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Abstract

In this paper, we obtain the general solution and the generalized Ulam-Hyers stability of the 2-variable
k-AC mixed type functional equation

f(x+ky,z+kw)+ f(x —ky,z — kw)
= Rlf(x+yz+ o)+ flx—yz—w)] +20 - F)f(x,2).
for any k € Z — {0, 41} in a-Serstnev Menger Probabilistic normed spaces.
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1 Introduction

Menger introduced probabilistic metric space in 1942 [16]]. A probabilistic normed space (PN space) is a
natural generalization of an ordinary normed linear space. Such spaces were first introduced by Serstnev in
1963, (see, [28]]). Alsina et al. generalized the definition of PN space [1]. This definition became the standard
one and has been adopted by all researchers, who after them have investigated the properties of PN spaces.
In this article, we adopt the new definition of a-Serstnev PN spaces (or generalized Serstnev PN spaces) given
in the paper [14] by Lafuerza-Guillén and Rodriguez.

The problem of Ulam-Hyers stability for functional equations concerns deriving conditions under which,
given an approximate solution of a functional equation, one may find an exact solution that is near it in some
sense. The problem was first stated by Ulam [30] in 1940 for the case of group homomorphisms, and solved by
Hyers [9] in the setting of Banach spaces. Hyers result has since then seen many significant generalizations,
both in terms of the control condition used to define the concept of approximate solution ([2} [7, 22]]) and in
terms of the methods used for the proof ([4, 16} (8, 10} 29]). Many interesting results concerning this problem
can be found, for example, in [11H13} [15] 17420, 23] 24].

The stability of generalized mixed type functional equation of the form

flx+ky) + f(x —ky) = R[f(x +y) + f(x = )] +2(1 = k) f(x) (1.1)

*Corresponding author.
E-mail address: shckravi@yahoo.co.in (K. Ravi), rjamche31@gmail.com (R. Jamuna), matina@stats.ucl.ac.uk (Matina J. Rassias),
zhangyanhui@th.btbu.edu.cn (Yanhui Zhang), rskishorekumar@yahoo.co.in (R. Kishore Kumar).




350 K. Ravi et al. / On the Probabilistic Stability ...

for fixed integers k and k # 0, £1 in quasi-Banach spaces was introduced by M. Eshaghi Gordji and H. Khodaie
[5]. The mixed type functional equation is having the property additive, quadratic and cubic.

J.H. Bae and W.G. Park proved the general solution and investigated the generalized Hyers-Ulam stability
of the 2-variable quadratic functional equation

fx+yz+w)+ f(x—y,z—w) =2f(x,z) +2(y, w). (1.2)
The functional equation has solution
f(x,y) = ax® 4 bxy + cy? (1.3)
The general solution and generalized Hyers-Ulam stability of a 3-variable quadratic functional equation
fx+yz+wu+o)+ f(x—y,z—w,u—0) =2f(x,z,u)+2(y,w,0) (1.4)
was discussed by K. Ravi and M. Arun Kumar [25]. The solution of is of the form
f(x,y,z) = ax* + by* + cz* + dxy + eyz + fzx (1.5)

Very recently, M. Aruk Kumar et al., introduced and investigated the solution and generalized Ulam-Hyers
stability of a 2-varibale AC-mixed type functional equation

fx+y,2z4+w)— f2x—y,2z—w) =4[f(x+y,z+w) — f(x—y,z—w)] —6f(y,w) (1.6)
having solutions
f(x,y) = ax + by (1.7)
and
f(x,y) = ax® + bx*y + cxy? + dy® (1.8)

in Banach spaces [3] and Quasi-Beta normed space [21].
Following the same approach, in this paper, we investigate the general solution and establish that
generalized Ulam-Hyers stability of the 2-variable k-AC mixed type functional equation

f(x+ky,z+kw) + f(x — ky,z — kw)

=Rlf(x+y,z+w) + f(x —y,z—w)] +2(1 = k) f(x,2) (1.9)
having solutions
f(x,y) = ax + by (1.10)
and
flx,y) = ax® + bey + cxy2 + dy3 (1.11)

for fixed integers k with k # 0, +1 in a-Sestnev (or generalized Serstnev) Menger Probabilistic normed spaces.

AT is the space of distribution functions that is, the space of all mappings F : RU {—o0, 00} — [0,1] that is
non-decreasing, left-continuous on R and such that F(0) = 0 and F(+c0) = 1. D" is a subset of AT consisting
of all functions F for which lim F(x) = 1. The space AT is partially ordered by the usual point-wise ordering

X—>+400
of functions. The maximal element for A™ in this order is the distribution function €y given by

" 0,ift <0
€ =
0 Lift>0

Definition 1.1. [26], 27] A triangle function is a mapping T : AT x AT — A" such that, forall F,G,H,K in AT,
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Moreover, a triangle function is continuous if it is continuous in the metric space (A™, ds).
Typical continuous triangle functions are

r(F,G)(x) := ilfg T(F(s),G(t)) (1.12)
and
tr+(F,G)(x) := Hi?ix T*(F(s),G(t)) (1.13)

forall F,G € At and all x € R. Here, T is a continuous t-norm and T* is the corresponding continuous t-conorm, i.e.,
both are continuous binary operations on [0, 1] that are commutative, associative, and non decreasing in each variable;
T has 1 as identity and T* has 0 as identity. Also T*(x,y) =1—-T(1 —x,1 —y).

Definition 1.2 (PN spaces redefined [1]). A PN space is a quadruple (V,v, T, T*), where V is a real vector space, T
and T are continuous triangle functions such that T < T*, and the mapping v : V. — AT satisfies, for all pand qin 'V,
the conditions:

(N1) vy = eq if, and only if, p = 0 (6 is the null vector in V);
(N)V peV,v_p=1rp

(N3) vpyq > T(vp,vy);

(N4) ¥V a€[0,1], vy < T*(v,xp,v(l,,x)p).

A PN space is called a Serstnev-space if it satisfies (N1), (N3) and the following condition:

(S) vap(x) = v, <|ax|> (1.14)
holds for every o # 0 € R and x > 0.

If T = tr and T = Tp+ for some continuous t-norm T and its t-conorm T*, then the PN space (V,v, Tr, Tr+) is
called Menger PN space (briefly, MPN space), and is denoted by (V,v, T).

Let ¢ : [0,+00] — [0, +o0| be a non-decreasing, left-continuous function with ¢(0) = 0, ¢(+o0) = +oo and
¢(x) > 0 for x > 0. Let ¢ be the (unique) quasi-inverse of ¢ which is left-continuous. § is defined by $(0) =
P(+00) = +ooand p(t) = sup{u : ¢p(u) < t} forall 0 < t < +oo. It follows that (¢ (x)) < x and p(P(y)) < yfor
all x and y.

Definition 1.3. [14] A quadruple (V,v, T, T*) satisfy the

(¢—95) vap(x) =vp <4><¢|(Ax|)>) (1.15)

forallx € RY, p € Vand A € R\{0} is called a ¢-Serstnev PN space (generalized Serstnev space).
If p(x) = x'/* for a fixed positive real number a, the condition (¢ — S) takes the form

X

(w—S) vap(x) =1y <|A|“> (1.16)

for every p € V, for every x > 0and A € R\{0}.
PN spaces satisfying the condition (a — S) are called a-Serstnev PN spaces.

Definition 1.4. Let (V,v, T) be a PN space and {x, } be a sequence in V. Then {x,} is said to be convergent if there
exists x € V such that
lim vy, () =1 (1.17)

n—o0

forall t > 0. In this case x is called the limit of {x,}.

Definition 1.5. The sequence {x,} in (V,v, T) is called a Cauchy sequence if, for every € > 0 and 6 > 0, there exists
a positive integer ng such that v(x, — xp,)(8) > 1 — € for all m,n > ny. Clearly, every convergent sequence in a PN-
space is Cauchy. If every Cauchy sequence is convergent in a PN-space (V,v,T), then (V,v, T) is called a probabilistic
Banach space (PB-space).
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2 General Solution

Through out this section let U and V be real vector spaces and we present the solution of (1.9) using Lemma

RIR2R3

Lemma 2.1. If f : U?> — V is a mapping satisfying and let ¢ : U? — V be a mapping given by

g(x,x) = f(2x,2x) — 8f(x, x)

forall x € U then
g(2x,2x) = 2g(x, x)

forall x € U such that g is additive.
Proof. Letting (x,y,z,w) by (0,0, 0,0) in (1.9), we get

£(0,0) =0
Setting (x,y,z, w) by (y, x, w, z) in (1.9), we obtain

fly+kx,w+kz)+ f(y — kx,w — kz)
=Rlf(x+yw+2)+fy—xw-2)]+2(1-)f(zx)

forall x,y,z,w € U.
Replacing (x,y,z,w) by (x, —y,z, —w) in , we get

f(—y+kx,—w+kz)+ f(—y — kz, —w — kz)

=R[f(x =), (w=2)) + f(—y — %, —w—2)] +2(1 = k) f (%)

forallx,y,z,w € U.
From (2.4) and (2.5) we arrive at

fly+kx,w+kz)+ f(y —kx,w —kz) + f(—y + kx, —w + kz)
+f(—y —kx,—w—kz) = [f(x +y,w+2) + fly — x,w —z2)
+fx—yz—w)+ f—y—x ~w—2)] +4(1 - K)f (%)

Now, letting (x,y,z, w) by (0,y,0,y) in , we obtain
202 = 1[f(y,y) + f(=y,—y)] =0
which implies
fwy)=—f(=y,—v)

forally € U.
Replacing (x,y,z,w) by (x, x, x, x) in (1.9), we get

f((1+k)x, (T+k)x)+ f((1—k)x, (1 —k)x)
= K2 f(2x,2x) +2(1 — K*) f(x, x)

for all x € U. Now, replacing x by 2x in (2.8), we have
FA+k)x,2(1+k)x) + f(2(1 —k)x,2(1 —k)x)
= k> f(4x,4x) +2(1 — k*) f(2x, 2x)
for all x € U. Again replacing (x,y, z, w) by (2x, x,2x, x) in (1.9), we obtain

f(2+k)x, (2+k)x)+ f((2—k)x, (2 —k)x)
= k*f(3x,3x) + K> f(x, x) +2(1 — k?) f(2x, 2x)

.1)

2.2)

2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

(2.9)

(2.10)
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forall x € U.
Replacing (x,y,z, w) by (x,2x,x,2x) in (1.9), we get

F((X+2k)x, (1+2k)x) + f((1 —2k)x, (1 — 2k)x)
= k*f(3x,3x) — K2f(x, x) +2(1 — K?) f(x, x) (2.11)
for all x € U. Replacing (x,y,z, w) by (x,3x, x,3x) in (1.9), we obtain
F(1+3k)x, (1+3k)x) + f((1 —3k)x, (1 —3k)x)
= k> f(4x,4x) — K2f(2x,2x) +2(1 — k*) f(x, x) (2.12)

for all x € U. We substitute (x,y,z,w) by ((1+k)x,x,(1+k)x,x) in and then (x,y,z,w) by ((1 —
k)x,x, (1 —k)x,x) in (1.9) to obtain
F((+2k)x, (1+2k)x) + f(x,x) = K2 F((24+K)x, (2 4+ k)x)
+ K2 f (kx, kx) 4+ 2(1 = K2) F((1 +K)x, (1 +k)x) (2.13)

and
F((1=2k)x, (1 —2k)x) + f(x,x) = K2 f((2 = Kk)x, (2 — k)x)
— K2 f (kx, kx) +2(1 = K3 f(1 = k)x, (1 —k)x) (2.14)
for all x € U. Then, by adding (2.13) to (2.14), we have
F((1+2k)x, (142k)x) + F((1 —2k)x, (1 —2k)x) +2f(x, x)

=f((24Kk)x, (2+k)x) +f((2—k)x, (2—k)x)
+2(1 =) [f(1+k)x, (1+k)x) + f((1 —k)x, (1 —k)x)] (2.15)
for all x € U. Now, substitute (x,y,z,w) by ((1+ 2k)x,x, (1 + 2k)x, x) in and (x,y,z,w) by ((1 —
2k)x, x, (1 —2k)x, x) in to obtain
FUL+3k)x, (1+3k)x) 4+ f(1+k)x, (14+k)x)
=K f(2(14+K)x,2(1 +k)x) + k> f (2kx, 2kx)
+2(1 = K2) F((1 +2k)x, (1 + 2k)x) (2.16)

and
F((1=3k)x, (1 —3k)x) + f((1—k)x, (1 —k)x)
= K f(2(1 —k)x,2(1 — k)x) — k> f (2kx, 2kx)
+2(1—K2) (1 —2k)x, (1 — 2k)x) (2.17)

for all x € U. Now, adding (2.16)) to (2.17), we have,

F((1+3k)x, (14 3k)x) + F((1—3k)x, (1 —3k)x) + £((1+k)x, (1+k)x)
+ (1 =Kk)x, (1 —k)x) = K2 f(2(1 +k)x,2(1 + k)x)
+Rf(2(1 = k)x,2(1 — k)x)

+2(1 = E2)[f((142K)x, (14 2k)x) + f((1 — 2k)x, (1 — 2k)x)] (2.18)
for all x € U. From 2.8), 2.10), 2.1T) and (2.15), we arrive at
f(3x,3x) = 4f(2x,2x) — 5f(x, x) (2.19)

for all x € U. From 2.9), 2.17), 2.8), 2.12) and (2.18), we have

f(4x,4x) = 2f(2x,2x) +2f(3x,3x) — 6f(x, x) (2.20)
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for all x € U. Using (2.19) in (2.20), we obtain
f(4x,4x) = 10f(2x,2x) — 16f(x, x) (2.21)

for all x € U. From (2.21), we establish

f(4x,4x) — 8f(2x,2x) = 2f(2x,2x) — 16f(x, x) (2.22)
for all x € U. Using in (2.22), we get our desired result. O

Lemma 2.2. If f : U? — V be a mapping satisfying and let h : U> — V be a mapping given by
h(x,x) = f(2x,2x) —2f(x,x) (2.23)
forall x € U then
h(2x,2x) = 8h(x, x) (2.24)
forall x € U such that h is cubic.

Proof. Proceeding as in Lemma[2.1} it follows from (2.21)

f(4x,4x) —2f(2x,2x) = 8f(2x,2x) — 16f(x, x) (2.25)
for all x € U. Using (2.23) in (2.25), we arrive at our desired result. O

Remark 2.1. If f : U — V be a mapping satisfying let g,h : U> — V be mappings defined by and
then

Fx2) = (%)~ 8(x,%)) (226)
forall x € U.
Lemma 2.3. If f : U? — V is a mapping satisfying and let t : U — V be a mapping given by
t(x) = f(x,x) (2.27)
forall x € U, then t satisfies
x4+ ky) +t(x —ky) = KP[t(x +y) + t(x —y)] +2(1 — K*)t(x) (2.28)
forall x,y € U.
Proof. From and (2.27), we get
t(x +ky) +t(x —ky) = f(x+ky,x +ky) — f(x —ky, x — ky)

=P[f(x+y,x+y)+ f(x—y,x—y)] +2(1 - k) f(x,x)
= K[t(x +y) + t(x — y)] +2(1 — K*)t(x)

forallx,y € U. O

3 Stability Results : Direct Method

In this section, we investigate the generalized Ulam-Hyers stability problem of using direct method.
Let U be a real linear space and (Y, v, T7) be a a-Serstnev MPB space. Now, we define a difference operator
Af :U* = Yby

Af(x,y,z,w) = f(x +ky,z+kw) + f(x —ky,z —kw) — K f(x + y,z + w)
— K f(x—y,z—w)—2(1-k)f(x,2) (3.1)

¥ x,y,z,w € U, where f : U> — Y is a mapping.
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Theorem 3.1. Let f : U? — Y be a mapping for which there exist a function & : U* — D™ with the condition

llm TT [g(zrnxlzmylzmzlzmw) (2mat), g(zmxlzmygmzrzmw) (2(M—3)0¢—1t)i| = 1 (32)

m—oo

such that the functional inequality

VAf(x,y,z,w)(t) > Cryzw(t) (3.3)

forall x,y,z,w € U, t > 0and « > 0. Then there exists a unique 2-variable additive mapping A(x,x) : U> — Y

satisfying and

Vf(Zx,Zx)—Sf(x,x)—A(x,x)(t) > N (3.4)
where
(n+1) (n+1) ) _ N, oh
Alx,x) = lim f(2 x,2 x) —8f(2"x,2"x) (35)
n—o00 on
® =lim; 0@y =1
o (3.6)
D, =17 [TT(zn—lx)(t),ch_1:| , forn>1
@ = Tr(y) (1) (3.7)
and

_ k2rxt
T () = 70 ( 7r | 7 | 77 Sranxan) ( 2aon ) -

k2% k% — 1|%¢ e
C((1=2k)x,%,(1-2K)x,%) —a )T C((142k) x5, (142K)x,%) — )

K2 (K2 — 1| K2 — 1]
‘:(x,x,x,x) T ;T 6(2x,2x,2x,2x) T ’

K2 [k2 — 1]t K2t
g(x,3x,x,3x) 3 ALY O A Y g(x,x,x,x) 2452 |’

K2 |k? — 1]%¢ e
C((1-k)xx,(1—k)x,x) T oie ) )T C((1+K)x,x,(14K) ) T odox

k2| k2 — 1|%¢ k2 — 1|t
‘:(x,Zx,x,2x) (242"‘> ) > ’ g(Zx,x,Zx,x) (|242a) ) > ’ (3-8)

forallx € U, t > 0and o > 0.

Proof. Letting (x,y,z,w) by (x, x,x, x) in (3.3), we obtain

VE((4K)x, (14k) %)+ £ ((1—k)x, (1—K)x) —k2 £ (2x,25) —2(1—k2) £ (x,x) (t)
> () (t), VX el t>0. (3.9)

It follows from that

V(214K %, 2(14K) X)+ £ (2(1—K)x,2(1—k)x) — k2 f (4 4x) —2(1—K2) f (2x,2x) ()
> Cloxpxpx2x) (1), VX €Ut > 0. (3.10)

Replacing (x,y,z,w) by (2x, x,2x, x) in (3.3), respectively, we have

VE((24K)x,(24K)x)+ £ (2—k)x, (2—k)x) —k2 £ (3x,3x) —k2 £ (x,%) —2(1—k2)  (2x,2x) (t)
> G(oxxoxx)(t), VX €Ut >0. (3.11)
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Setting (x,y,z, w) by (x,2x, x,2x) in gives

V(1420 %, (142K) )+ F((1—2K)x, (1—2K) ) —k2 £ (3, 35)—K2 f () —2(1—=k2) f () ()
> g(x,Zx,x,Zx)(t)/ VxeUt>0. (3.12)

Replacing (x,y,z,w) by (x,3x,x,3x) in , we obtain

V(143K %, (143K) x)+ £ ( (1—3K)x, (1—3K) ) — K f (4 dx)+K2 £ (226,2) —2(1—R2) f () (F)
2 g(x,3x,x,3x)(t)/ VxeUt>0. (3.13)

Replacing (x,y,z,w) by ((1+k)x,x, (14 k)x, x) in (3.3), respectively, we get

V(1425 %, (142K)x)+ F (x,) =K £ (24K) %, (2k) ) =R £ (ke e ) —2(1—k2) £ (140K, (1K) ) (F)
2 C(1+0)xx 14k (), VX € Ut > 0. (3.14)

Replacing (x,y,z,w) by ((1 —k)x,x, (1 — k)x, x) in (3.3), respectively, one gets

VE((1=2k) %, (1=2K) )+ £ (x,) =K £ (2— k), (2—k) ) 4R f (ke ) —2(1—k2) £((1—k)x, (1=k) ) (F)
> C((1—k)xx,(1-k)xx) (), VX € U, £ > 0. (3.15)

Replacing (x,y,z,w) by ((1+ 2k)x, x, (1 + 2k)x, x) in (8.3), respectively, we obtain

V(143K %, (143K) )+ £ ((14K) x, (1-0k) ) —k2 £(2(1-0k) 3,2 (14+K) x)—K2 F (2K, 2Kx) —2(1—k2) £ ((14-2K)x, (14-2k)x) (£)
> g((1+2k)x,x,(l+2k)x,x)(t)/ Vxel,t>0. (3.16)

Replacing (x,y,z,w) by ((1 —2k)x, x, (1 — 2k)x, x) in (3.3), respectively, we have

VE(1=3k)x,(1—3K)x)+ F (1—k)x, (1—k) x) —k2 £ (2(1—K)x,2(1— k) x) k2 f (2kx,2kx) —2(1—k2) £((1—2k) x, (1—2k) x) (t)
> g((l—zk)x,x,(l—Zk)x,x)(t>/ Vxelt>0. (3.17)

Thus it follows from (.9), (3.11), (3.12), (3.14) and (B3.15) that

Vi (3x,3x) —4f (2x,2x)+5f (x,x) (t)
k2t k2% k2 — 1|%¢
2 1T <TT <TT <g(x,x,x,x) <232“) s g((l—k)x,x,(l—k)x,x) (23|>) ’

K2R — 1)t K22 — 10t
T g((l—&-k)x,x,(l—l—k)x,x) 23 /g(x,Zx,x,Zx) 3

|k? — 1|t
C(zx,xrlex) T ’ Vxe U,t > 0and a > 0. (318)

Also, from (3.9), (3.10), (3.12), (3.13) (3.16) and (3.17), we have

V#(4x,4x) =2 (3x,3x) —2f (2x,2%)+6 f (x,x) (t)

kZat kZa k2 — 1%t
> 1T (TT (TT <C(x,2x,x,2x) (232“) s C((172k)x,x,(172k)x,x) <|23|>> ’
K22 K2 — 1)t K22 K2 — 1)t
L5 C((l+2k)x,x,(1+2k)x,x) 273 rC(x,x,x,x) 273

k> — 1%t k2% |k2 — 1|t
Tr <§ (2x,2x,2x,2x) <|22|> + € (x,3%,%,3%) (’22|>) , (3.19)

forallx e U,t > 0and a > 0.

Finally, by using (3.18) and (3.19), we obtain

Vi (ax x) 10 (22,22) +16f (x,2) (£) = Tr(x) (F) (3.20)
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where,

Tr(x (f)

K2t K22 — 12t
=Tr\Tr|Tr|Tr g(x,Zx,x,Zx) 4o |7 g((l—Zk)x,x,(l—Zk)x,x) T4 ’
k2|2 — 15t K [k2 — 1)t
T é’ (1+42k)x,x,(1+2k)x,x) T % rg(x,x,x,x) T ’
K2 — 1]o K22 K2 — 1)t

T C 2x,2x,2x,2x) 23 ’ g(x,Sx,x,B:x) 273 ’

k2%t k2% (k2 — 1|%¢

x X,X,X) 2422o¢ ’ g((l—k)x,x,(l—k)x,x) W ’

K2 (R2 — 1| K2R (K2 — 1|0
T g((l—l—k)x,x,(l—i—k)x,x) YT /g(x,2x,x,2x) T odox ’

k> —1|%¢
g(zx/xlzx,x) W ’ Vxe U,t > 0and a > 0. (321)

5

Let g : U? — Y be a function defined by

g(x,x) = f(2x,2x) — 8f(2x,2x) forallx € U. (3.22)
From (3.20), we conclude that
Ve () 2 T (2°) 2 Fry (1), Vx € Uyt > 0anda >0 (3.23)
which implies that
Vsatriaatrty _setaty () 2 Tr ) (2FD%) (3.24)

forallx € U, t > 0,2 > 0 and £ € IN. From the inequalities (3.23) and (3.24) we use iterative methods and
induction on n and apply defined sequence in (3.6) and (3.7) to prove our next relation

Vi () > T [Tz 1) (8), @u1| Yx e Ut >0anda > 0. (3.25)
So
vg(Z”’*”x,Zer”x) _ g(2Mx2myx) (t) Z T |:f.T(2(m+H )(zmat) @(m+n)71:| (326)
om+n 2m

for all non negative integers m and n and for all x € U, ¢ > 0. By assumptions (3.26) shows that the sequence
{%} is a Cauchy sequence in Y for all x € U. Since Y is a a-Serstnev MPB, it follows that the sequence
{g(znginznx)} converges for all x € U. Therefore, one can define the function A(x, x) : U?> — Y by

L g(2"x,2"x)
Ax,x) = lim &————

n—oo

forall x € U. (3.27)

Now, if we replace (x,y,z, w) by (2"x,2"y,2"z,2"w) in (3.3), respectively, then it follows that

v Ag(2n x,2"z,2"z,2”w) (t) =V Af(2"+1 X,2n+ly’2n+l zon+1 w) 8 Af (21 x,21y 217 21 ) (t)
2 on - o7

-1 —3)a—1
> Tr [UAf(Z”“x,2”+1y,2”+1z,2"+1w) (2™ t)/VAf(Z"x,Zﬂy,Z"z,Z"w) (2(" Ja t)}
Z Tr |:§2n+1x,2n+1y,2n+lz,2n+1w(znlxilt), gZ”x,Z”y,Z”Z,Z”w(2(n73)a71t):| (328)

forall x,y,z,w € U, t > 0and a > 0. Bylettmgn — oom wehavevAAx Zw)( ) =1forallt >0
and so AA(x,y,z,w) = 0. Hence A satisfies (1.9) for all x,y,z,w € U. To prove (3 , if we take the limit as



358 K. Ravi et al. / On the Probabilistic Stability ...

n — oo in (3.25), then we can get (3.4). Finally, to prove the uniqueness of the additive function A subject to
(3.4), assume that there exists another 2-variable additive mapping A’ which satisfies (3.4) and (1.9), then

VA(x,x)—A (x,x) (t) = Vanxanx)  Al@rx2tx) (t)
21 21

= VA(@2rx,21x)—A!(2"x,2"x) (2")
> VA(21x,21x) —g(21x,21x) +g (2,20 x) — A! (2,21 x) (zmxt)

> lim 7r |71 | Froe1) (27, @ | Tr [T (2771, @ (3.29)

which tends to 1 as n — oo for all x € U. So we can conclude that A = A’. This completes the proof of the
theorem. O

Theorem 3.2. Let f : U? — Y be a mapping for which there exist a function & : U* — D with the condition

nzl_I)r})o T [‘:(2’”x,2my,2mz,2’"w) (23mlxt)r g(me,Z’”y,Zmz,me) (2(3"171)“71’5)/ } (3.30)

such that the functional inequality is satisfied for all x,y,z,w € U, t > 0and a > 0. Then there exists a unique
2-variable cubic mapping c(x,x) : U?> — Y satisfying and

Vf(Zx,Zx)—Zf(x,x)—c(x,x)(t) 2 ¥ (3.31)
where

F Dy, 2(141) x) — 2 (21, 2" )

c(x,x) = nlgrolo o (3.32)
{\if =l o ¥, = 1 53
| ——— [TT(Z,HX) (22”%),?,1_1}
Y1 = Ty (22), Vx €Ut > 0,a >0, (3.34)
where Try)(t) is defined as in Theorem
Proof. By the similar approach as in the proof of Theorem 3.1} we can obtain
Vi (4x 4x) ~10f (2x,22) +16f(x,x) (£) = Tr(x)(t), Vx € U, t > 0.
Let h: U? — Y be a function defined by
h(x,x) = f(2x,2x) —2f(x,x), forall x € U (3.35)
Thus from (3:20), we have
Vaaan ey () = Tr) (20 > T (221), VX € Ut > 0,0 > 0 (3.36)
which implies that
Viattieatte nateat () = Trgey (2EFD%) (3.37)
B(+1) 237
forallx € U,t > 0, > 0and ¢ € IN. Thus it follows from and (N3)
Vit () 2 T [T 10 (2240), @y 1|, Vx € Uit > 0,8 > 0, (3.38)

2

In order to prove the convergence of the sequence {%} if we replace x with 2"x in (3.38), then we get

= 2
Vpgantmyontmy)  p(amyomy) (t) > Tr |:TT(2n+m—lx) (2( n+3m)at),q>n+m:| (339)
23(n+m) 23m
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for all non-negative integers m and nand Vx € U, t > 0, a > 0.
Since the right hand side of the inequality tends to 1 as m and n tend to infinity, by assumptions, the

sequence {%} is a Cauchy sequence in Y for all x € U. Since Y is a a-Serstnev MPB, one can define the

function c(x, x) : U?> — Y by

n n
c(x,x) = lim h(2"x,2"x) x3,2 x)

forall x € U. (3.40)
Now, if we replace (x,vy,z, w) by (2"x,2"y,2"z,2"w) in (3.3), respectively, then it follows that
P Y y Y % Y

V An(2nx,2my 212 210) (t) - VAf(2n+1x,2n+1y’2n+lz,2n+lw) ZAf(Z"X,Zny,ZnZ,an) (t)

23n 23n 231

3na—1 3n—2)a—1
> Tr |:1/Af(2”+]x,2’7+]y,2"+12,2“+1w) (2 ne t), VAf(Z”x,Z”y,Z”Z,Z”w) (2( ) t):|

2 TT |:(:(2n+1x/2n+1y/2n+1zlzn+lw) (237106—1 t), C(Z"x,Z”y,Z"z,Z"w) (2(3n_1)a_1t):| (341)

forall x,y,z,w € U, t > 0 and a > 0. By letting n — oo in (3.41), we find that vac(x - ) (t) = 1forall t >0,
which implies Ac(x,y,z, w) = 0 and so c satisfies for all x,y,z,w € U. To prove (3.31), if we take the
limit as n — oo in (3.38), then we get (3.31). The rest of the proof is similar to the proof of Theorem 3.1} This
completes the proof. O

Theorem 3.3. Let & : U?> — DV be a function with the conditions given in and and f : U?> — Y bea
function which satisfies forall x,y,z,w € Uandt > 0. Then there exists a unique 2-variable additive mapping
A : U? — Y and a unique 2-variable cubic mapping C : U*> — Y satisfying such that

1/f(x,x)—A(x,x)—C(x,x)(t> =
Tim 77 71 (Trp1 (32771, @1 ) 7r (T 130, ¥, )| (3.42)
orallx € U, t > 0and « > 0, where ®,, T t) is defined as in Theorem|3.1\and ¥,, is defined as in Theorem|3.2
T(x)

Proof. By Theorems|3.1jand there exist a unique 2-variable additive function Ap : U> — Y and a unique
2-variable cubic function Cy : U?> — Y such that

Vi (2x,2x)—8f (x,)— Ag (x,) () = @ (343)
and
Vf(2x,2x)—Zf(x,x)—Cg(x,x)<t> > "Tr, VxelU,t>0. (344)
Thus it follows from and that
Vf(x,x)Jr%Ao(x,x)féco(x,x) (t)
2T {Vf(Zx,Zx)78f(x,x)7A0(x,x) (30‘2“_1 t)/ Vi (2x,2x) =2 (x,x)—Co (x,x) (Baza_lt)} (3.45)

forallx € U, t > 0 and a > 0. Thus we obtain (3.42) by letting A(x,x) = —%Ag(x,x) and C(x,x) = $Cy(x, x)
for all x € U. This completes the proof of the stability of the functional equation in a-Serstnev MPN
spaces. O
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