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Abstract

In this paper a theorem on degree of approximation of a function f € Lip(a, r) by product summability (E, q)(N, pn)

of conjugate series of Fourier series associated with f has been proved.
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1 Introduction

Let " a, be a given infinite series with the sequence of partial sums {s,}. Let {p,} be a sequence of
positive real numbers such that

Pn:va—>oo,asn—>oo,(P,i=p,i=0,i20). (1.1)
v=0

The sequence-to-sequence transformation

1 n
tn = F vasvv (12)

" v=0

defines the sequence {t,} of the (N,p,)-mean of the sequence {s,} generated by the sequence of coefficient

{pn}. I

t, — s, as n — o0, (1.3)

then the series Y a,, is said to be (IV,p,) summable to s.
»Pn

The conditions for regularity of (N, p,)-summability are easily seen to be [1]

())P, — 00, as n — oo,

1.4
(ii)Z?zopiﬁC\PnL as mn — oo. ( )

The sequence-to-sequence transformation, [1]

T e 3 (1) (15)

v=0
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defines the sequence {T,} of the (E, ¢q) mean of the sequence {s,}. If
T, — s, as n — oo, (1.6)

then the series Xa,, is said to be (F,q) summable to s. Clearly (E,q) method is regular. Further, the (E,q)
transformation of the (N, p,) transform of {s,} is defined by

1 n
= Zn_ n—kT
R “(k>q ’

1 no (PN k) 1
= WEkZO (k)q k{PkEﬁ_Opvsv} (17)
If
Tn — 8, S N — 00, (1.8)

then 3" a, is said to be (E, q)(N, p,)-summable to s.
Let f(t) be a periodic function with period 27 and L-integrable over (—m, 7). The Fourier series associated
with f at any point x is defined by

flx) ~ % + Z(ancos nx + by sin nx) = Z Ap(x), (1.9)

n=1 n=0

and the conjugate series of the Fourier Series (1.9) is

Z(bncos nTr — a,sin nx) = Z B, (x). (1.10)
n=1 n=0
Let 5,(f : ) be the n-th partial sum of (1.10). The Lo.-norm of a function f: R — R is defined by

[ f lloo= sup{|f(z)] : x € R} (L.11)

nfm<A%umw)auzL (1.12)

The degree of approximation of a function f: R — R by a trigonometric polynomial P, (x) of degree n under
norm || - || is defined by [5]

and the L,-norm is defined by

| Po = f lloc= sup{lpn(z) — f(2)| : = € R} (1.13)
and the degree of approximation E,(f) a function f € L, is given by
En(f) :Hlljinllpn_fuv- (1'14)

A function f is said to satisfy Lipschitz condition (here after we write f € Lip «) if
[f(z+1) = f(z)| = O(Jt]*),0 < < 1. (1.15)
and f(x)eLip(a,r), for 0 < x < 27, if

27 %
</ |f(a:+t)f(x)rdx> =0(t|]*),0 <a<1,7r>1,t>0. (1.16)
0

For a given positive increasing function £(t), the function f(z) € Lip (£(¢),r), if
1

(/0 "1t — f(x)rdx) —0(E(),r > 1,¢> 0. (1.17)

We use the following notation throughout this paper:

U0 = UG+ 1)~ fe - 1), (118)

1 n 1 k cosé—cos(v—i—%)t
_ n

Y PRVET W s G A
0= rara (e E S
Further, the method (E, ¢)(N, P,) is assumed to be regular.

and
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2 Known Theorems

Dealing with the degree of approximation by the product Misra et. al. [2] proved the following theorem
using (E, q)(N, p,)-mean of Conjugate Series of Fourier series:

Theorem 2.1. If f is 2r-periodic function of class Lipa, then degree of approzimation by the product (E, q)(N,py)
summability mean of the conjugate series (1.10) of the Fourier Series (1.9) is given by ||7n— floo = O ﬁ
0 < a< 1, where 7, is as defined in (1.7).

Very recently Paikray et. al [3] established a theorem on degree of approximation by the product mean
(E,q)(N, p,) of the Conjugate Series of fourier Series of a function of class Lip(c, ). They proved:

Theorem 2.2. If f is a 2r-Periodic function of class Lip(a,r), then degree of approzimation by the product
(E,q)(N,p,) summability means on on he Conjugate Series (1.10) of the Fourier series (1.9) is given by
T = flloo = O<(1)+1),0 <a<l1,r>1, where, is as defined in (1.7).

n+1)*T T

3 Main Theorem
In this paper, we have proved a theorem on degree of approximation by the product mean (E,q)(N,p,) of
the conjugate series of the Fourier series of a function of class Lip(£(t),r). We prove:

Theorem 3.3. Let £(t) be a positive increasing function and f a 2m- periodic function of the class Lip(&(t),r),r >
1,t > 0. Then degree of approzimation by the product (E,q)(N,p,) summability means on the Conjugate Series

(1.10) of the Fourier series (1.9) is given by || T — f ||co= O((n+ 1)r §( )),r > 1, where 7, is as defined
in (1.7).

+1

4 Required Lemmas

We require the following Lemmas to prove the theorem.

Lemma 4.1.

_ 1
K. (t) =0 0<t< .
Rl = O(m) 0 < 1<
Proof. For 0 <t < +1’ we have sin nt < n sin t then
TR YOPNES wi S D,
Ruft) = ——— 5 . }
" (1 + q)» = k P = v sm%
1 " /n cos & — cos vt - cos £ +sinvt - sin
< n—k 2 2
“a(l4q)n kZ:O k)7 ,va 51n§ }‘

int
sin

¢ 2 ¢
cos3 (281n Uz)
Po ( +sinvt)}

INA
e
+ | =
=2
NE

o~
Il
=}

/\/\@/\/‘\

e
Il
=]

N— N— N— U N— N—
Q:
N‘
— — /—’H
3| =
M»

" k
1 t t

< n—k) _— v O(Qsinvsinv)—i—vsint)}
<o 2 k) Pk;p( 202

1 “ (n 1 ¢
< q"*k‘ _ P, (O(v) + O(v }

2 7 2 o(0() +00)

L )k O) &
< n—k v
= w1+ g)m ,;) KR ;op
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This proves the lemma. O

Lemma 4.2.

|K,.(t)| =0 <>f07" 1S <t<m.

.Then

t
T

Proof. For —= <t <, by Jordan’s lemma, we have sin ( >

t

1 k COS 5 — COS <U+;>t
7 2 j

N
Sin. =
v=0 S 2

k
cos§ —cosv2 COS 5 2 —|—smv2 sin = 2
Pov i

sin =

Jr
< s 5 () 2
< e 2 )

_— —Pu COS — Sin” v— SINvUv— - S1ln —
Wy 2 2 g %My

- (A

q

—miqm > S} = st oo ({7 )
- 1—|—q”t O<Z>q

Il
Q
N
| =
N———

This proves the lemma. O

5 Proof of Theorem 3.1

Using Riemann-Lebesgue theorem, we have for the n-th partial sum 5, (f : ) of the conjugate Fourier series
(1.10) of f(xz), following Titchmarch [4]

the (N, py,) transform of 3, (f : ) using (1.2) is given by

- P,

denoting the (E, q)(N,p,) transform of s, (f : ) by 7,,, we have

1 - n o 1 k Cosé sm<v—|—%>t
==~ | 00X (})a k{m;pv . b

k=0

™

¢(t)K (t)dt

([ oo

=11+ 1, say. (51)

Now
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2 = " Lk cosg—cos<u+;)t
D ! B P dt
|14] (14 q)" /0 1/)()2(]6)(] {Pk UZ:;JP QSin% }

T _

/ l/J(t)Kn(t)dt‘

O\ N [N o .
/ (5@)) dt) ( /0 (€K (1) dt> , using Holder’s inequality

=0((n+1)7 <n+1> . (5.2)

Next

=

> dt)T < / (f(t)Kn(t))Sdt) " using Holder’s inequality

(
/ﬂ é»(LL’&))SCh:)S, using Lemma 4.1
sy

Since £(t) is a positive increasing function, so is £(1/y)/(1/y). Using second mean value theorem we get

1 n+1dy % 1
:O<(n+1)€<n+1>></5 y2) , for some ;S(Sgn—kl

O((n+1)$§<ni1>

|70 — () | :o((n+1)ig<1>),for P>

n+1

Then from (5.2) and (5.3), we have

7= 160) o= _sup_ 1 = @) =0t 0¥ g ) )or = 1.

—r<x<T n+1

This completes the proof of the theorem.
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