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Abstract

In this paper we examine the existence of bicomplexified inverse Fourier transform as an extension of its
complexified inverse version within the region of convergence of bicomplex Fourier transform. In this paper
we use the idempotent representation of bicomplex-valued functions as projections on the auxiliary complex
spaces of the components of bicomplex numbers along two orthogonal,idempotent hyperbolic directions.
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1 Introduction

In 1892, in search for special algebras, Corrado Segre [11] published a paper in which he treated an infinite
family of algebras whose elements are commutative generalization of complex numbers called bicomplex
numbers, tricomplex numbers,.....etc. Segre [11] defined a bicomplex number ¢ as follows:

¢ = x1+i1Xp +ipx3 + i1ipXxy,

where x1, xp, x3, x4 are real numbers, i% = z'% = —1 and iyip = ixi. The set of bicomplex numbers, complex

numbers and real numbers are respectively denoted by C,, C; and Cy . Thus
Co ={C: 8 =x1+i1x2 +ixx3 +i1ixs 1 X1, X2, %3, %4 € Co}
ie,Cr = {(: =2z1+ixzp: Zl(z X1+ ilxz),ZQ(Z X3 + i1x4) € Cl}.

There are two non trivial elements ¢; = H% and e, = 1_% in C, with the properties ¢2 = e1,¢5 =

ey,e1-6p = ey-ep = 0and e; +e; = 1 which means that e; and e; are idempotents alternatively called
orthogonal idempotents. By the help of the idempotent elements e; and e, any bicomplex number
& = ag + i1ay + ipap + iyigaz = (ag + iyay) +ip(ap +i1a3) = z1 + iz
where ag, a1,az,a3 € Cy,, z1(= ap + i1a1) and za(= ap + ija3) € Cq can be expressed as
§ =1z1+iz2 = 161 + (22

where 61(: Z1 — ilzz) € Cq and 52(: zZ1 + i122) € Cy.

2 Fourier Transform
Let f(t) be a real valued continuous function in (—oo, co) which satisfies the estimates

[f(H)] < Crexp(—at),t >0,a >0
and |f(t)| < Coexp(—pt),t <0,8>0. )
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Then the bicomplex Fourier transform [2] of f(t) can be defined as

Flw) = FLF(D) = /j; exp(iswt) f(1)dE, w € Ca.

-~

The Fourier transform f(w) exists and holomorphic for all w € Q) where

Q= {w =ag+ia +iray +iriaz € Cy : —o0 < ag,az < oo,

—a+ |ap| <ap < B—|ag| and 0 < |ay| < #}

o~

is the region of absolute convergence of f(w) (see the figure 1 in the appendix).

2.1 Complex version of Fourier inverse transform.

We start with the complex version of Fourier inverse transform and in this connection we consider a

continuous function f(t) for —co < t < oo satisfying the estimates (1)) possessing the Fourier transform fl\ in
complex variable wi=x; 4 i1x7 i.e.,

Fi(wr) = / o:oexp(ilwlt) F(b)dt

- /j:o exp(i1xit){exp(—xat) f(t) }dt = p(x1, x2).

In fact, one may identify ¢(x1,xp) as the Fourier transform of g(t) = exp(—xaf)f(f) in usual complex
exponential form [1} [6].
Towards this end, we assume that f(t) is continuous and f’(t) is piecewise continuous on the whole real

line. Then ]?1((01) converges absolutely for —a < xp < f and

filwn) | <o

which implies that
l | exp(ijrt) f(£)|dt
= [ lexp(iix)g(t)lat

:/jo Ig(£)]dt < oo,

The later condition shows g(t) is absolutely integrable. Then by the Fourier inverse transform in complex
exponential form [} (6],

() = % /oo exp(—iyx1t)P(x1, x2)dxq

—00

which implies that

1 [ .
f(t) = 2—/ exp(xat) exp(—ipxqt)dp(x1, x2)dxy.
7T J—oco

Now if we integrate along a horizontal line then x; is constant and so for complex variable wi=x1 + i1x2
(which implies dw; = dx1), the above inversion formula can be extended upto complex Fourier inverse
transform

£lt) = % /°° exp{—i1 (x1 + irx2)E}p(x1, X2 )1

—00

1 0o+i1Xp —~
= o [ exp(—iwnt) i (wn)dan
7T J —oco+iixy
1 x1+i1Xp ~
= — lim exp(—ijwit) fi(w)dws. 2)

27T x;—00 —x1+i1x
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Here the integration is to be performed along a horizontal line in complex wi-plane employing contour
integration method.

We first consider the case Im(w;) = xp > 0.We observe that fl(wl) is continuous for x > 0 and in
particular it is holomorphic (and so it has no singularities) for 0 < x, < . We now introduce a contour I'g
consisting of the segment [—R, R] and a semicircle Cg of radius |wi| = R > B with centre at the origin. Then
all possible singularities (if exists) of f(w;) must lie in the region above the horizontal line x, = B . At this
stage we now consider the following two cases:

Casel:We assume that fl (w1) is holomorphic in xp > B except for having a finite number of poles wik) for
k =1,2,..n therein (See Figure 2 in Appendix). By taking R — oo, we can guarantee that all these poles lie

(

inside the contour I'g. Since exp(—ijw;t) never vanishes then the status of these poles w1k> of fi(cwy) is not
affected by multiplication of it with exp(—ijwit).Then by Cauchy’s residue theorem,

lim . exp(—i1w1t)f1 (w1 )da)1
R—00., T'r

=2mi; Y. Res{exp(—ijwit)fi(w): wy = wgk)}. (3)
Im(wik))>0

Furthermore as x; > 0, we can get |exp(—ijwit)| < 1 for w; € Cg only when t < 0. In particular for
t <o,

~ 0
M(R) = max |fi(w:)| = max | / exp(irwrt) f(£)dt]
w1 €CR w1€Cr J—o0

0
<C / ] tidt| = C —
<G max | [ exp{(B-+irwn)t)dt| = Cp max |z

1
<C; max —————
wieCg B+ ir|]wr]

where we use the estimate (I} Now for w;| = R — oo, we obtain that M(R) — 0. Thus the conditions for
Jordan’s lemma [10] are met and so employing it we get that

lim exp(—iywrt) fi (w1 )dw; = 0. 4)
R—00 JCp
Finally as,
lim exp(—iywrt) fi (wy )dawy
R—00 JT
R+i1xp

exp(—ilwlt)ﬁ (wl)dwl

:/C exP(—i1w1f)J?1(wl)dwl+/

7R+i] X2
then for R — oo, on using (3)) and () we obtain that

00+i1X2 . ~
/ exp(—iyw1t) f1(wy)dwq

—oo+i1Xp

= 27ti; Res {exp(—ijwit) fi(w) : wy = w%k)} fort <0

and so

f(t)=ir ), Res {exp(—irwrt) fi(wr) : wy = w%k)} fort < 0.
Im(wgk))>0

Case II: Suppose fl (w1) has infinitely many poles wgk) fork =1,2,..nin x, > B and we arrange them in

such a way that w%l) < |w§2) | < |w§3) |..... where wgk) | = c0ask — oo. We then consider a sequence of contours

I'x consisting of the segments [— xgk) +i1xg, xgk) + i1x7] and the semicircles Cy of radii ry = cugk) | > B enclosing
the first k poles wgl), wgz), w%s), ....... wgk) (See Figure 3 in Appendix).Then by Cauchy’s residue theorem we get

that
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27wy ), Res {exp(—iywrt) fi(ws) : wy = wgk)}

Im(wik))>0

= /1" exp(—i1w1t)]?1 (w1)dwy

= / exp(—iywit) fi(w )daw

+11XZ
+/ exp —11w1t)f1(w1)dw1 5)

+11XZ

Now for t < 0, in the procedure similar to Case I, employing Jordan lemma here also we may deduce that

lim exp(—ilwlt)fl(wl)dwl =0.

i |—s00 /CR

Hence in the limit |w§k)| — oo ( which implies that |x§k)| — ), (5) leads to

00-4-11Xp . —~
/ exp(—llwlt)fl (a)1)da)1

—oo+i1 X2

=2mi; ), Res {exp(—iywrt) fi(wr) : wy = wgk)} fort <0

and as its consequence

f(H)=i1 ). Res {exp(—irwnt) fi(wr) : wy = wik)} for t < 0.
Im(wik))>0

Thus for x, > 0, whatever the number of poles is finite or infinite, from the above two cases we obtain the
complex version of Fourier inverse transform as

f(t)=i ), Res {exp(—ijwrt) fi(wy) : wy = wik)} fort < 0. (6)

Im(wik) )>0

We now consider the Case Im (w7) = x, < 0. The complex valued function ]?1 (w1) is continuous for x, < 0 and
holomorphic in —a < x» < 0. Introducing a contour I, consisting of the segment [~R’, R'] and a semicircle

Cl of radius w;| = R’ > a with centre at the origin, we see that all possible singularities (if exists) of fl (w1)
ok

must lie in the region below the horizontal line x, = —« . If @y ) fork = 1,2... are the poles in x, < &, whatever

the number of poles are finite or not for R’ — oo, in similar to the previous consideration for x, > 0 we see
that for t > 0 the conditions for Jordan lemma are met and so

f(H)=—i1 ), Res {exp(—iywrt) fi(ws) : wy = wgk)} fort > 0. (7)
Im(w§k>)<0
We then assign the value of f(t) at f = 0 fulfilling the requirement of continuity of it in —co < t < 0. This
completes our procedure in complex w; plane.
Similarly in wy (= y; + i1y2) plane the complex version of Fourier inverse transform of f,(w,) will be

1 y1+ity2

f(t) = 5= lim / exp(—irwat) fo(ws)dws ®)

27 1= Jyr tiry

where the integration is to be performed along the horizontal line in w, plane. Employing the contour
integration method, we can obtain that

f(ty=ir Y. Res{exp(—ijwst)fo(ws): wy = wgk)} fort <0
Im(wgk))>0

=—i1 ) Res {exp(—iywat) folwy) : wy = wék)} fort >0 )

Im(wék) )<0

and the value of f(t) at t = 0 can be assigned fulfilling the requirement of continuity of it in —co < t < co.
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2.2 Bicomplex version of Fourier inverse transform.

o~

Suppose f(w) is the bicomplex Fourier transform of the real valued continuous function f () for —co < t < oo
where w = wiey + wrey and f(w) = fi(wi)e; + fa(wy)ep in their idempotent representations. Here the

symbols wy, wo, f1 and f, have their same representation as defined in section 2.1. Then f(w) is holomorphic
in
Q={w=(x1+i1x2)e1 + (y1 +i1y2)e2 € Ca
= < X, Yp < B,—00 < x1,y1 < 0} (10)
Now using complex inversions[2|and [8| we obtain that

£(t) = f(B)er + f(b)es
= 5. [ ep(-iwnfi@ndoe + 5 [ exp(—iwan)falw)derle;

2
1 . ~ ~
= 5 |, el + @)t {filwner + flw)er}d(wier +wrer)
1 . ~
= 5 [ exp{=ir(whf(w)dw an
where
Dy ={w=x1+i1x € C(i1) : —00 < x1 < 00, —a < xp < B},

Dy ={w=y1+i1y2 € C(ir) : =00 <y1 <00, —a <y < B}

and D be such that D; = P;(D), Dy = P>(D). The integration in Dj and D are to be performed along the lines
parallel to x; -axis in w; plane and y;-axis in w, plane respectively inside the respective strips —a < x; < 8
and —a <y < B. As aresult,

D={weCy:w=wie; +wrer = (x1 +i1x2)e1 + (y1 + i1y2)ea} (12)
where —oco < x1,y1 < 00, —& < x2,y2 < B. In four-component form D can be alternatively expressed as

X1 +y1 . X+ Y2
) +11 5
—00 < x1,1 < 00, —a < x2,Y2 < B}

2—X2 .. X1— Y1
/ +l1127y,

DI{WGCzi 5 5

+ip

Conversely, if the integration in D is performed then the integrations in mutually complementary
projections of D namely Dy and D; are to be performed along the lines parallel to xj-axis in w; plane and
y1-axis in w; plane respectively inside the strips —a < x2,y2 < B by using the contour integration technique.
So using[2]and [8) we obtain that

o || expl—i(wn)flw)dw
1
= o

~5= [, exp(—hrt)fi(w)dwile + 5= [ exp(—iwat) o(wn)dwnles

2

/D exp{—i1(wier + wrex)t}{ fi(wr)er + fo(wa)es td(wier + woes)

1 jootiix . ~ 1 footity . ~
= [—/ exp(—iwit) fi(wr)dwr]es + [—/ ~exp(—ijwat) fo(wy)dws]er
27T J —cotiyxy 270 J—cotiry,

= f(t)er + f(t)ea = f(t)

which guarantees the existence of Fourier inverse transform for bicomplex-valued functions.
In the following, we define the bicomplex version of Fourier inverse transform method.

-~

Definition 1. Let f(w) be the bicomplex Fourier transform of a real valued continuous function f(t) for —oco < t < oo

~

which is holomorphic in 12.The Fourier inverse transform of f(w) is defined as

£0) = 5 [ ewpl-ir(wn) flw)dw

where D is given by [12] On using[6|[7|and P|this inversion method amounts to
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fty=ier L Res{exp(—irwnt)fi(wr) s wr = wf)

Im(wék))>0

+ie; ), Res {exp(—iywot) folwy) : wy = wék)} fort <0 (13)

Im(wék))>0
and R L
f(t) = —irey Res {exp(—ijwit) fi(wr) s wy =@y }
Im(wik))<0

—ie; ) Res {exp(—ijwat) fa(wy) : wy = wgk)} fort > 0. (14)

Im(wék))<0

We assign the value of f(t) at t = 0 fulfilling the requirement of continuity of it in the whole real line (—oc0 <
t < o).
The following examples will make our notion clear:

Example 2. 1.If f(w) = -2 for a>0 then

a2+w?
~ 2a
W) = ——,
fi(wr) poy
~ 2a
Wy) =5
fZ( 2) llz—i-(U%

and in each of wy and w; planes the poles are simple at ija and ija . Now employing[13|and [14} for t < 0
we obtain that

f(t) = i1e1 Res {exp(—ilwlt) Wy = iltl}

a2+w%

2a
+i1e0 Res {exp(—ijwot) —— : wyr = 114
162 Res {exp( 12)a2+w% » = ia}

= ijer{—iy exp(at)} +irex{ —iy exp(at)} = exp(—alt|)
and fort > 0,

2a
t) = —ije; Res {exp(—ijwit) —= : w1 = i1a
f(t) 161 Res {exp( 11)a2+w% 1= ia}

—ijep Res {exp(—ijwyt) twy =ia}

a2 + w3
= —ije1{iy exp(—at)} —irex{ir exp(at)} = exp(—alt|).

-~

Now for the continuity of f in the real line, we find f(0) = 1. Thus the Fourier inverse transform of f(w)
is f(£) — exp(—alt]).
Example 3. 2. If

-~

flw)

—

1 1
== — — —] for T,wp >0
2w+wy+d w—wo+

then in each of w; and wy plane the poles are at (wy — 171) and (—wq — 171) . For both the poles the imaginary
components are negative and so the poles are in lower half of both the planes. In otherwords, no poles exist
in upper half of w; or w; planes and as its consequence f(f) = 0 for t < 0. Now att > 0,

. . -~ i
f(f) = —1e Res {exp(—llwlt)fl ((Ul) LW = —Wwo — %
) ) ~ i
—ireq Res {exp(—ijwit) fi(wr) : w1 = wp — %
. . - i
—i1ep Res {exp(—ijwat) fa(ws) : wy = —wp — %
i

—i1es Res {exp(—i1w2t)f2(w2) Wy = wo — T
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1 t . .1 t .
= —11€1§GXP(—T)9XP(116000 thery eXP(—f) exp(—iywot)

1 t . o1 t .
— 11625 exp(—f) exp(ijwot) + 11€2§ exp(—f) exp(—ijwot)

1 t . o1 t .
= —115 exp(—T) exp(iywot) + 115 exp(—?) exp(—ijwot)

= exp(—%) sin(wot).

Finally, the continuity of f(t) in the whole real line implies that f(0) = 0.
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