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Abstract

In this paper, we investigate some properties of harmonic univalent functions of complex order using
multiplier transformation.Such as Coefficient bounds, extreme points, distortion bounds, convolution
conditions and convex combination are determined for functions in this family. Further, we obtain the
closure property of this class under integral operator. Consequently, many of our results are either extensions
or new approaches to those corresponding to previously known results.
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1 Introduction

A continuous function f = u 4+ iv is a complex- valued harmonic function in a complex domain () if both
u and v are real and harmonic in Q). In any simply-connected domain D C (), we can write f = h + g, where
h and g are analytic in D. We call i the analytic part and g the co-analytic part of f. A necessary and sufficient
condition for f to be locally univalent and orientation preserving in D is that |h’(z)| > |¢’(z)| in D. See Clunie
and Sheil-Small [3].

Denote by Sy the family of functions f = h + g which are harmonic, univalent and orientation preserving
in the open unit disc i/ = {z : |z| < 1} so that f is normalized by f(0) = h(0) = f,(0) —1 = 0. Thus, for
f =h+3 € Sy, the functions h and g analytic U can be expressed in the following forms:

hz)=z+ Y mz", g(z) = Y b2k (|bn] < 1),
k=2 k=1

and f(z) is then given by

flz)=z+ i leZk + i byzk (|b1] < 1). (1.1)
k=2 k=1

We note that the family Sy of orientation preserving, normalized harmonic univalent functions reduces
to the well known class S of normalized univalent functions if the co-analytic part of f is identically zero, i.e.
g=0.

Also, we denote by TSy, the subfamily of Sy consisting of harmonic functions of the form f = h + g such
that & and g are of the form

hz)=z— ) |alz", g(z) =Y |bel2-. (12)
s p
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In [3] Clunie and Sheil-Small, investigated the class Sy as well as its geometric subclasses and its
properties. Since then, there have been several studies related to the class Sy and its subclasses. In particular,
Avci and Zlotkiewicz [2], Silverman [9]], Jahangiri [5} [6] and others have investigated various subclasses of
Sy and its properties. Furthermore, Yalgin and Oztiirk [11] and Murugusundaramoorthy|[7] have considered
a class TS5, (y) of harmonic starlike functions of complex order based on a corresponding study of Nasr and
Aouf [8] for analytic case. (see [4}[13]).

For f € S the differential operator D" (n € Np) of f was introduced by salagean for f =h +3
Jagangiri et al[] defined the modified salagean operator of f as

D"f(z) = D"h(z) + (=1)"D"g(z) (1.3)
D"h(z) =z + i K'az*, D"g( Z k" bk, (1.4)
k=2

Next,for functions f € A Cho and Srivastava defined Multiplier transformation.For f = h + g given by (1) we
define the modified Multiplier transformation of f.

I0f(z) = D°f(2) = h(z) +g(2) (1.5)
_ D% (z) + D'f(2)
L f(z) = o (1.6)
I3f(z) = L(I; ' £(2)), (n € No) (1.7)
z) =z wmaz ”Oo )by 2k 1.8
) +k222(1 ) e k:Zl k (1.8)

Also if f is given by (1) then we have
3f(2) = f% (§1(2) + §2(2)) 5 H(91(2) + 92(2)) = B (91(2) * - (91(2) 48+ (92(2) = -(92(2)))  (19)

n—times n—times n—times

Where * denotes the usual Hadamard product or convolution of power series and

7(1+7)27722 ()7(771) 77Z2

ya
NG = apyazr 29 = drpa-ae (1.10)

By specializing the parameters 7y and n we obtain the following operators studied by various authors for
feA
()Iof(z) = D"f(2) (i) I} f(2) (i) If = I"f (2) (111)
Motivated by the earlier works of [4) [7, [11H13] now we define the class of harmonic convex functions of
complex order in the following definition.

Definition 1.1. For0 <y < 1,0 <A < 1Zw) orA > 1+“r and b € C\ {0}, let SCy (b, y, A, n) denote the family
of harmonic functions f € Sy of the form which satisfy the condition

R (1 +% (]gr((;) )) > 9, (1.12)

F(z2) = M2 (I'h(z))" — 28(118(2))”) + (A + 1)22 (I (h(z))"
+(1-41)22(11g(2))" +2(I0h(2)) + (1 — 2M)z(I"g(z))’

where

and
G(z) = M (I (1(z))" + (158 (2))") + 2(I7h(2)) + (24 = 1)z(1f8(2))
for z € U. Further, we define the subclass TSCy (b, 7y, A, n) of SCy(b, 7y, A, n) consisting of functions f = h+ § of the
form (1.2).
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We observe that for b = 1 the class was introduced and studied by first author with Oztiirk [12], the class
SCx(1,7,0,0) = SCy(7) is given in [5, 6] and SC#(1,0,0,0) = SCy see [2].

In this paper, we investigate coefficient conditions, extreme points and distortion bounds for functions
in the families TSCy (b, v, A, n). We also examine their convolution and convex combination properties and
neighborhood result. Further, we obtain the closure property of this class under integral operator. We remark
that the results so obtained for these general families can be viewed as extensions and generalizations for
various subclasses of Sy, as listed previously in this section.

2 Main results

3 Coefficient inequalities

Our first theorem gives a sufficient condition for functions in SCy (b, vy, A, n).

Theorem 3.1. Let f = h+ g be so that h and g are given by (L.1). If

- "(kA — A +1)[(k—1) + [b] (1 -

Z B A6 )

P (T—=7)[b]
i #)nk(k/\—F/\—l)[(k‘Fl)—|b|(1_7)]|bk| <2 (3.13)
P> (1—2)p|

wherea; =1, 0< <1, 0< AL ﬁ orA> ﬁ . Then f € SCx (b, v, A, n) and f is sense preserving, univalent
harmonic in U.

Proof. We show that f € SCy(b,y, A, n). We only need to show that if (3.13) holds then the condition (1.12) is
satisfied. In view of the condition (1.12) takes the form

0 (K ymk(kA—A+1)[(k—1)+b(1— (K1) k(kA+A—1)[(k+1)—b(1— .
(1-y)+ £ IO lEnn iy, 2 - § e eyl 2
R k=1 _pltAR)
1+ Z( L)k(kA = A+ 1)]a | % + E(k Lynk(kA+ A —1)|be| £ 1+ B(2)
k=2 =
Setting

1+A(z) 14+w(z)
1+B(z) 1-w(z)

we will have RG> 0if |w(z)] < 1,

1+B(z)
__A(z) - B(z)
“@ = T AD+BE)
—y+ Z (’{iz)nk(k/\f/\Jrl) [[(kfl)erb(lf’r)] _ 1} |ak\zk_1

_kﬂl(#)nk(k/\-f—/\ 1) [w +1} e

2- 7+ z( Lyr(k — A +1) [EDRI=D] 4 q] gy 261

M8

k_ (#)nk(k/\-l—/\—l) [[(k+1> bh(l 7) ] Ib |z

This last expression is bounded above by 1 if and only if

o k(ﬁ%)“(m—ﬂwk—m|b|<1—v>]| ‘
[b] K

k=2

o k(A + A —1)[(k+1) — |b|(1—
. (157" (kA + |)b[|(+) 1b|( 7)}|bk‘§(1_7)-
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Or, equivalently
@ u%%w@A—A+1nw—1wwmu—vnm‘
=1 (T=2)lb] ¢
)" (kA + A = D)[(k+1) — [b](1 = )]
+ Z ( )‘b‘ |bk‘ <2
If z1 # z5, then for A > m or0< A< %
¥ by (2 —25)
fe) = flz)| o |8z) —8(z)| _, =
h(z1) —h(z2)| — (z1) —h(za) | Sk ok
(z1 —z2) + p (2] — 73)
® 0 k(ALY (kA+A—1)[(k+1)—|b] (1—
Y Kbyl Z ()" - )7[)(”)‘ )—1bI( Mlbkl
= 1m s 21- == k(L) (kA=A+1) [(k=1)+[b](1—7)]
_ o S 1 ) (kA=A+ -+ -
! k§2k|ak| ! kgz - (A=7)[ef ]
Z 0/
which proves univalence. Note that f is sense preserving in i, for 0 < A < + 5 or A> = +7 This is because
H(z)] > 1- ZkIﬂkIIZIk_1 >1— ) klay
k=2 k=2
- i D) (kA = A+ D)[(k = 1) + [b](1 = 7)] 1l
B (1=7)[b| :
- f ()" (k?\+/\—1)[(k+1)—Ib\(l—v)}wk‘
= (1—=7)lb]
:>iu%wmmfwmnwwrmwMH
=i (1—)lb] ,
I k-1 '
> k(=) bl 2" = g (2)].
Lk
The function
> b
fe=z + Yo e -
S k(D) (kA = A+ 1)[(k = 1) + [b](1 = 7)]
(o] b .
+) k)]l yizk, (3.14)

Tk(EL) (kA + A = 1)[(k+1) = [b](1 = 7)]

where Z | x| + Z lyx| = 1, show that the coefficient bound given by (3.13) is sharp. The functions of the form lb are
in SCH(b T A, n) because

»
Il

@ (k)" (kA = A+ D[(k = 1) + [b](1 = )] KOED)" (kA + A = D[(k+1) = [b](1 = 7)]
E( A= ol A=l W
=14+ Y b+ Xl =2
k=2 k=1
O
Theorem 3.2. Let f = h + g be so that h and g are given by . Then f € TSCy (b, v, A, n) if and only if
o k(FEL)"(kA = A+ 1)[(k—1) +[b](1 - 7)]
= = g
o k(X (kA 4+ A —1)[(k+1) — |b](1—7
s ()" . )[()’b| ) = [bI( )]IkaSZ, (3.15)
k=1

wherea; =1, 0 <y <1, O<)\<—or/\> andbeC\{O}
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Proof. The 'if part’ follows from  Theorem upon noting that the functions
TSCy(b,v,A,n) C SCy(b,7,A,n). For the ‘only if’ part, we show that f € TSCy(b,y,A,n). Then for
z = re!? in U we obtain

R (56 1) )

00 k(EELY 1 (A — A1) [(k—1)+b(1—7) © k(Y1) (RA+A=1)[(k+1)=b(1—7)]
1)z~ 3 M) a2 — 3 M by

— % k=2 =
z— z k(D) (kA = A+ 1) ||zt + z k(A2)m (kA + A — 1) by 2

o k(KT )m (kA —A+1)[(k—1)+b(1— 0 k(E2y1 A+ A1) [(k+1)—b(1—
(1_7)_];2( )" b)[( )+b(1—7)] ‘akvk,l_kzl (2" ( b)[( )—b( 7>]\bk|rk*1

z— Z k( ) (kA — A+ 1) |ag|rk—1 + Z k(l—W) (KA + A — 1) |bg|rk—1

> >0,

The above inequality must hold for all z € U/. In particular, letting z = r — 1~ yields the required condition.

O
As special cases of Theorem [3.2] we obtain the following two corollaries.
Corollary 3.1. Let f =h+ g € TSCy(b,v,0,n) if and only if
k k—
i n(10)" (k= 1) +[b](1 - 7)) ] + i n(1:)" [(k+1) = [p|(1 = 7)] b <2
k >~ 4.
i (1—=7)lb] = (1=7)lb] ¢
Corollary 3.2. Let f =h+ g € TSCy(b,v,1,n) ifand only if
k k—
o 1 (757)"[(k = 1) + [b](1— )] > n?(172)" [(k+1) = [b](1—7)]
Z ] + Y b | < 2.
=1 (1=7)lb] = (1=7)lb]
4 Extreme points and Distortion bounds
In this section, our first theorem gives the extreme points of the closed convex hulls of TSCy (b, v, A, n).
Theorem 4.3. Let f = h+ g € TSCy (b, v, A, n) if and only if f can be expressed as
fl@) = ) (Xihi(2) + Yige(2)), z €U, (4.16)
k=1
where h1(z) = z,
he(z) =2 — — (1= 7)lb| & (k=23.)
k()" (kA = A+ D[(k = 1) + [b](1 = 7)]
and . )
(z) =z+ — (1= 7)lb| ¢ (k=1,23,..),
k(7)) (kA +A =1 [(k+1) — [b|(1 = )]
Z(Xk+yk) =1, X >0, Y. >0.
k=1

In particular, the extreme points of TSCyy (b, v, A, n) are {hy } and {gx}.
Proof. For functions f of the form (4.16), we have

fla) = ki (Xhe(2) + Yige(2)
& _)le]

0
= Z X+ Yy) Z—Z

= k()" (kA — /\+1)[(k*1)+|b|(1*7)]

Xka

S (-l -
B A DIk )l
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Then

f K(EE)" (kA = A+ 1)[(k = 1) + [p] (1 = )] (1— )bl N
= (T—=)o] Ky (kA — A+ D)[(k—1) + bl(1—7)] ) "

+ik(’;m"(iam—1>[<k+1>—|b|<1—v>] (1= 7)[b| y
= (1—7)[b| k()" (kA + A = 1)[(k+1) = [B](1 = 7)]

=) X+ ) Yi=1-X<1
k=2 k=1

and so f € clcoTSCy (b, v, A).
Conversely, suppose that f € clcoTSCy/(b, 7y, A, n). Letting

X1=1-) X— Y %
k=2 k=1

where
« _k(ﬁ—m"(m—Ml)[(k—l)+|b\<1—v>1|u| s
‘ (1= )]l T
and
(D) (A + A = D) [(k+1) — |b|(1 —
y, _ K G e )

(1=7)lb]

we obtain the require representation, since

f2) = 2= Y lade + Y el
k=2 k=1
_ . v (1 —7)[b| Xk k
’ Ezkm)"(kA—Hl)[(k—m|b|<1—v>]z
> (1 —)|b|Yy .
Y B A A= D+ 1)~ ol =)
= Y (@)X Yoz (@)Y
k=2 k=1
= <1—2Xk—ZYk>z+th Xk—i-ng
k=1

= ) (Xihe(z) + Yiegr(2)).
=1

O

The following theorem gives the distortion bounds for functions in TSCy (b,y, A, n) which yields a
covering result for this family.

Theorem 4.4. Let f € TSCy (b, 7y, A, n) then

(1—17)b| (24 —1)(F2 )[2 b(l— 7]
|f(z)§(1+b1|)r+r2(2()\+1)[1—0—b(1—7)] 20+ )F -] |b1l>

and

(1—17)|b| (A —1)(3L )[2 b(l— 7))
If(Z)I2(1—|b1)7—72<2(A+1)[1+b(1—7)] 2(A + )[7 — )] |b1|)-
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Proof. Let f € TSCy(b, 7y, A, n), Taking the absolute value of f and then by Theore we obtain

f@] < @+l Y (agl + b

k=2
< @b Y (ol + [bi)
k=2
(1— o] w0 k(L) (kA = A+ 1)[(k — 1) + [b](1 = 7)]
= D s =) (k_z A= '”k‘
k(L) (kA + A = 1)[(k+1) — [b](1 = 7)]
+ be| | 7
=)
(1—7)b| CA=1)(F)"2—b(1—17)]
S T e (R rs) (1‘ = il )
B (1= 7)[b| (A = 1)(F)" 2 = b(1 — )]
= (1+|b1|)r+(2(/\+1)[1+b(1—7)} TRV w1l L
Similarly,
) = <1—|b1|>r—li<|ak|+|bk|>rk
> (1= (b= Y el + b
k=2
(1—7)|b| o k(FEL)" (kA — A+ 1)[(k = 1) + [b] (1 = 7)]
= D s = (kzz A= ]
| K" AV -] Y
=)
(1—7)|b] @A = 1)(EL)"2 - b(1 - )]
= U= s E e =) (1‘ a2 i)
B (1—9)b| (24— 1)(F)"[2—b(1 —7)]
= (1”’1')7(z(A+1)[1+b<1—7)} Toemy e Ul kg

The upper and lower bounds given in Theorem |4.4|are respectively attained for the following functions.

B 1 (1—7)|b] @A = 1)(EL)"2 - b(1 - 7)) _
fle) ==+ 1) (zmmwb(l T AT ) "’”)Zz
and
B 1 (1—7)|b| (A= 1) (F)"2 = b(1 —7)]
@ ==z g (zml)[ub(l T Rl 'bl>zz'

The following covering result follows from the left hand inequality in Theorem [4.4]

Corollary 4.3. If f € TSCy(b,y, A, n), then

| a- (20~ D)2~ b(1— )]
{W'M<1_2(A+1)[l+b(1—7)]_ 1_2(”1)[1”(1_7)]};)”}.
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5 Convolution and Convex Combinations

In this section we show that the class TSCy« (b, v, A, n) is closed under convolution and convex combinations.

Now we need the following definition of convolution of two harmonic functions. For f(z) =z — ¥ |ax|zF +

Y. |bg|zFand F(z) = z — ¥ |Ak|ZK + X |By|ZF, we define the convolution of two harmonic functions f and F
k1 k=2 k=1
(F*F)(2) = f(2) xF(z) = z— ) lag| | Aclz* + Y [be|[Be 2" (5.17)
k=2 k=1

Using the definition, we show that the class TSCy (b, v, A, 1) is closed under convolution.

Theorem 55. For 0 < 6 < o < 1, let f € TSCy(b,v,A,n) and F € TSCy(b,6,A,n). Then
f*Fe€TSCy(b,v,A,n) C TSCy(b,6,A,n).

Proof. Let f(z) = z — Z |ag |2 + Z |bx|Z and F(z) = z — Z | Ag|zk + Z |Bi|Z* be in TSCy (b, 5, A). Then
the convolution f * F is glven by - From the assertion that f*Fe€ TSCH(b J,A), we note that |A;| <1
and |By| < 1. In view of Theorem 3.2]and the inequality 0 < § < y < 1, we have

oo k(FEX)" (kA — A +1)[(k—1) + [p] (1 - 8)]
kglz (1=0)[p| |ak||Ak‘

o k()" (kA + A = 1)[(k+1) = [b](1 - 8)]
+k:21 (1—5)|b| |kaBk|

o k()" (kA — A+ 1)[(k = 1) + [B] (1 - 8)]

2 o o

L k()" (A + A= 1)[(k+1) — |b|(1—5)]‘b |
& (1= 0[] ¢

= k(ﬁz)"(m“l_)[(kl) R
k=2 (1 =)0

o K(ETYH (kA + A~ 1)[(k+1) — [b](1 — 7)]
L A=)l b

<1

by Theorem f € TSCy(b,7,A). By the same token, we then conclude that f x F € TSCy(b,v, A, n)
C TSCy(b,8,A,1). 0

Next, we show that the class TSCy (b, 7, A, n) is closed under convex combination of its members.
Theorem 5.6. The class TSCy (b, y, A, n) is closed under convex combinations.
Proof. Fori=1,2,3,.... Suppose that f;(z) € TSCy(b,, A, n) where f; given by

filz) =z-Y |ﬂi,k|zk +) |bi,k|zk~

k=2 k=1

o0
For ) t; =1,0 < t; <1, the convex combinations of f; may be written as
i=1

itifi(z) =z— i (iti|“i,k|> 2+ i (iti|bi,k|> z*
i i= = \i=1

k=2
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Since,

00 KA —=A+1D)[(k—1 b|(1—
Z =0 + D[(k=1) + [b[(1 = 7)] i
2 =
o k(F2)" (kA +A —1)[(k+1) = [b](1—7)]
; eI bl =1

from the above equation we obtain

o k(DA — A+ D[(k—1) + [b](1 —7)] =
(1) ( (+_)[()b| )+ [b](1 = )] 5 blar

i=1
)" (kA + A =1)[(k+1) = [b](1 = 7)]

s 1+7 o b
o A= Lt
{i T (kA = A+ 1)[(k=1) + [b](1 = 7)]

k=2

a2 i

s k(ﬁ)”(k?h%*l)[(kJrl)*|b|(1*7)1|b‘ |
P (1 =[] "

This is the condition required by (3.14) and so Y t;fi(z) € TSCx (b, v, A, n). O
i=1

6 Class Preserving Integral Operator

In this section, we consider the closure property of the class TSCy/(b, 7, A, n) under the Bernardi integral
operator L[f(z)] which is defined by

c+1

Lolf(z)] = / EI()dE (¢ > ~1).

Theorem 6.7. Let f(z) € TSCy (b, 7, A, n), then Lc[f(z)] € TSCy (b, v, A, n).

Proof. From the representation of L[f(z)], if follows that

cife) - S e L [ g

0 0
_ c+1 / c—1 . o k i i c— oo
- e (a ’glam)dﬁ L 1<k_21|bk§k>d

00 00
= Z— Z Aka + Z Bka,
k=2 k=1
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where Ay = &5 [a| and By = <5 |by|. Hence

o k(FEL)"(kA = A+ 1)[(k—1) +[b](1=7)] fc41
)y =l (gl
(D" A+ A =1[(k+1) = [Bl1 = )] /41
) (c+k'b’“'>
L) (kA = A+ 1)[(k = 1) + [b](1 = 7)]

it
k=1

o k(k

<L T[] e
L

k()" kA + A = 1[(k +1) = [b(1 = )]
(1=7)lb]

since f € TSCy (b, 7, A), therefore by Theorem 3.2} L [f(z)] € TSCy (b, v, 7). O

x| <1,

Remark 6.1. Specializing the parameter, the result discussed in this paper leads many subclasses discussed in [4} 5] [7)
11H13].
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