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1 INTRODUCTION

The recently, Fractional calculus and generalizations is handled much. In especially the issue of fractional
calculus is done various applications. These areas is physical sciences, economics, engineering, medicine and
biological sciences[1 — 8.

In this work, we give some Hermite-Hadamard type inequalities and the results via classical Riemann-
Liouville fractional integrals for Agp—preinvex functions by considering recent studies about this field.

2 Preliminaries

In this section, we will give some definitions, lemmas and notations which we use later in this work.

Definition 2.1. (see[3]) Let f € L [a, b] .The Riemann-Liouville fractional integral |, f and J;_f of order a > 0 with
a > 0 are defined by

J% f (x) = ﬁfax(x—t)“—lf(t)dt ,0<a<x<b

2.1
]Z‘,f(x):ﬁff(t—x)”“lf(t)dt ,0<a<x<b Y
Where T is the gamma function.
Definition 2.2. (see [9]) The incomplete beta function is defined as follows:
By (a,b) = [Ft 1 (1 -1 tat, 2.2)

Here x € [0,1],a,b > 0.
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Definition 2.3. (see [10]) A function f : I C R — IR is said to belong to the class MT (1) if f is positive and Vx,y € I
and t € (0,1) satisfies the inequality:

fltx+(1=t)y) < s2=f () + Y F (). 23)

Definition 2.4. (see [11]) A function f : I C R — R is said to belong to the class m — MT (1) if f is positive and
Vx,y € Land t € (0,1), with m € [0, 1] satisfies the inequality:

ftx+m1—t)y) < A5 f (x) + (¥)- (24)

Definition 2.5. A function f : I C R — R is said to a A — MT —convex function or said to belong to the class
A — MT (1) if f is positive and Vx,y € I, A € (0, %] and t € (0,1) satisfies the inequality:

fltxt (1= y) < 5 f () + L2 (). (2.5)

Lemma 2.0. (see [12]) Let f : [a,b] — R be a once differentiable mapping on (a,b) fora < b. If f' € L [a, ], there is
a following equality for fractional integrals

f(a);f(b) M+1 L “ f(D)+ ] f(a)]
_ afo[l_t t“}f’(m—f—(l—t)b)dt.

Lemma 2.0. (see [13]) Let f : [a,b] — R be a twice differentiable mapping on (a,b) for a < b. If f"" € L [a, ], there
is following equality for fractional integrals

fla ) _ fﬁ)a s f (©) + Jj-f (a)]
- o [ g

(2.6)

2.7)

a+1
Lemma 2.0. (see [14]) For t € [0,1] ,we have

1—p"<2l=m —pm form € [0,1],
(1—H">21"m " form e [1,00).

Let R" be Euclidian space and K is said to a nonempty closed in R". Let f : K = R, ¢ : K =+ Randn: Kx K = R
be a continuous functions.

Definition 2.6. ([15]) Let u € K. The set K is said to be p—invex at u according to 1 and ¢ if

u+te'n(v,u) € K (2.8)
forallu,v € Kand t € [0,1].
Remark 2.1. Some special cases of Definition 6 are as follows.

(1) If ¢ = 0, there K is defined an invex set.
(2) If #(v,u) = v — u, there K is defined a ¢p—convex set.
(3)If ¢ = 0and 5(v,u) = v — u, there K is defined a convex set.

Definition 2.7. Let f : I € R — IR be a nonnegative function.Afunction f on the set Ky is said to be A, — preinvex
function according to ¢ and bifunction y and Vu,v € I,t € (0,1) and 0 < ¢ < 7 then

; (1-A)v1-
f (u+te?y (0,u)) < s (0) + B f (). 29)
Remark 2.2. In Definition 7, if A = %, ¢ = 0and n (v,u) = v — u. Definition 7 reduces to Definition 3;
fto+(1=tu) < s f (0) + Y ().
Remark 2.3. By considering Definition 7, if A = 3, ¢ = 0, and n (v,u) = v — u. for m € [0,1], we can write;
< A f o)+ (u).
Remark 2.4. In Definition 7, if ¢ = 0 and (v, u) = v — u. Definition 7 reduces to Definition 5;

flto+(1—Hu) < 52 f (o) + TV (u).

f (mu+te'y (v,mu)) = f(to+m(1—t)u) <
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3 Main Results

Lemma 3.0. Let f : [a,b] — R be a once differentiable mappings on (a,b) witha < b, n(b,a) > 0.If f €
L [a,a+ €97 (b,a)] , then the following equality for fractional integral holds:

f(a)+f(a+e?y(ba)) __ T(atl) « ip «
> e o))" J% f (a+€Pn (b,a)) + (u+ei4’17(b,tl))7f (a) (3.10)

— Zhba) (11— )% — ] f (a+ (1 — t)eiy (b, a)) dt.
Proof. By using Definition 7 and via the partial integration method ,we have following equality.

Jra—o® — %] f' (a4 (1 —t) €97 (b,a)) dt
_ fa >+f (ate'y(ba)) «

e'911(b,a) - e(ba)
1 ’ at+e'Py(ba) . \a—1 d
(ei(p”(b a))“ f (x 11) f(x) X
a+el?y(ba a—1 3.11
by SO (ko () =) f ()| 10
_ f@)+f(ate?y(ba)) T(a+1)
ey (b,a) (eiqzv(b,ﬂ))““
x[ﬁf@%ewﬂwﬂﬂ+laﬁme)fw4.
By multiplying the both sides of (3.2) by w, we have:
fla)+f(ate?yba)  Tatl) | ip «
2 (e"*”?(bﬂ ) Lﬁf (a ey (b a)) * (ﬂ+€"4’r](b,ll))7f (11)
ol .
= CUPA (U1 1) 2] f (a4 (1 — ) e9n (b,a)) dt.
The proof is done. O

Remark 3.5. In Lemma 4, if ¢ = 0 and 17 (b,a) = b — a, Lemma 4 reduces to Lemma 1;

b
W@”> s S ©)+ T3 f (@)
fo [(1—8)" =] f' (ta+ (1 —t)b) dt.
Theorem 3.1. Let I C R — R be a open invex set with respect to bifunction ny : I x I — R where iy (b,a) > 0. Let

f : [0,b] — R be a differentiable mapping. If |f'| is measurable and |f'| decreasing and A, — preinvex function on I
fora > 0and 0 < a < b, then:

ip b, a .
\f”“f“ée”(”)(L;ﬁﬂnw[ﬂﬁf(a+eWn<Aa>)+I“ f@

< IR ()] + 1521 )] (By (2a+3) —By (o 2’2))

Proof. By using Definition 7 and Lemma 4,we have:

f(a)+f(ate'?y(ba)) _ _ I(at1) « i «
‘ v 2 Z(Eiguﬂ(b,a))ﬂ ]ﬂ+f (a +e 77 (br a)) + I(a+ei(pi7(b,ﬂ))7f (ﬂ)
< b (U\1— 5 — || (a+ (1—t) ey (b,a))|dt

1

)0
< €M) |51t ] | (a et (1— £) ey (b,a)) | dt
L= A= I (o (- )iy (b,0) | ]
L0 | (-0~ ] (505 1 @] + S @)1) de
00 (1 @) S )
dt

IN

IN

Npqz(b/u) ‘f, | fO [ 1 - t - t(x:l 2 /tzl—t)
SR )] i (1~ (1= %) gt
ﬁ#£}ﬂ@ﬂ+%%ﬂ@ﬂ(@(%a+%—3

—

+

IN

(a+

)

NI—

7

NI—

1
2
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The proof is done. O

Theorem 3.2. Let I = [a,b] — R be a open invex set with respect to bifunction y : I x I — Rand f : [0,b] — R be
a differentiable mapping and 1 < q < oo. I | f'|" is measurable and |f'|" decreasing and A, — preinvex function on I
for0 <a <bandny(ba) >0 then:

f@)+f(atey(ba))  T(a+1) | i w
2 2(ey(ba))" Joef (a+ e (b,a)) + ](t‘l+ei‘/”7(b,11))7f @)
1

< e 510 @+ 1 (5) 1 o) (522

1,1 _
wherea>0,?—l—ﬁ—1.

Proof. By using Definition 7, Lemma 4 and Ho6lder’s inequality, we have:

f(a)+f<u+ei‘f’17(b a))  T(atl) o ig “
eeoary” [Jarf (@4 W(b'a))H(He"*’rz(bﬂ))*f(a)
S ] | —t“l £ (@ (1= ) elvy (b,a) | e
1 1
< S (a0t =) (1 o+ (0= een ,a)['dr)
1
< l¢,72(ha ( —t“—t“’pdf>p

= =

< (fo (25 1f @1+ 12§f f )7 dt)
el [x1 @)1+ 7 (132) 1F )]
X < 0% [(1—1)" —2P] dt+f1 [P — (1 —1)"P] dt)
ea) 17 @1 4152 7 0T (1)} (3522)7

Here, we (A1 — AZ)P < Af — Ag for any A1 > Ay > 0and p > 1. The proof is done. O

I/\
==

| /\

Theorem 3.3. Let I = [0,b] — R be a open invex set with respect to bifunction j : I x I — Rand f : [0,b] - R
be a differentiable mapping and 1 < q < oo, f' € L [a+ %y (b,a)] . If |f'|" is measurable and |f'|" decreasing and
Ay — preinvex function on I for 0 < a < band 1 (b,a) > 0 then:

fayss (aseon) (ip(ﬁlu) [];gf(welq’n( D)+ aogoan (")H

<2 iy (ba) (520) T [L90 (B, (La+ )~ By (a+11))

+(TA> |f/( ) <B1 (2,tx+ ) B% (vc—l—%,%

1,.1_
whereoc>0,p—|—q 1.

Proof. By using Definition 7, Lemma 4 and Power Mean inequality, we have:

f@+f(até®n(ba)  T(atl) [ « ip « }
2 2(ey(ba))" Jaef (ate ﬂ(b’a))+](a+eiw,7(b,u))’f(a)
SR (1 - ”‘—f“|!f’(a+ (1—t)ei?y (b,a))|dt
r 1-1

< 4,,7 U(fy I —nt —efar)

X(f (=0~ |7 o+ (1= % () ')
<e"4"72<lw>(f0%[(1t) —t“]dt+f1[ 1t)]df>1_q

x (Jo =0 =] |f (a+ (1= )2y (b,0)) | dt)”
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IN

i ,aﬂ
rafba) (2.2 h[l—t—%ﬂcfiV%Nq + LAV 7 ()] ) at

+flﬂ— 0] (s IF @1 + S22 7 (o)) e F

<z hemn 6 (55) T[98 oy (bt ) - (o4 1)
() 4 oy (b 1)y )]

The proof is done. O

Lemma 3.0. Let f : [a,b] — R be a twice differentiable mappings on (a,b) with a < b, 7 (b,a) > 0. If f" €
L [a,a+ €97 (b,a)], then the following equality for fractional integral holds:

f@)+f(a+e?y(ba)) (a1 [ . iy (b, " ] ‘
‘ ? sy Jarf (0o ba) Jaserna) T (3.12)
— %ﬁf Jo [1= Q=0 = 7 @+ (1= 1) Py (b,a)) dt
Proof. By using Definition 7 and Lemma 2, if use twice the partial integration method, we have:
a+17 a+1 .
Iy {1 D } f" (a+ (1—t)e'?y (b,a))dt
(17(17t)“+17t““)f’(u+(17t)e"4’;7(b,a)) !
B (a+1)e (b,a) . (3.13)
+e,-¢,71(bﬂ) J3 A= =] f' (a+ (1 —t) 93 (b,a)) dt
= gt Jo [(L=" =] f/ (a4 (1= 1) e (b,a)) dt
Motivated by Lemma 4, then:
1 fa)+f(ate¥y(ba)) T(a+1)
e’ﬁ”;y(b:a) ey (ba) (eiq’ﬂ(b,a))a+l )
X ]le‘*'f (a + 614)77 (b’a)) + ‘Ea+ei4’17(b,a))_f (ﬂ)
_ f@+f(atep(ba)  T(at1) ’
) (ei‘l’n(b,u))z (ei¢7(h,a))a+2 )
< \Jor f (a+ ey (b,a)) + I?ﬂ+ei¢’7(b,ﬂ))7f @) ) '
By multioli . (e#n(va)’ .
y multipling the both sides of (3.5) by >——, we have:
f@+f(atePyba)  Ta+1) |qa i @
2 (ei‘Pq (ba) ) ]u+f (LI te 4’17 (b’ 61)) + ](u—&-gi(/’q(bra))*f (ﬂ)
i a+1 ® .
4)}7 ) fo [1(12:1 ~ H} f"(a+ (1 —t)e'?y (b,a))dt
The proof is done. O

Remark 3.6. In Lemma 5, if ¢ = 0 and 17 (b,a) = b — a. Lemma 5 reduces to Lemma 2;
b I'(
[0 lﬁ; S f (0) + T3 f (a)]
a+1
= 2a fo [1 = fx)ﬂ ~ +1} f" (ta+ (1 —1t)b)dt.

Theorem 3.4. Let f : [0,b] — R be a differentiable mapping. If |f"| is measurable and |f"| is decreasing and
A — preinvex function on [0,b] for 0 < a < b, n(b,a) > 0and a > 0, then the following inequality for fractional
integrals holds:

fla)+f(ate¥n(ba))  T(at1) o i «
: (o) o] (a+e "(b’a))+](u+ef«w<b,a>)’f(a)

< “"”Zfifi {7 @[z -8Ga+d -5(eri)]
ﬁ%)ww>wf—BGw+%)—Bw+%%ﬂ}
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Proof. By using Definition 7 and Lemma 5, we have:

‘ a)+f ﬂ-';””’?(b“)) " (;qf:;la)) {]ng (a+ €'y (b, a))—i_]’gaJrei‘Pﬂ(h,a))f(a):H

< (o)’ ““*21?**““ £ (0 (1) ey (b,0)) | at

<l 1 i o)

< (el;f’gx(if)) {f”(u)l ( % _n7 dt—fo tz - )"‘*2 dt—fo pa+3 (1—t)7T dt)

(15 )\f” L a-phae— f117 a o %dt—folta+%(1—t)%dt)}
< L) {10 (0)) [~ B (Ba+3) - B(w+%%)
() @[5 -8 (he+3) B+ ]}

The proof is done.

Theorem 3.5. Let f : [0,b] — R be a differentiable mapping and 1 < q < oo. If |f"|7 is measurable and |f"|" is
decreasing and A, — preinvex function on [0,b] for n (b,a) > 0and 0 < a < b, then the following inequality for

fractional integrals holds:

fla)+f(ate?y(ba)) T(a+1) ” i «
: ( 91 (b,a) ) [] f (ﬂ e ¢77 (b,tl)) + ](u+eifl’;z(b,u))7f (a)} ‘

2y (b)) u _
< GOl (-2 (71 @1 + F (152) 17 @)1
1,1 _
whereoc>0,?+§ =1.

Proof. By using Definition 7, Lemma 5 and Holder’s inequality we have:

f@)+f(atey(ba))  T(atl) [ o io « ] ‘

‘ 2 , (e‘(/’ﬂ(bﬂ ) ]‘ﬁf (61 e (b a)) * ](a+ei<l’7](b,a))7f (a)
eiﬁ”iy(b,a)

< ( ) fO

< LAt 61 (o (1= £) €9 (b, 0)) | dt
< el (s 1=t =) (1 a0ty <b,a>>|"dt)q

)
g%(fo[l ) at)’ (fo(zrlf”()lq QAN 7 ())7) )
< P0n” 2 (717 @+ F (32) 1 @)

=

The proof is done.

Theorem 3.6. Let f : [0,b] — R be a differentiable mapping and 1 < q < oo. If |f"|7 is measurable and |f"|" is
decreasing and A, — preinvex function on [0,b] for 0 < a < band 5 (b,a) > 0, then the following inequality for
fractional integrals holds:

fla)+f(atey(ba)) T(at1) it "
2 81('07] bll |: f ( 17 b a ) (ll+€i¢17(b ﬂ))if (ﬂ)
ey (ba 2 ; [f" (a)|?
< LZI00) (1 pmy's (L0 BGa+3)+B(«+31)-3

5]
+(TA) - (h)l [B@“"’ >+B(“+2'2) gbﬁ

1,1 _
whereoc>0,p+q—1.
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Proof. By using Definition 7, Lemma 5 and Power Mean's inequality, we have:

fla)+f(a+e¥n(ba))  T(at1) " i a
: eenGa)y o) (a-+ey (b.a) + ](a+ei‘”’7(b,a))_f )
G SO o (g (1= £ iy (b)) | dt
¢9y(ba -3
S“ﬁl (fo ‘1_ _ ”‘H—t‘”l’dt) q
1
< (fo ]1 S (1—pt o t““‘ " (a+ (1= 1) e (b,0))|"dt)
_1
e'? bu
< Ol (o [1- -t - o] )

By

< (fo [HH)““—M GG I @I+ B 1 )7 )

e?(b,a))* il
= (2(a+1/),) gl_z ) T 1 1
(I (g -y e g ta et o ia)
1
() R (Rt oot o -ntia e a-ntar)’
ey (ba) AL ey
< (G -2 (S (5B (et ) B (x4 5.1)
17 q 1
+(15) O (7B (Lat3)-B+3D))"
The proof is done. O
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