT.E(h)oT.E(w.w,).f o T?

= W' *wwoT.woT?hoT3.E(w)oT?>.E(h)o T?.
E(w.wy) o T.f o T?

= wwoTwoT?.woT" 2hoT" LE(w)oT"2.E(h)oT" 2
E(w.wy) o T" 3. f o T

= w,_1.ho T" L.E(w) o T" 2.E(h) o T" 2.
E(w.wy) o T" 3. fo T 1

And

WW'f = WW' lwfoT
= W'W' 2w [w.foT]oT
= W'W'" 2wwoT.foT?
= W'wwoT.woT" LfoT"
= hEwwwoT..wo T”fl.f oT" o 7!
= hE[wwy]oT  .foT" 1,

Now (3.2) becomes
W € [nQI] & wy_1.ho T LE(w)oT" 2.E(h) o T" 2.E(w.wy) o T" 3.fo T" ! = h.E[w.wy]o T .foT" 1. O

Theorem 3.4. Let W be a weighted composition operator then W* € [nQI| if and only if h.E[w] o T~1.E[h] o
T-1.E[w] o T~2.E[h] o T~2.E[w] o T3.E[h] o T~3....E[w] 0 T"2.E[h] 0 T"2.E[w.w;] o T~"~V . h o T-("=3) E[w] o
T-("=2 E[h] o T-"2) E(wf) o T-(""Y) = w.h o T.E[w)].E[h].E[w] o T"L.E[l] o T 1....E[w] o T~("—2),

E[h] o T~("=2) E(wf) o T~ ("),

Proof.

W* € [nQI] < W 'W2W* f = WW*" £, (3.3)
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W W2WE F = W W2RE(w) o T-LE(h) o T L.E(wf) o T2

= WY 'W.w.ho T.E[w].E[h).E(wf)o T

= W*" 'wyho TXE[w] o T.E[h] o T.E(wf)

= WY hE[w.ws.ho T2E[w] o T.E[h] o T.E(wf)] o T

= W h.E[w.ws) o T~ ho T.E[w].E[h].E(wf)o T

= W h.E[w]o T E[h) o T"\.E[w.ws] o T"2.h.
E[w] o T L.E[h] o T"V.E(wf) o T2

= W 'nE[w)o T LE[h o T .E[w]o T 2.E[h] o T2.E[w.w,) o T 2.
hoT LE[w]oT 2E[oT 2E(wf)oT 3

= hE[w]oT LEH oT LE[w]oT 2E[hoT 2Elw]oT 3E[hoT 3.
E[w) o T" 2.E[h] o T" 2.E[w.w,] o T~V o T-"=3) E[w] o T~ ("2
E[h] o T-"=2) E(wf) o T-(*~1).

And,

WW* f = WW" hE(wf)oT !

= w*” Zh E[wh.E(wf)oT JoT !

= WW* "hE[w]oT LE[h oT LE(wf)o T2

= Ww* h.E[w] o T LE[h o T"LE[w] o T"2.E[h] o T 2.E(wf) o T3

= Wh.E[w]o T E[h o T .E[w] o T"2.E[h] o T2
E[w] o T~V E[h) o T-""D E(wf) o T

= w.hoT.E[w].E[h].E[w] o T" .E[h] o T™?
.E[w] o T~"=2) E[n] o T_(”_Z).E(wf) oT (1),

Now becomes W* € [nQI] < h.E[w] o T"L.E[h] o T~ .E[w] o T~2.E[h] o T~2.E[w] o T~3.E[h] o

T-3...E[w] o T" 2.E[h] o T"2.E[w.w;] o T~ "=V o T~("=3) E[w] o T-("=2) E[h] o T~("=2) E(wf) o T~ (")
w.ho T.E[w].E[h].E[w] o T"L.E[h] o T~!....E[w] o T-("=2) E[h] o T~("=2) E(wf) o T—("~1),

oo

4 Charecterisations of class [nN] composition operators

In this section we discuss the characterization of n-power normal composition operators on L2— spaces.
Lemma 4.2. [l Let & and B be non-negative functions with S = support . Then the following are equivalent:

(i) Forevery f € L*(X, ¥, A), [y |fI?dA > Ix |E(Bf|F)|* dA, where F is a sub-sigma algebra of Y.

(i) Support B C S and E(%zxﬂl-") < lae.

Theorem 4.5. Cr € B(L%(A)) is of class[nN] if and only if h,, > 0 and E(%) = hn;T”'

Proof.
(CHCHrf) = )= [ lfPar
1 2
<C¥C§"f,f> = <h”OTnEf'f>:/thOT"E(f)fd/\z/X‘E(h,goT"f)

Let S = support hy. By Lemma Cr is of class[nN] if and only if support hé oT" C support hy, and
E (&) <1,

As hy o T" > 0, the condition involving supports is true if and only if h, > 0 (so that xs = 1). The
inequality is then equivalent to E(hln) = hniﬁ since hy, o T is T~1(¥) measurable. O
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1 1 1 1 2 1 2 1 2
Wik f|| = ||h2_ k3 o TPf @‘h,%f = || o T2 PE|".

2
Theorem 4.6. (i) Cr is of class[nN] < ‘ = ‘

2

1 1
hih?_ Pf hZ_ hioTPf|l .

2 ‘

(ii) ’

Proof.

0 = <c;c51f,foT”—1>—<c¥c;f,fo:r”—1>
= (W foT' ) — (CF o TP, foT" ")
= <hfoT”*1,foT"*1>—<hoTPfoT"*1,foT"*1>
= (hfor L foT" ) —(PhoTfoT"™!, foT"")
- /h|f|2oT”*1d)\—/PhoT\f|20T”*1d)t
- /'h|f|2d)\o:r"—1f/phoT|f|2dAoT"—1

= (hhy,_1f,f) — (PhoThy,_1f, f)
= (hhy_1f,f) — (ho Thy,_1Pf, f)

Since Cr and C}} commutes Vi € N, h, hy, also commutes Vi € IN.

2

=

1.1 1
WL f| = [nE

oTPf

2 ‘

Also,

((CF'Ch=CICE VS f ) = (= ha o T*P)f, f)

2

1 2
And hence it follows that ||k f|| = H (hy o T”)%PfH .

(i) follows directly from (i)
O

Theorem 4.7. Let Ct be an n-power normal composition operator on L%(A) then forallm > n, f € L> andi =m —n
we have

<c7"1c¥” f, f> = <Phi o Tihyf, f>. (4.4)
Proof. Form = n +1, we have
(ciici™ff) = (crcicici'f. f)
= (hoTPhyf,f)
—  (PhoThuf, f)

Suppose holds form =n+1,n+2,..n+k,i=1,2,.kandall f € L?. Then
(e ) = (oo ope £ f)
= (I o T Phf, £ )
(Physy o T f, f )

And hence follows by induction. O
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Theorem 4.8. Let Cr be an n-power normal composition operator on L*(\) then forallm > n, f € L> andi =m —n
we have

(CF"CRE,f) = (hiluf. f). (45)

Proof. Form = n + 1, we have

< *n+lcn+1f f> = <C}CTC¥C?”f,f>

= (hhuf, f)
= (hhuf, f)
Suppose holds form =n+1,n+2,..n+k,i=1,2,..kand all f € L?. Then
(e es) = (e eecis)
<hk+1hnf/f>
= <hk+1hnfrf>
And hence follows by induction. O

Theorem 4.9. Let Cr, and Cr, be n-power normal composition operators on L?(A) then for all m > n,p > n, such
that m and p are multiples of n,Cp, C% is normal.

Proof. On applying Theoremin the subsequent equations the assertion is proved. Denote Cf}ll( C’%l by M1k
<K :
and Cr, CI}Z by Mj,2)x respectively.

(erchyr@rchins) = (c CT1CT1C’°ff>

= (- fC f)

= (W R Chf f)

= (Ml it f)
((CRCE)(CRCE) S f) = <C”c f>

= (hey-sh@nCT CHLS)

- <h(1)m—nh() @p—nh@nf f>

From the above equalities it follows that Cp, C?z is normal. O

Corollary 4.1. Let Cy, and Cr, be n-power normal composition operators on L2(A) then for all m > n,p > n, such
that m and p are multiples of n,(C., ch ,)1, Vq € N is normal.

In particular, for g = n, Cf, C’;z is ofclass [nN].

Proof. From Theorem @4.9)it is obvious that (C7; C?Z)q, Vg € N is normal. And for g = n, it follows from the
normality of class[nN] operators that C7} C% is of class[nN] O

Now we establish a close relationship between ¢(Cr) and E(h) where E(h) denotes the essential range of
the Radon-Nikodym derivative h.

Theorem 4.10. Let Ct be an n-power normal composition operator on L?(A) then

o(Cr) C {zx% can € C and |oc|% € E(hn)%}

Proof. Crisin class[nN] implies C} is normal and hence by Spectral mapping Theorem, for normal operators,
s(cE'cr) = {|zx|2 ‘ae a(cg)}.

But C; C = Mj,,.
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Therefore o(M;,) = {|0<|2 S U(CT”-)}. Because o(My, ) = E(h;). We have,

E(hy) = {|rx|2 ‘a € a(cgz)} = {|tx|2 ‘o€ U(CT)”}.

Thus o(C7)" C {oc cxeC and | € E(hn)} ,which implies

o(Cr) € {ar :at €C and la|" € E() 7 } 0

==

Theorem 4.11. Let Ct be an n-power normal composition operator on L*>(\) such that 1 does not belong to E(hy ).

Then o(Cr) = {D(% can € C and |zx\% € E(hn)%} and hence o (Cr) has cyclic symmetry.

1

Proof. From the proof of Theorem 4.10, we have,E(h,)n = {|0¢|% Lan € o(Cr) } Thus for every m € E(hn)%

there is an ar € o(Cr) such that |a|" = m. If & € o(Cr) and |a| # 1, then every B such that |«| = |B|
is in o(Cy)[6]. Since by assumption, 1 ¢ E(hn)% there is no ai € o(Cr) such that |0c|% = 1. Hence
{vc% can €C and |zx|% €E (hn)%} C 0(Cr). The opposite inclusion follows from Theorem |4.10/and hence

o(Cr) = {ar :ah €C and |a|7 € E(hy)1 }. -

5 Quasi-isometry and n-power Quasi-isometry Composite
multiplication operators

In this section we give a characterization of quasi-isometry and n- power quasi-isometry composite
multiplication operators.

Theorem 5.12. Let M, T on L?>(\) be a composite mulitiplication operator, then for A > 0, M, r is a quasi-isometry if
and only if u.h.E[uh] o T"V.E[uo Tuo T?) o T-2.f = u?.h.f.

Proof.

M, T is a quasi-isometry < MZ,ZTMﬁlT f =M, rM,1f

MMy ruoT.foT =M ruoT.foT
PruoT(uoT.foT)oT| = uhEuoT.foT|oT !
PrlwoTuoT foT = uhuoToT LfoToT !

M; puhEfuoTauoT? foT? o T ' =uhu.f

M; uhEfuoTauoT?|oT ' foT =uh.f

whE[uhEuoTuoT? 0T  foT]oT ' = u’hf

uhE[uh) o TV E[uoTauoT? o T 2.f = uh.f.

tet e T O

O
Corollary 5.2. Cr € B(L%())) is quasi-isometry if and only if h.E[h] o T~1.f = h.f.
Proof. The proof is obtained by putting u = 1 in Theorem[5.12} O

Theorem 5.13. Let M,, 1 on L?>(A) be a composite mulitiplication operator, then for A > 0, M, 1 is a quasi-isometry if
and only ifuo T.auo T2uo T?>ho T?>.E[uh) o T.E[f] = uo T.uo T.ho T.E[f]



50 P. Vijayalakshmi et al. / n-power Quasi-isometry and n-power Normal Composition...

Proof.

M, 7 is a quasi-isometry

t ¢t

¢

<2

Mi,TMu,Tf = Mu,TMZ,Tf

M3 M ruh E[f]o T™' = My ruh.E[f]o T~

M2 uh EfuhE[floT ) oT ™' =uoT.[uhE[floT 0T
M2 ;uh.Efuh)o T E[floT > =uoTuoT.hoT.E[f]
M, ruo T.[uhEuhlo T"LE[floT 20T
=uoTuoT.hoT.E[f]

M, ruoTuoThoT.E[uh)l.E[f]oT}
=uoTuoThoT.E[f]
uoT[uoTuoT.hoT.E[uhl.E[floT 0T
=uoTuoT.hoT.E[f]
uoT.uoT?uoT:hoT?E[uh)oT.E[f]
=uoTuoThoT.E[f].

O

Theorem 5.14. Let M, T on L2(A) be a composite mulitiplication operator, then for A > 0, M, 1 is an n-power
quasi-isometry operator if and only if u o T.uo T>uo T3..uo T" Lo T" Lho T L.E[u.h] o T" 2E[uo T.uo T?] o
T3 foT" ' =uhEuoTuoT?uoT.uoT" oT LfoT 1.

Proof.

. . 12 _
M, T is n-power quasi-isometry < MZ,TlMZ,TMf,,T f= MZ,TMu,TMZ’Tl (5.6)

Now,

n—1p g%2 2 _
Mu,T Mu,TMu,T -

M uh Efuh] o T Euo TuoT? o T2 f

M Puo T(uhEluhlo T-VEuoTuoT?|o T 2 f]oT

M uoTuoThoT.Euh]Euo Tuo T oT  foT

M PuoTuoTuoThoT.Euh]EucTuoT 0T  foTloT

M"BuoTuoT uoT?hoT2E[uh)oT.E[uoTauoT?.foT?

Continuing in a similar manner, we arrive at the following expression,

1 g g2 _ _
MMM of = uwoTuoT uoT . uoT" LuoT" !

M, r My 1 f

hoT" LE[uhloT" 2E[uoT.auoT? oT" 3,
f o Tnfl‘

M M uoT.foT
M; M PuoTuoT.foT]oT
M pM"22uo Taro T2.f o T2

spuoTauoT?uo T uo T foT"
uhEuoTauoT?uoT uoT" foT" oT !
uhEuoTauoT uo T uoT" o T LfoT 1,
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Hence equation becomes,

M, r is n- power quasi-isometry < uo T.uo T?2uo T3...uo T" Ly o T}

hoT" VEuhloT" 2EuoTuoT?oT" 3. foT" ' =uhEuoTuoT?uoT3. . uoT o T Lfo T 1. O
Corollary 5.3. C € B(L?(A)) is n-power quasi-isometry if and only if ho T* L.E[h] o T" 2. fo T" 1 = h.f o T"" 1,
Proof. The proof is obtained by putting # = 1 in Theorem O
Theorem 5.15. Let M,, T on L?(A) be a composite mulitiplication operator, then for A > 0, M, 1 is an n-power quasi-
isometry operator if and only if u.h.E[u.h] o T-1E[uh] o T~2...E[u.h] o T-"""2DE[uo T.uo T2 0 T2 o T~ (11,

E[h o T-"=3) E[uh] o T-"2 E[f] o T-"1) = yo T o T.h o T.E[u.h).E[u.h] o T-V.E[u.h] o T-2....E[u.h] o
T=("=2) E[f] o T~ (n=1),

Proof.
n—1 2 n—1
M;, 1 is n-power quasi-isometry < M ¢ Mz 1M of = M, rM;; 1M1 f (5.7)

Now,

w1

Mu,T

%2

Mi,TMu,T = :;n; [uoTuo T2uoT?ho TZ.E[u.h] o T.E[f]]
— M whEfuwo Taro T2uo T2 ho T2E[uh] o T.E[f]] o T~
= M7 uhEuoTuoT uoT?oT " hoT.Euh].E[f]oT !
= M;flfu.h.E[u.h.E[u oTauoT?>uoT?oT 1.
hoT.E[uh).E[floT ' oT™!
= Mf;;u.h.E[u.h] oT LEuoTuoT uoT?|oT 2
hEluh)o T LE[floT 2

= wh.E[uh]o T_l.E[u.h] o T_2....E[u.h] oT—(n=2)
E[u oT.uwoT?uo Tz] o Tf(”fl),E[h] o T—(n=3)
Elu.h) o T-0=2 E[f] o T~ ("=

And,
*M =1 -
M, tMr = M,rM;r whE[floT !
— MMy whEwhE[floT oT™
= MM whE[wh)o T E[f]o T2

= My ruhE[uh]o T LE[uh]o T"2E[uh]oT3....
E[uh) o T~ """V E[floT "

= wuoT[uhE[uhloT LE[uh]oT 2E[uhloT3..
E[u.h] o T_(”_l).E[f] oT™™oT

= wuoTwoThoT.E[uh]E[uh]o Tﬁl.E[u.h} oT™2...
E[u.h) o T-"=2) E[f] o T~ ("1,

Hence equation becomes,
M;, 7 is n-power quasi-isometry <« u.h.E[u.h] o T-VE[uh] o T-2..Euh]) o T~ "2 E[uo Tu o T2u o T?] o
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7=V Eh] o T-"=3) E[uh) o T-"2 E[flo T-""V) = o Tuo T.ho T.E[u.h].E[u.h] o T~ .E[u.h] o T2
E[uh] o T-("=2) E[f] o T—(n=1), O

Corollary 5.4. Ci € B(L?(A)) is n-power quasi-isometry if and only if h.E[h] o T~ .E[h] o T~2....E[h] o T~("~2).
Eh o T-("=3) E[h] o T-("=2) E[f]o T~ ("1 = ho T.E[h].E[h] o T~ .E[h] 0 T~2...E[h] o T~("=2) [E[f] o T~ (n—1),

Proof. The proof is obtained by putting # = 1 in Theorem O
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