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Abstract

We study of a quasistatic frictional contact problem between two thermo-electroelastic bodies with
adhesion. The temperature of the materials caused by elastic deformations. The contact is modelled with a
version of normal compliance condition and the associated Coulomb’s law of friction in which the adhesion
of contact surfaces is taken into account. We establish a variational formulation for the model and we prove
the existence of a unique weak solution to the problem. The proof is based on a classical existence and
uniqueness result on parabolic equalities, differential equations and fixed point arguments.
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1 Introduction

The adhesive contact between deformable bodies, when a glue is added to prevent relative motion of the
surfaces, has received recently increased attention in the mathematical literature. Analysis of models for
adhesive contact can be found in [1} 4, (9, [12] and recently in the monographs [Z,[8]. The novelty in all these
papers is the introduction of a surface internal variable, the bonding field, denoted in this paper by g, it
describes the point wise fractional density of adhesion of active bonds on the contact surface, and some times
referred to as the intensity of adhesion. Following [2], the bonding field satisfies the restriction 0 < g < 1,
when B = 1 at a point of the contact surface, the adhesion is complete and all the bonds are active, when
B = 0 all the bonds are inactive, severed, and there is no adhesion, when 0 < B < 1 the adhesion is partial
and only a fraction 8 of the bonds is active. The aim of this paper is to study the quasistatic contact in thermo-
electroelastic materials. For this, we use an thermo-electroelastic constitutive law with long-term memory
given by

ol = Al (e(uh),0") + /Otgf(t —s,e(u’(s)),0%(s)) ds — ()" E‘ ("), (1.1)

where u’ the displacement field, o/ and &(u’) represent the stress and the linearized strain tensor, respectively,
0 represents the absolute temperature and &' represents the damage field. Here Q' is the relaxation operator,
and A’ represents the thermo-elasticity operator with damage. E(¢‘) = —V¢' is the electric field, £
represents the third order piezoelectric tensor, (£)* is its transposition. In this paper we study a quasistatic
Coulomb’s frictional contact problem between two thermo-electroelastic bodies with long-term memory. The
contact is modelled with normal compliance where the adhesion of the contact surfaces is taken into account
and is modelled with a surface variable, the bonding field. We derive a variational formulation of the problem
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and prove the existence of a unique weak solution. The paper is organized as follows. In section[2J] we describe
the mathematical models for the frictional contact problem between two thermo-electroelastic bodies with
long-term memory. The contact is modelled with normal compliance and adhesion. We introduce some
notation, list the assumptions on the problem’s data, and derive the variational formulation of the model. We
prove in section [3] the existence and uniqueness of the solution, where it is carried out in several steps and is
based on a classical existence and uniqueness result on parabolic equalities, differential equations and fixed
point arguments.

2 Problem statement and variational formulation

Let us consider two thermo-electroelastic bodies with long-term memory, occupying two bounded domains
O, 02 of the space ]Rd(d = 2,3). For each domain Qf, the boundary ' is assumed to be Lipschitz continuous,
and is partitioned into three disjoint measurable parts T, IS and Fg, on one hand, and on two measurable
parts T and Fi, on the other hand, such that measl"f > 0, measT, > 0. Let T > 0 and let [0, T] be the time
interval of interest. The Qf body is submitted to fé forces and volume electric charges of density 5. The
bodies are assumed to be clamped on I'{ x (0, T). The surface tractions fﬁ acton T4 x (0, T). We also assume
that the electrical potential vanishes on T x (0, T) and a surface electric charge of density qg is prescribed
on l"ﬁ x (0,T). The two bodies can enter in contact along the common part I} = I3 = T'3. The bodies is in
adhesive contact over the surface I's. The mechanical problem may be formulated as follows.

Problem P. For ¢ = 1,2, find a displacement field ul: Qf x (0,T) — RY, a stress field ¢! : Qf x (0,T) —
54, an electric potential field qoé Ol x (0,T) — R, a temperature 6t . Qf x (0,T) — R, a bonding field
B:T3x (0,T) — R and a electric displacement field D’ : Qf x (0, T) — R? such that

ol = Al (e(uh),0) + /Oth(t —s,e(u’(s)),0°(s)) ds — ()" E'(¢"), in Q' x (0,T), (2.2)
D' = &% (u’) + G (E'(¢")), inQ'x(0,T), (2.3)
0" —xfnet = @' (of, e(u’),0") + o' InQf x (0,T), (2.4)
Divel! + f5 =0 inQ! x (0,T), (2.5)
divD! —g§=0 inQ’x(0,T), (2.6)
u' =0 on I’f x (0,T), 2.7)
c'vl = fL onT4x (0,T), (2.8)
ol = 02 =, where o, = —py([uy]) + 1 B*Ry([uy]) onTszx (0,T), (2.9)
0'.1r = —012[. =07,
HtTr + 'yT,BZRT([uT})H < pupv([uv]),
||0'T + ’YT,BZRT([uTDH < upv([uy]) = [uc] =0, onT3x(0,T), (2.10)

loe + e B2 Re([u=]) || = ppv([w]) = FA > 0
such that o + ”yTﬁZRT([uT]) = —Afuy]

.B = _(,B(YV(RV([MV]))Z‘F'YT |RT([”T])|2) _Sa)Jr onTl3 x(0,T), (2.11)
' =0 onT.x(0,T), (2.12)
D'’ =¢5 onT} x (0,T), (2.13)
,9'¢
K5t A0 =0 onT!x (0,T), (2.14)
u’(0) = uf, 0°(0) =65 inQ), (2.15)
‘B(O) = 'BO on F3. (2.16)

” o

Here and below $% denotes the space of second order symmetric tensors on RY, whereas ”.” and ||.|| represent
the inner product and the Euclidean norm on 8% and R?, respectively; v' is the unit outer normal vector on T,
and r = max{r,0} denotes the positive part of 7, equations (2.2) and (2.3) represent the thermo-electroelastic
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constitutive law with long term-memory. Equation represents the energy conservation where @ is a
nonlinear constitutive function which represents the heat generated by the work of internal forces and p' is a
given volume heat source. Equations and are the equilibrium equations for the stress and electric-
displacement fields, respectively. Next, the equations and represent the displacement and traction
boundary condition, respectively. Condition represents the normal compliance conditions with adhesion
where 7, is a given adhesion coefficient, p, is a given positive function which will be described below
and [uy] = ul + u2 stands for the displacements in normal direction, in this condition the interpenetrability
between two bodies, that is [u,] can be positive on I's.

L if s<—I, v iffo| <L,
Ry(s) =< —s if —L<s<0, R(v)= i L (2.17)
0 if s>0. o iflol> L.

Here L > 0 is the characteristic length of the bond, beyond which it does not offer any additional traction

(see, e.g., [9]). Condition (2.10) are a non local Coulomb’s friction law conditions coupled with adhesive,

where [u;] = ul — 42 stands for the jump of the displacements in tangential direction. Next, the equation

represents the ordinary differential equation which describes the evolution of the bonding field and it
was already used in [1], see also [12, [14] for more details. Here, besides 7,, two new adhesion coefficients
are involved, y; and ¢,. Notice that in this model once debonding occurs bonding cannot be reestablished
since, as it follows from (2.11), 8 < 0. and represent the electric boundary conditions. The relation
represent a Fourier boundary condition for the temperature on rt. Finally the functions u, 6y and Bp in

2.15)-(2.16) are the initial data.

We now proceed to obtain a variational formulation of Problem P. For this purpose, we introduce
additional notation and assumptions on the problem data. Here and in what follows the indices i and j run
between 1 and d, the summation convention over repeated indices is adopted and the index that follows a
comma indicates a partial derivative with respect to the corresponding component of the independent
variable. Let H' = L*(Q")4, H{ = H'(Q")?, #' = [*(Q"), H| = {7’ = (¢) € H'; divt’ € H'}. The
spaces H', H{, H" and H{ are real Hilbert spaces endowed with the canonical inner products given by

(MZ,U[)Hz = /Q[ ul oldx, (uz,vé)Hf = /QE ue.vedx+/m Vul.Voldx,

I (— I (— : C Myivr 4
= . = . 1 .Di
(0%, T") gy /04‘0 Tdx, ((r,r)Hf /Qtﬁ de+/0/dv¢r v T'dx

and the associated norms ||. || ¢, ||HH{, ||l 44¢, and HHH{ respectively.
We introduce for the bonding field the set

Z = {g € L®(0,T; L*(T3)); 0 < ¢(t) <1 ¥t € [0,T), ae. on r3},
and for the displacement field we need the closed subspace of H{ defined by
vi= {vz € Hf; ol = 00n1"§}.
Since measI'{ > 0, the following Korn’s inequality holds (see [7]) :
le(@) I3 = el [l Vo' € VY (2.18)
Over the space V! we consider the inner product given by
(u, ’Ué)vg = (s(uz),s(vé))ﬂg, vu', o' e VY, (2.19)

and let [|.||» be the associated norm. It follows from Korn’s inequality (2.18) that the norms |. || H and |||

are equivalent on V¢. Then (V¥,||.||) is a real Hilbert space. Moreover, by the Sobolev trace theorem and
[@2.19), there exists a constant ¢y > 0, depending only on Qf, T¥ and I's such that

1220 < collo’llye Vo € VY. (2.20)
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We also introduce the spaces
Ef=12(QY), E/=HYQY), W= {M e E; ¢! =0on rﬁ},
w' = {D' = (Df); Df € 1(Q)"), divD" € [2(Q) } .
Since measT > 0, the following Friedrichs-Poincaré inequality holds:
IV e > CFHI/)Z”Hl(Qf) vy e W, (2.21)

where cr > 0 is a constant which depends only on QF, T'Y. Over the space W', we consider the inner product
given by

(0" 9 ) \we = [ Vol . Vpldx 2.22)

and let ||.[|,y¢ be the associated norm. It follows from 2.21) that ||.|| ;1 () and ||.[|y¢ are equivalent norms on
W and therefore (WY, ||. ||y¢) is areal Hilbert space. The space W is real Hilbert space with the inner product

(DY, @), = /Qg DZ.CDde—i—/Q[ div D. div ®‘dx,

where div D! = (Df ;), and the associated norm ||. |, .
In order to simplify the notations, we define the product spaces

V=V'xV? H=H'xH? Hy = H x H, H=H' x H?, H1 = H] x 13,
Eo=E} x E3, By = E} x E2, W = W x W2, W = W! x W2,

The spaces V, E;, W and W are real Hilbert spaces endowed with the canonical inner products denoted by

(., .)V, (., ')El’ (., -)W and (., )W
In the study of the Problem P, we consider the following assumptions:

The thermo-elasticity operator A* : QO x 8¢ x R — 8 satisfies:

(a) There exists L 4+ > 0 such that :¥¢y, &, € S r1,1 €R,

|AL(x,81,m1) — Al(x, 85, 12)| < L (81— Gl +

lr1—rl), aexeQ (2.23)
(b) The mapping x — A’(x, & ) is measurable in Qf, V& € S%,r € R.
(c) The mapping x — A’(x,0,0) belongs to H’.

The relaxation function Q°: Qf x (0,T) x 8% x R — & satisfies:

(a) There exists Lge > Osuch that :v¢;, &, € 8,1 €R,
1Q%(x,£,81,11) — Q' (x,1,85,12)| < Lo (61— &l +
|1 —12|), forallt € (0,T), ae. x¢€ Q.

(b) The mapping x — Q'(x,t,&,r) is measurable in Q),
forany t € (0,T), ¢ € st reR.

(c) The mapping t — Q’(x,t,&,r) is continuous in (0, T),
forany ¢ € S reR, ae xe Ol

(d) The mapping x — Ql(x,t,0,0) belongs to H!,VE € (0,T).

(2.24)

The energy function 0’ : 0f x 5% x 8% x R — R satisfies:

(a) There exists Lge > 0 such that :V#,1,,81,8, € S a1, 00 € R,
10" (x, 171, &1, 1) — O (x,71, 83, 2) | < Lot (I —mol+
& — &+ v —az]), ae.xeQl

(b) The mapping x — ©%(x,#, &, &) is measurable on Q, (2.25)
forany 5,& €S%and « € R,

(c) The mapping x + ©%(x,0,0,0) belongs to L2(Q),

(d) ®(x,7,& ) isbounded forall,& € $%,x € R ae. x € QF.
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The piezoelectric tensor £ : Qf x 89 — R satisfies:
(a) Ex,T) = (efjk(x)gk), VT = (7)) € S ae.x el
(b) ef].k = efk]. cL®(Q), 1<1i,j,k<d.

The electric permittivity operator G : QOF x R — R?, satisfies:
(a) G'(x,E) = (bi(x)E)), bf; = b, bj; € L®(QF), 1<ij<d.
(b) There exists mge > 0 such that :

G'EE > my|Ef?, VEER?, ae.x € Q.

The normal compliance function p, : I's x R — Ry satisfies:

(a) There exists L, > 0 such that :¥ry, 7 € R,
|pv(x,71) — pu(x,12)| < Ly|r1 — 12|, ae. x € T3.
(b) (pu(x,711) — pu(x,12))(r1 —72) >0, Vry,rm €R, ae x €T5.
(c) The mapping x — py(x,r) is measurable onT3, Vr € R.
(d) py(x,7) =0, forall r <0, a.e. x € ['3.

The forces, tractions have the regularity
£ € C(0, T; L2(Q")9), £, € C(0,T;L*(T5)"),
gh € C(0,T;L(QY)), g € C(O, T;LA(TY)), p' € C(0, T L2()),

The adhesion coefficients v, v and ¢, satisfy the conditions

Yo, ve € L®(T3), € € L*(T3), 1v, 77,60 > 0, ace. onT.

The energy coefficient xjy and the microcrack diffusion coefficient x' satisfies :

K€>0, x> 0.

Finally, the friction coefficient and the initial data satisfy:

wel®Tz), wu(x)>0 ae onlsy,
ub e V¢, 65 € EY, Bo € L2(I'3), 0 < By < 1, ace. on I,

We define the mappings f = (f!,£2) : [0,T] — V,q = (¢',4°) : [0, T] — W, by

forallv eV,

2 2
(£(), 0)y = 6_21/0[ fé(t)vfdx—i—ﬁ;/ré £ (t)0" da,

2 L 4 z 14 4
(@08 = 1 [ ab(OF dx =1 [ ah(0)2"aa

€ Wand t € [0, T], and note that conditions (2.29) imply that
f€C(0,T;V), g€ C(0, T;W).

We introduce the following continuous functional a¢ : E; X E; — R by

2 { { 4 2 l {2l
20(2,¢) :EKO/WW Ve dx+€;)x0/ﬂg &da.

215

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

Next, we define the four mappings j,g : L2(T3) x VXV — R, j,c : VXV — R and jirt VXV = R,

respectively, by

jaa(B,,0) = [ (=BR[] o] + B2 Re([uc]) [o]) da,

3

je(w,0) = [ pullu))[ov]da

o) = [ plfue]) o] de

(2.37)
(2.38)

(2.39)
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By a standard procedure based on Green'’s formula we can derive the following variational formulation of the
contact problem 2.2)-(2.16).

Problem PV. Find a displacement field u = (u!,u?) : [0,T] — V, a stress field o = (¢!,0?) : [0,T] — H,
an electric potential field ¢ = (¢!, ¢?) : [0, T] — W, a temperature § = (8,62) : [0, T] — E;, a bonding field
B:[0,T] — L®(T3) and a electric displacement field D = (D', D?) : [0, T] — W such that, for a.e.t € (0,T),

ol = Al(e(u’),0") + /O'tgf(t —s,e(u’(s)),0%(s)) ds — ()" E*(9"), (2.40)
D' = &'(u") + G* (E'(¢")), (2.41)
2
t O — e(ut r+7 u(t), v —u e (u(t), o
g;(v &(07) —e(u (1)) gy + Jaa(B(H), u(t), (1) +jsr(u(t),v) (2.42)
—jpr(u(t), u(t)) + juc(u(t), v —u(t)) = (£(t), v —u(t))y, Vo €V,
2
VECEL Y (0'1) — p'(6),E) ey + a0(8(1),E) =
, (2.43)
L( 0 e u€ Y4 24
L (0 0 et 0),8'0).8)
2
Y (£'e(u' (1) +G" (E'(¢' (1)), V9') ., = (~a(6),9)w, ¥p € W, @44)
(=1
Bty = = (B (1o (Rl (D)) + 7¢ [Re([ue (D) &), (2.45)
u(0) = ug, 0(0) =6o, B(0) = Po. (2.46)

We notice that the variational Problem PV is formulated in terms of a displacement field, a stress field, an
electrical potential field, a temperature, a bonding field and a electric displacement field. The existence of the
unique solution of Problem PV is stated and proved in the next section.

Remark 2.1. We note that, in Problem P and in Problem PV, we do not need to impose explicitly the restriction
0 < B < 1. Indeed, equation guarantees that B(x,t) < Bo(x) and, therefore, assumption shows that
B(x,t) < 1fort > 0,ae x € I's. On the other hand, if B(x,ty) = O at time to, then it follows from that
B(x,t) = 0 forall t > to and therefore, B(x,t) = O for all t > to, a.e. x € T's. We conclude that 0 < B(x,t) < 1 for all
t€[0,T], ae x €Ts.

First, we note that the functional j,; and jy. are linear with respect to the last argument and, therefore,

jad(ﬁ/ u,—v) = _jad(ﬁ/ u/v)/

) ] (2.47)
jue(w, —v) = —juc(u,v).
Next, using and b) imply
Jue(u1,02) = juc(u1,01) + juc (2, v1) — juc(u, v2) < 0. (2.48)
Similar manipulations, based on the Lipschitz continuity of operators R,, Rr show that
lad (B, u1,0) = jaa (B, w1, 0)| < cllur —malv]lo]lv. (2.49)
Next, using (2.39), (2.28)(a), keeping in mind (2.20), we obtain
jrr(u1,02) = jpr(u1,01) + jr (2, 01) — jpr (2, 02) (250)

< C%LvHVHLw(rg,)Hul —uwllv|v1 — o2y

3 Main Results

The main results are stated by the following theorems.
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Theorem 3.1. Assume that (2.23)—(2.32) hold. Then, there exists g > 0 depending only on Qf, 1"{, T g, T's, py, pr, and
A, € = 1,2 such that, if ||| < po, then Problem PV has a unique solution {u, o, 9,0, B, D}. Moreover, the solution
satisfies

uecC(0,T;V), (3.51)

@ € C(0, T; W), (3.52)

B € WV®(0,T;L?(T3)) N Z, (3.53)
o€ C(0,T;H), (3.54)

0 € L2(0,T; E;) N H'(0, T; Ey), (3.55)
D € Wv(0, T, W). (3.56)

The proof of Theorem [3.1is carried out in several steps and is based on the following abstract result for
variational inequalities.
Let X be a real Hilbert space, and consider the Problem of finding # € X such that:

(Au,v —u)x +j(u,v) — j(w,u(t)) > (f,o—u)x Yo € X. (3.57)

To study problem (3.57) we need the following assumptions: The operator A : X — X is Lipschitz continuous
and strongly monotone, i.e.,

(a) There exists L4 > 0 such that
|Auy — Aup | x < Lallug —uaf[x Vuy,up €X,

(b) There exists m 4 > 0 such that (3:58)
(Auy — Aup, uy —up)x > mal|lug —up||x Yuy,uy € X.
The functional j : X x X — R satisfies:
(a) j(u,.) is convex and I.S.C. on X forall u € X.
(b) There exists m; > 0 such that
) " : . (3.59)
jlur,v2) — j(u1,01) + j(u2,v1) — j(u2,v2)
< mjlluy —wo||x[lo1 —va2llx Yuy,up,v1,02 € X.
Finally, we assume that
fex. (3.60)

The following existence, uniqueness result and regularity was proved in [13} p.51].
Theorem 3.2. Let (3.57)—(3.60) hold, and m; < m 4. Then:
1. There exists a unique solution u € X of Problem (3.57).

2. If, moreover, uy and uy are two solutions of (3.57) corresponding to the data fi, f» € X, then there exists ¢ > 0
such that

g —u2lx <cllfi — fallx- (3.61)

We turn now to the proof of Theorem which will be carried out in several steps and is based on
arguments of nonlinear equations with monotone operators, a classical existence and uniqueness result on
parabolic inequalities and fixed-point arguments. To this end, we assume in what follows that (2.23)-(2.32)
hold, and we consider that C is a generic positive constant which depends on Qf, Ff, 1"{, I's, pv, Pz, Al gt of,
&t Yvr Y1, o, (/)é, Kg, x’, and T with ¢ = 1,2. but does not depend on t nor of the rest of input data, and whose
value may change from place to place.

In the first step. Let A € C(0, T; Ey) and consider the auxiliary problem.

Problem PV, . Find 0, : [0, T| — Ey, such that

Y71 (83() = AL(E) = p'(£),6") 1a(qae) + a0(6} (1), &) = 0, VG € Eo, (3.62)
6,(0) = 6. (3.63)
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Lemma 3.1. There exists a unique solution 6, to the auxiliary problem PV, satisfying (3.55).

Proof. Furthermore, by an application of the Poincaré-Friedrichs inequality, we can find a constant ¢y > 0 such
that

Aﬂ
/Q[ Ve + 22 /r[ 122da > ¢ /Q[ ¢2dx, VEeEl, =12
0

Thus, we obtain
ay(¢,8) > aillgllE,, V¢ € Ey,

where ¢; = xomin(1, ¢p)/2, which implies that ag is E; —elliptic. Consequently, based on classical arguments
of functional analysis concerning parabolic equations, the variational equation (3.62) has a unique solution 6,
satisfying 0, (0) = 6y and the regularity (3.55). O

In the second step. Let (A1) € C(0,T;Eg x V), we use the 6, obtained in Lemma [3.1{and consider the
auxiliary problem.

Problem PV .Findu, :[0,T| =V, .10, T] — W, and : [0, T] — L2(T3) such that
(A7) Ay Py A1

i( ul),68), e(2') —e(u! (1))

¢
1 H

Y4
ity (£),0 = 1y (8)) + oty (8),0) — oty (£), 1, (1) G64
+(7](t)'v ( ))V > (f(t),'() - u/\ﬂ(t))V/ YoeV,
Y (5f€(uf,,(f HngZ(%,( ), V') e = (—a(t), p)w, Vo €W, (3.65)
By (1) == (B, () (R ([, () + 7 [Rellay ()] ) —22) (3.66)
u,, (0) = o, By, (0) = o. (3.67)

We have the following result

Lemma 3.2. (1) There exists py > 0 depending only on Qf, F{, Fg, I's, pv, pr, and A 0 = 1,2 such that, if
|\;{!3< po, then Problem PV(, .\ has a unique solution {u,, , ¢, ,B, } which satisfies the regularity (3.51)-
(3.53).

(2) If uy and uy are two solutions of (3.64) and (3.67)) corresponding to the data (A1,11), (A2, 112) € C(0, T; Eg x V),
then there exists ¢ > 0 such that, for t € [0, T],

lu1(£) — w2 (B)llv < cllm(t) —m2(B)]lv- (3.68)

Proof. We apply Theorem 3.2l where X = V, with the inner product (-, -)y and the associated norm ||.||y. Let
t € [0, T]. We use the Riesz representation theorem to define the operator A : V. — V by

2

(Au,v)y = Y (Al(e(u"),8)), e(v")) 0, (3.69)

(=1

forall u,v € V, and define f; € X and the functionj: V x V — R by

£, = £(t) — (1), (3.70)
jw,0) = juc(w,0) +j,(u,0), YuveV. (3.71)

Assumptions (2.23) imply that the operators A satisfy conditions 3 58
It follows from (2 2 ) (232), 2.38) and ([2.39) that the functional j, , satisfies condition (3:59)(a). We use
again (2.48), 2.50) and (3.7) to find

j(u1,02) — j(uy,v1) + j(uz,v1) — j(u2,v2)

< Ly l|pll oyl — mallvllor — v2llv - Vay, up, 01,02 €V,

(3.72)
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Using now we find that (3.64) and (3.68) is a direct consequence of Theorem 3.2} Let now t,t; €
[0, T], an argument based on (2.23), (2. 49) and 2. 50) shows that
o, (11) =, (R2) lv < c([[A(t1) = A(R2) I + [l (1) — n(t2) v + [1£(t1) — £(£2) [lv)- (3.73)

Keeping in mind that f € C(0, T; V) and recall that (A, 17) € C(0, T; Eg x V), it follows now from (3.73) that the
mapping u, satisfies the regularity (3.51).
Let us consider the form G: W x W — R,

2
Gl ) =Y (G'Ve' V') Yo, peW. (3.74)
=1

We use 2:21), 2:22), 2:27) and (3.74) to show that the form G is bilinear continuous, symmetric and coercive
on W, moreover using (2.34) and the Riesz representation Theorem we may define an element w,, : [0, T] — W
such that

2
(w,, (), P)w = (q(t), P)w + ;(5é€(uf,1(t))/v¢€)m Vo e W,t € (0,T).

We apply the Lax-Milgram Theorem to deduce that there exists a unique element ¢, (t) € W such that

Gl (1), 9) = (w,, (1), P)w VP e W. (3.75)

It follows from (3.75) that ¢ A IS a solution of the equation (3.65). Let t1,t, € [0, T], it follows from (3.65)
that

o, (1) = @, (2)[lw < C(ll,, (11) = w, (B2)[lv + ll9(t1) — 4(t2)lIw)- (3.76)

Now, from (2.29), (3.76) and u, € C(0,T; V), we obtain that ®,, € C(0, T; W).
On the other hand, we consider the mapping H,, : [0, T] x L%(T3) — L2(T3),

Hy, () = = (B0 (Rullay, ()P +7e |Rel, (0D ] —&4)

forallt € [0, T] and B € L?(T3). It follows from the properties of the truncation operator R, and R, that H 18
Lipschitz continuous with respect to the second variable, uniformly in time. Moreover, for all B € L?(T'3), the
mapping t — H, (t, B) belongs to L*(0, T; L%(T3)). Thus using the Cauchy-Lipschitz theorem (see [12} p.48],
we deduce that there exists a unique function g, € WL (0, T; L2(T3)) solution of the equation (3.66). Also,
the arguments used in Remark show that 0 < B, (t) < 1forallt € [0,T], a.e. onI's. Therefore, from the
definition of the set Z, we find that §, € Z. This completes the proof . O

In the third step, let us consider the element

A, A)(8) = (AN, A) (1), A*(,A) (1)) € V x Eq, (3.77)
defined by the equations
2
(A (1, )(1), v Z ((EVE(gy,)r () e + jaa By, (1), 1y, (1), 0)
—i—[é (/Ot ol (t - s,s(ufv (s)),05(s)) ds, e(v£)>w, Vo ev, (3.78)
A2(5,7) = (@1(0'1’7,8( ),6%), @ (a2, e(u?, ),eﬁ)), (3.79)

. 0 o« .
where the mapping o Ay 18 given by

ol = Al (elul ),69) + [ @'t s, (5)),655))ds — (£)°E' (o). (3.80)
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Lemma 3.3. The mapping A has a fixed point (1*,A*) € C(0,T;V X Ep).

Proof. Let (71,A1), (12,A2) € C(0,T;V x Ep) and denote by 6;, u;, ¢;, p; and o, the functions obtained in
Lemmas[3.1} 3.2and the relation (8:80), for (17,A) = (17, A;),i = 1,2. Let t € [0, T]. We use (2:26), (2:37) and the

definition of R,, R;, we have

2
AT (1, A1) (£) = AL (12, A2) (DI < ; 1) Vi(t) = (E) Vh(t)I[3,+

2t
2/0 1QF (£ — s, e(uf(s)), 65 (s)) — Q (£ — s, e(uh(s)), 04(s)) |3, ds
=1

+CI|BT ()R ([10 (D)]) = B3 (E) Ry (20 (DD 1T
+CIIBI(ORe ([u12(D)]) = B2 (R (2 (][I 72r, -

—_

Therefore,
t
AT (71, A1) (8) = A (2, A2) (1) Iy < C(/O 1 (s) — u2(s)) [ ds +

[ 16165) = @)1, ds + 191 (6) — o2y + 1815 - ﬁz<t>||i2(r3)). (3.81)

By similar arguments, from (3.79), (3.80) and (2.25) it follows that

1A% (1, A1) (8) = A% (2, A2) (D[, < C(||u1(t) —m()|ly
t
+/O loe1(s) — 2(5)) |3 ds + [101(¢) — 62(1)) I, +
t
[ 1019 0a(6)) 1, s+ g (6) - 9200 ) 65
It follows now from and that
1A G, M) () = A2, A2) (D[, < C<||u1(t) — w0y
Jns) - ua(s)) |3 ds + [101(t) — 62(1)) I, + ox(s) - 62(s)) 1%, ds
* 0 0
Hloa() = 20 + 181 (0~ B2 g, ) 6.89)
Also, from the Cauchy problem we can write

B0 =0~ [ (i) (R ([uan ()2 + e [Re (e ()2 — e0) s
and then
1810 B2(0) e <€ ] B1 9)R (le (5] B (5) Ryt 51l
+C [ 1819 Re sz (DD = b2(6) [Rellze D 3

Using the definition of R, and R and writing 81 = 1 — B2 + B2, we get

||131(t) - ﬁ2(t)HL2(r3) < C(/Ot 1B1(s) — ﬁz(S)HLZ(r3)d5 + /Ot ||”1(S) - ”2(S)|‘L2(r3)dds). (3.84)

Next, we apply Gronwall’s inequality and from the Sobolev trace theorem we obtain

t
IB1(8) = Ba®) ey < € [ (o) = ma(s) 3. (3.85)
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We use now (3.65), (2.21)), (2.26) and [2.27) to find

lp1(t) = @2(1)|[5y < Cllaea (1) — u2 ()15 (3.86)

From (3.62) we deduce that
(61 — 02,01 — 02)E, +ao(61 — 02,601 — 62) + (A1 — Ap, 01 — 92);50 =0.

We integrate this equality with respect to time, using the initial conditions 6;(0) = 6,(0) = 6y and inequality
00(91 — 65,60 —6) >0, to find

1 t
Sl161(t) = 62(0)|F, < /0 (A1(s) = Aa(s), 01(s) — 02(5)) ¢, ds,
which implies that

ln(6) = 621, < [ 10(s) = Aa(o) s+ [ 6n(s) — 62(5) 3, s
This inequality combined with Gronwall’s inequality leads to
t
l6x(t) — 02(1) 1, < C/O 1A1(5) = Aa(s) [, ds ¥t € [0, T). (3.87)

We substitute (3.68), (3.85)-(3.86) in (3.83) to obtain

1A G71, A1) () = A2, A2) (D) g, < C/Ot 1071, M) () = (2, A2) () 1§, -

Reiterating this inequality m times we obtain

mom

cnr
IA™ (171, Av) = A" (12, A2) €0 1w wEg) <

[ (71, A1) — (72, AZ)H%(O,T;VXEO)’

Thus, for m sufficiently large, A™ is a contraction on the Banach space C(0, T; V x Ey), and so A has a unique
fixed point. O

Let (7*,A*) € C(0,T; V x Ey), be the fixed point of A, and denote

e = Uy Q= Qs P =P B =0, (3.88)
ol = Al (e(ul) N+/dtﬁamnﬂmw%wwﬂ%» (3.89)
D = E%(ul) + G"(E'(91))- (3.90)

We use : Al(y*,A*) = n* and A2(57*,A*) = A¥, it follows:

2
(™ (t Z ((EVE(@L(1), €(0")) 10 + jaa(Bs (1), w4 (t),0)
+ i </t Q' (t —s,e(u’ (s)),0%(s)) ds, e(vf)> , Yo ev, (3.91)
=1 \70 H!
AL(t) = @f(oi(t),s(ui(t)),eﬁ(t)), (=1,2. (3.92)

Existence. We prove {us, os, 94,04, B, Dy } satisfies (2.40)—(2.46) and the regularites (3.5]] . Indeed, we
write (3.64) for (7,A) = (1*, A*) and use (3.88) to f1nd

2
Y (Al (), 60), e(0") — e(ui(t)) g + jue(a (1), 0 — (D) + jgr (12 (1), 0) (3.93)

/=1
—Jjfr(ue(t),uc () + (17 (t), 0 — us(t)))v = (£(t), 0 — us(t))v, Vo € V.
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Substitute (3.91) in (3.93) to obtain

2
Y (A (e(u),05), £(0°) — e(us(1)))gye

oy ( [ Q= s elu ()),6405), ) s, (o) - s(ufi(t)))w

Fad (B (£), 1 (£), 0 — 1 (£)) + Juc (1 (1), 0 — w0 (£)) + (1 (£), )
2

—jpr (e (5),us(8) = 3 ((E)EX(9L(1)), e(0") — e(ui(t))) e

(=1
> (f(t),v—u(t))y Yo €V aet€]0,T], (3.94)

and we substitute (3.92) in (3.62) to have

~
[y

2

2 2
;(%(f)rég)mnf) +ag(65(t),§) = L (AL()) +0°(D,8°) 12y (3.95)
forall¢ € Ey, ae.t € (0,T).
We write now (3.66) for (7,A) = (*,A*) and use to see that
2

2
Y (G'EY(@L(1), V') e +€):<Efs<ufi(t)),V¢f)He = —(q(t), 9)w, (3.96)
=1

/=1
forall¢ € W, ae. t € (0, T). Additionally, we use Uyppeye I (3.66) and to find
Bo(6) =~ (B0 Rl )2 + 3¢ Re e O)) —e2) 697)

a.e.t € [0, T]. The relations (3.93)-(3.97), allow us to conclude now that {u,, o«, ¢+, 60, B+, D+ } satisfies (2.40)—

(2.45). Next, (2.46) the regularity (3.51)—(3.53) and (3.55) follow from Lemmas[3.T|and 3.2} Since u., ¢« and 6
satisfies (3.51), (3.52) and (3.55), respectively, It follows from (3.89) that

oy €C(0,T; H). (3.98)

For £ = 1,2, we choose v = u + ¢ in (3.94), with ¢ = (¢',¢?), ¢* € D(QY)? and ¢~ = 0, to obtain
Divel(t) = —fi(t) Vte[0,T], £=1,2, (3.99)

where D(Q) is the space of infinitely differentiable real functions with a compact support in Qf. The
regularity (3.54) follows from (2.29), (3.98) and (3.99). Let now t1,t, € [0, T], from (2.21), (2.26), (2.27) and
(3.90), we conclude that there exists a positive constant C > 0 verifying

ID(t1) = Ds(t2) [l < C (1@ (h1) = @ () [lw + [ (£2) — w(£2) [ ) -
The regularity of u, and ¢. given by and implies
D. € C(0,T; H). (3.100)
For ¢ = 1,2, we choose ¢ = (¢!, $?) with ¢! € D(Q)? and ¢>~* = 0in and using we find
divD.(t) = gh(t) Vte[0,T], £=1,2. (3.101)

Property (3.56) follows from (2.29), (3.100) and (3.101).

Finally we conclude that the weak solution {u., 0., ¢+, 0+, B+, D+ } of the problem PV has the regularity
(3.51)—(3.56), which concludes the existence part of Theorem

Uniqueness. The uniqueness of the solution is a consequence of the uniqueness of the fixed point of the
operator A(.,.) defined by (3.78)-(3.79) and the unique solvability of the Problems PV, and PV, ,). O
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