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Abstract

In this paper, we study the existence of solutions for g-functional integral equations in Banach space C[0, T|.
The existence and uniqueness of solutions for the problems are proved by means of the Banach contraction
principle.
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1 Introduction

The quantum calculus or g-difference calculus is an old subject that was first developed by Jackson ([12],[13]),
while basic definitions and properties can be found in [15]. Studies on g-difference equations appeared already
at the beginning of the last century in intensive works especially by F H Jackson [14], R D Carmichael [6], T E
Mason [19], C R Adams [1]], W ] Trjitzinsky [21] and other authors [5].

Recently, g-calculus has served as abridge between mathematics and physics. It has a lot of applications in
mathematics and physics([7]-[9],[17],[22]).

In this paper, we are concerned with the g-functional integral equations

x(0) = () + [ fi (s x(6(6) dys, 1€ [0,T] a

and
X() = g0 + £t [ (s x(@(e) dgs), tEOT 1.2

where ¢ is deviated function. The existence of continuous solutions of the g-functional integral equation (1.1) in
the Banach space C[0, T] will be proved. The monotonicity of the solution of the equation (1.1) will be studied.
The existence of continuous solutions of the g-functional integral equation (1.2) in Banach space C[0, T] will
be proved.

2 preliminaries

Here, we give the definition of g-derivative and g-integral and some of their properties which is referred
to (2], [15]).
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Letg € (0,1) and define
-1
(], = qq—l =1+q+q°+ ---+q"!, neR

which is called The g- analogue of n.

Definition 2.1. The g-derivative of a real valued function f is defined by

Dy f(t) = dq;q(tt) - f(”’;i — {(t), Dyf(0) = lim Dyf(t)

Note that lim1 Dyf(t) = f'(t) if f(t) is differentiable.
q—
The higher order g-derivative are defined as
DY f(t) = f(t),  Djf(t) = DyD; ' f(t), neN.

Definition 2.2. Suppose 0 < a < b. The definite g-integral is defined as
b . .
Lf(x) = [ f)dr = 1= Y ¢ flgl).
=0
and

/ﬂb f(x)dgx = /Ob f(x) dgx — /Oa F(x) dyx.

Similarly, we have
LDf(t) = f(t), Iif(t) = LIf7'f(t), neN.

Theorem 2.1 (see [15]). (Fundamental Theorem of g-Calculus)
If F(x) is an antiderivative of f(x), and F(x) is continuous at x = 0, then

b
/ f(x)dgx = F(b) — F(a), 0<a<b<co.
a
Theorem 2.2. (see [4],[15]) For any function f one has

Dyl f(x) = f(x). (2.3)

Theorem 2.3. (see [2]) Let f be a function defined on [a,b], 0 < a < b, and c is a fixed point in [a,]. Assume that
there exists, 0 < vy < 1 such that x" f(x) is continuous on [a,b]. Let

X
F(x) = / F(E) dgt, x € [a,b].
[
Then F(x) is a continuous function on |a, b].
Lemma 2.1. If
t
F(t) = / £(5) dgs, for telab],
0
is continuous, then for every € > 03 > 0, such that tp,t € [0,T], | tp —t1 |< I, then
[F(t2) — F(t)| <e
ie.,
t2 t
|/0 F(s) dgs — /0 () dys| <e.

Lemma 2.2. (see [18]])
(1) If f and g are g-integrable on [a,b], « € R, ¢ € [a,b], then

@ [ 1)+ g dgx = [ F) dgx + [7 g(x) dy,
i) [y wfx)dgx = a [] f(x)dgx,
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i) [} (o) dgx =[5 fx)dgx + [0 f(x) dygx
(2) If | f| is g-integrable on the interval [0, x|, then

[ s < [T 150

(3) If f and g are g-integrable on [0, x], f(x) < g(x), for all x € [0, x], then
/0 fx)dgx < /0 g(x) dygx.

3 Main results

Let X be the class of all continuous functions, x € C[0, T] with the norm

[x[l = sup [x(¢)].
t€[0,T]

First, we study the existence and uniqueness of the solution of the g-functional integral equation (1.1) and
then we proved the monotonicity for the solution.

Consider the g-functional integral equation under the following assumptions
(i) g : [0,T] — Ris continuous.
(i) f1:]0,T] x[0,T] x R — R is continuous.
(iif) f; satisfies the Lipschitz condition
[filts,x) = filt,s,y)| < k(ts) |x —yl.
(iv)
sgp /Ot k(t,s)dss < K

Now for the existence of a unique continuous solution of the g-functional integral equation (I.I) we have the
following theorem.

Theorem 3.4. Let the assumptions (i)-(iv) be satisfied. If K < 1, then the q-functional integral equation has a
unique solution x € C[0,T].

Proof. Define the operator F associated with the g-functional integral equation (1.1) by

Fx(t) = g(t) + /Ot fi(t, s, x(¢(s))) dys.

To show that F: C[0,T] — C[0,T],letx € C[0,T], t1,t, € [0,T], then

Bx(r) — x| = [(2) —g(e) + [ flta, s x@E)gs — [ filhy s, x(@(6)dis
< gl =gl + | [ it s 1@ dgs = [ fults s, 5(9(9) dys
< gl =gl + | [ filta s 1)) dys = [ fults s, 5(9() dys

L[ Al s x@@s = [ filh, s, x(@(6)ds
< gl =gl + [ 1 filka s, x@6)) — filh s, x(0(6)) [ dys

+ |‘/0t2 fl(tlr S, x((P(S)))qu - Atl fl(tlr S, x((P(S)))qu |
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applying Theorem and Lemma (2.T), then we deduce that
F:clo,T] — C[o,T).

Letx,y € C[0,T], we have
t t
Ex(t) = Fy() = 1g(t) + [ it s x(9(s) dys = g() = [ filts s, v(#(s)) dys]

= 1 [ Al s x@6) dos — [ ilh s, v(@(6) ds

< [ 1Al s x@©) — Al s y(0(s) dys
< [ K3 (@) — y9(s)] dys

< M-yl [ ks dys

< Kfx =yl

This means that F is contraction.
Applying Banach contraction principle ([10],[16]), then we deduce that there exists a unique solution x € C[0, T] of
the g-functional integral equation (1.1). O

The following theorem prove the monotonicity for the solution of the g-functional integral equation (1.1).

Theorem 3.5. Let the assumptions (i)-(iv) of Theorem (3.1) be satisfied. If f1(t,s,x(¢(s))) and g(t) are monotonic
nonincreasing(nondecreasing) in t for each t € [0, T|, then the g-integral equation has a unique monotonic
nonincreasing(nondecreasing) solution x € C[0, T].

Proof. Let f,g be monotonic nonincreasing functions in ¢ € [0, T}, then

fort; > H
M) = gl) + [ Al s x06) ds
fy
< gt + [ Al s ©(06) dys
= x(tl).
Hence,

X(tz) < X(fl).

Also, If f1, ¢ are monotonic nondecreasing functions in ¢ € [0, T|, then
fort, > f

W) = gl + [ Alks, x@06) ds

> g(t) + /Otl fi(t, s, x(¢(s))) dgs

X(tl).
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Hence
x(t) > x(t1).

Now, we study the existence and uniqueness of the solution of the g-functional integral equation

K1) = g(0) + fo (6 [ 5o x(0(s)) dys), 1€ [0,T]
Consider the g-functional integral equation under the following assumptions
(i) g :[0,T] — R is continuous.
(i) f»:]0,T] x R — R is continuous.
(iif) f, satisfies the Lipschitz condition
[fa(t,x(8)) = fa(t,y(£))] < K [x(E) —y(E)]-
(iv) g satisfies the Lipschitz condition
18(s,x(£)) = g(s,y(1)] < T|x(t) —y(H)]-

For the existence of a unique continuous solution of the g-functional integral equation (1.2), we have the
following theorem.

Theorem 3.6. Let the assumptions (i)-(iv) be satisfied. If kIT < 1, then the g-functional integral equation has
a unique solution x € CI[0, T].

Proof. Define the operator F associated with the g-functional integral equation (1.2) by

Fx(t) = g() + fat, [ gls, x(9(5)) ds).

To show that F: C[0,T] — C[0,T],letx € C[0,T], t1,t, € [0,T], then

Fx() — Fx(t)l = l(g(t) — () + (alez, [ 805, 3@())ys) — falt, [ g(5,x(0(5))dis)]|
< Igli) — () |+ Ll [ (o2 06))d) — falt, [ 805, 5(0(5))do)
< Lgli) — () |+ Ll [ (o2 (06))d) — falt, [ 05,5050
+ Ut [ (5,5 00))ge) — o, [ 05,5005
ty 1)
< lglt) = g(h) |+ Ifalte, [ 85, x(@(6)dgs) — faltr, [ g(s,x(9(5))dgs)]

ty fy
1 78l x(@6)dgs — [ gl x(9())dgs
applying Theorem and Lemma (2.T), then we deduce that

F:C[0,T] — C[0,T).



378 A. M. A. El-Sayed et al. / Existence of solutions of g-functional...

Let x,y € C[0, T|, we have

"t

FxO -] = 150 + flt, [ 8l x06)) ds) = g0) = falt, [ 805, y(9() dys)|

t

= Lt [ 8l x060) ds) — 6 [ g6 v9() )

< k1 [ gl 3@ dys — [ gt w0061 dys
< k[ 1gs 190 — 865 v0)) |dys
t
< K [1E0E) - v(6E) s
< M -yl

This means that F ([10]) is contraction .
Then F has a fixed point x € C[0,T] which proves that there exists a unique solution of the g-functional

integral equation (1.2). O
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