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Abstract In this paper, we propose a new class of functions called p-pseudo S-asymptotically periodic

function on R by the measure theory. Furthermore, the existence, uniqueness of p-pseudo S-asymptotically
periodic integral solution to partial neutral functional differential equations with finite delay are
investigated. Here we assume that the undelayed part is not necessarily densely defined and satisfies the
Hille-Yosida condition.
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1 Introduction

The existence of periodic solution or asymptotically periodic solution is very important in the qualitative
studies of many problems. Many authors have made important contributions to the theory of periodicity,
asymptotic periodicity and applications to differential equations, integral equations, integro-differential
equations and partial functional differential equations. More details on this topic can be found in
[10} 12, 20; 21}, 25, 30].

The notion of S-asymptotic periodicity is an important generalization of asymptotic periodicity, which
was introduced by Henriquez et al. in [18} [19]. Since then, it attracted the attention of many researchers [7,
11}, 113} 22] and this concept has undergone several interesting, natural, and powerful generalizations, such as
pseudo S-asymptotic periodicity [23], weighted pseudo S-asymptotic periodicity [28], and so on. On the other
hand, Blot et al. [9] used some results of the measure theory to establish a new concept of y-pseudo almost
periodicity which generalizes weighted pseudo almost periodicity. Using the methods of [9], we introduce
the concept of u-pseudo S-asymptotic periodicity by measure theory in this paper.

Partial neutral functional differential equations (PNFDEs), arising from many biological, chemical, and
physical systems, become an interesting and important field in dynamical systems. In the standard framework
of semilinear PNFDESs, one assumes that the operator A in the linear part is densely defined. However, there
are many examples in which the density condition is not satisfied [3][15] 17, 27, 29]. Here we assume that the
linear part is not necessarily densely defined and satisfies the Hille-Yosida condition. Existence, uniqueness
of u-pseudo S-asymptotically periodic integral solution to PNFDEs are investigated.

The paper is organized as follows. In Section 2, some notations are presented and we propose a new
class of functions called p-pseudo S-asymptotically periodic function by the measure theory. In Section 3, we
recall some fundamental results which include the variation of constants formula and spectral decomposition.
Sections 4 is devoted to the existence and uniqueness of p-pseudo S-asymptotically periodic integral solution
of PNFDEs. In Section 5, we provide an example to illustrate our main results.
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2 Preliminaries and basic results

Let (X, ]| - 1]), (Y,] - ||) are two Banach spaces and IN, R, R" and C stand for the set of natural numbers, real
numbers, nonnegative real numbers and complex numbers, respectively. For A being a linear operator on X,
D(A), p(A), R(A, A), 0(A) stand for the domain, the resolvent set, the resolvent and spectrum of A. In order
to facilitate the discussion below, we further introduce the following notations:

e C(R,X) (resp. C(R x Y, X)): the set of continuous functions from R to X (resp. from R x Y to X).

e C = C([—r,0], X): the space of continuous functions from [—r,0] to X endowed with the uniform norm
topology.

e BC(R, X) (resp. BC(R x Y, X)): the Banach space of bounded continuous functions from R to X (resp.
from R x Y to X) with the supremum norm.

e B(X,Y): the Banach space of bounded linear operators from X to Y endowed with the operator topology.
In particular, we write B(X) when X =Y.

e LP(IR, X): the space of all classes of equivalence (with respect to the equality almost everywhere on R)
of measurable functions f : R — X such that || f|| € L*(R,R).

For w > 0, define
Co(R,X) = {x € BC(R, X) : ‘llim [[x(t)]| = 0}
t—so0

Cuw(R,X) = {x € BC(R,X) : x is w-priodic}.

Definition 2.1. A function f € BC(R, X) is called asymptotically w-periodic if there exists § € C (R, X), ¢ €
Co(R, X) such that f = g + ¢. Denote by AP, (IR, X) the set of such functions.

Definition 2.2. A function f € BC(RR, X) is said to be S-asymptotically w-periodic if there exists w > 0 such
that tlim (f(t+w) — f(t)) = 0. Denote by SAP,, (IR, X) the set of such functions.
—00

Definition 2.3. A function f € BC(R, X) is called pseudo S-asymptotically w-periodic if there exists w > 0
such that

lim % ./;TT LF(E+w) — £()|dt = 0.

T—o0

Denote by PSAP, (IR, X) the set of such functions.

Let U be the set of all functions p : R — (0, 00) which are positive and locally integrable over R. For a

given T > 0 and each p € U, set
T
m(T,p) := / p(t)dt.

-T
Define Uy := {p € U : lim m(T,p) = oo}.
T—c0

Definition 2.4. Let p € Uw. A function f € BC(RR, X) is called weighted pseudo S-asymptotically w-periodic
if there exists w > 0 such that

: 1 T
Jim s | P OIS @) = fOlldt =0
Denote by WPS AP, (R, X) the set of such functions.

Remark 2.1. Note that in the above definitions, if the function f is limited on R*, ie., AP,(R",X),
SAP,(RY,X), PSAP,(R",X), WPSAP,,(R", X) is defined in [18], [23], [24], [28], respectively.

Next, we introduce the new class of functions called p-pseudo S-asymptotically periodic on R by the
measure theory. B denotes the Lebesgue o-field of R, M stands for the set of all positive measure y on B
satisfying y(R) = co and p([a,b]) < co foralla, b € R (a < b). We formulate the following hypothesis:

(Hp) Forall T € R, there exist > 0 and a bounded interval I such that

u{a+7t,ae A}) <Bu(A) if A€ Bsatisfies ANI=Q.
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Definition 2.5. Let 1 € M. A function f € BC(IR, X) is called u-pseudo S-asymptotically w-periodic if there

exists w > 0 such that 1
lim —————— / t+w)— f(t)||du(t) =
im e [ W @) = £ o)
Denote by PSAP, (R, X, it) the set of such functions.
Remark2.2. (i) If the measure y is the Lebesgue measure, PSAP, (R, X, u) is PSAP, (R, X).

(ii) Letp(t) > 0 a.e. on R for the Lebesgue measure. y denotes the positive measure defined by

u(A) = /Ap(t)dt for A€ B,

where dt denotes the Lebesgue measure on R, then PSAP, (R, X, jt) is WPSAP, (R, X). One can see
[4},18, 9] for more details.

Similarly as the proof of [9], one has the following results for PSAP, (R, X, jt).
Lemma 2.1. Let y € M, then the following properties hold:
(i) f£g€ PSAP,(R, X, ) if f,g € PSAP,(R, X, u).
(ii) Af € PSAP,(R, X, 1) if A € R, f € PSAP(R, X, ).
(iii) APy(R,X) C SAP,(R,X) C PSAP,(R,X) C WPSAP,(R,X) C PSAP, (R, X, ).
(iv) PSAP, (R, X, i) is a Banach space with the supremum norm || - ||.
Lemma 2.2. Let y € M and satisfies (Hy), then PSAP, (R, X, ) is translation invariant.

Theorem 2.1. Assume that y € M. Let f : R x X — X be a function bounded on bounded sets of X, f €
PSAP,(R x X, X, i), and there exists a constant Lf > 0 such that

If (%) = fFEwll < Lelx—yll, teER, xyeX,
then f(-,u(-)) € PSAP,(R, X, u) ifu(-) € PSAP,(R, X, p).

Lemma 2.3. Let 4 € M and satisfies (Hy), if f € PSAP,(R, X, 1), G € L'(R, B(X)), then the convolution product

f * G defined by
—+o00

(f*G)(t):/_oo G(s)f(t—s)ds, teR

lies in PSAP,(R, X, u).

Proof. Let f € PSAP,(R, X, u), then by Lemma onehas f(- —s) € PSAP,(R, X, i) for all s € R. It is not
difficult to see that f * G € BC(IR, X). Since yu(RR) = oo, then there exists rg > 0 such that p([—r,7]) > 0 for
all r > ro. Hence by Fubini’s theorem, one has

ST oy U2 O @) = (£ G)(0) ()

<t fo o IGEIF e+ =)= fo =) lasu(s

e IIG()H
S/,m u([=T ])/ - I f(t—s+w)— f(t—s)|ldu(t)ds

Moreover, since G € L' (R, B(X)) and

[CG) J U= 54) = £t~ 5)ldp(t) <2GIIf]| forall s € R,

i)

then
- * G _
Jim [T g s+ @) = f =) ld(r)ds =0,

by Lebesgue dominated convergence theorem and f(- —s) € PSAP,(R, X, u), one has

. 1
Am =TT /H,T} [(f *G)(t+w) = (f  G)(B) ldp(t) =

thatis f * G € PSAP,(R, X, u). O
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3 Variation of constants formula and spectral decomposition

In this paper, we will investigate the existence and uniqueness of y-pseudo S-asymptotically periodic integral
solution for PNFDEs: p
$’Dut = ADu; + L(th) +f(i’), t e R, (3.1
where A is a linear operator on Banach space X, not necessarily densely defined and satisfies the Hille-Yosida
condition. Fix r > 0, u; € C is defined by u¢(0) = u(t+0) for 6 € [-r,0l. D € B(C,X), L € B(C,X),
f € PSAP,(R, X, pt). For the well posedness of (3.1), we assume that D has the following form:
0

Dy = (0) — [ [dn(®)ly(6) for p e,
for a mapping 1 : [—7,0] — B(X) of bounded variation and nonatomic at zero, which means that there exists
a continuous nondecreasing function d : [0,7] — [0, +o0) such that §(0) = 0 and

[ @@l <o) sup lp@) for ye s o

—r<6<0

To (3.1), we associate the following initial value problem

dt
ug':(PEC.

{ zDut = ADu; + L(w) + f(t), t>o0, (3.2)

Definition 3.1. [16] u € C([—r + 0, 40|, X) is said to be an integral solution of if the following conditions
hold:

(i) [ Dusds € D(A) fort > 0.
(ii) Duy = Do + Af; Dusds + f;(L(us) + f(s))ds fort > o.

(ii) uy = ¢.

If D(A) = X, the integral solution coincide with the known mild solution. One can see that if u; is an
integral solution of (3.2), then u; € D(A) for all t > 0, in particular D € D(A). Let us introduce the part A
of the operator A in D(A) which defined by

D(Ap) ={x e D(A): Ax e D(A)}
Apx = Ax for x € D(Ay).
We make the following assumption:

(Hp) A satisfies the Hille-Yosida condition: there exist M > 1, w € R such that (w, +00) C p(A) and

IR(A, A)"| < for n € N,A > w.

(A —=w)"’

Lemma 3.1. [l6] Ay generates a strongly continuous semigroup (To(t))s>0 on D(A).

The phase space Cp of is defined by

Co={pecC:DpecD(A)}.
For each t > 0, we define the linear operator U (t) on Cy by
ut) = vi(- 9),

where v(+, ¢) is the solution of the following homogeneous equation

dt

EDU,} = ADv; + L(Ut), t>0,
v=¢ecC.
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Proposition 3.1. [2l] (U(t))s>0 is a strongly continuous semigroup of linear operators on Cy.

Theorem 3.1. [2l] Let Ay, defined on Cy by

{ D(Ay) = {9 € C}([-r,0],X) : Dg € D(A), D¢’ € D(A) and D¢’ = ADg + L(¢)}
Aug = ¢ for ¢ € D(Ay).

Then Ay, is the infinitesimal generator of the semigroup (U(t))¢>o on Co.

Let Xp be the space defined by
<X0> = {XOC cE X}

where the function Xyc is defined by

0 if 6 €[-r0),

(Xoc)(8) = {c if if 6= 0.

The space Cy & (Xp) equipped with the norm |¢p + Xoc| = |¢|c + |¢| for (¢,¢) € Cyp x X is a Banach space and
consider the extension A;; defined on Cy & (Xj) by

{ D(Ay) = {9 € C}([-r,0],X) : Dp € D(A) and D¢ € D(A)}
Ay = ¢’ + Xo(ADg + L(9) — Dg).

In order to compute the resolvent operator R(A, Ay), we suppose the following assumption.
(Hy) De’c € D(A) forall c € D(A) and all complex A, where e’c € C is defined by

(etc)(8) = e, for 6 € [—r,0].

Lemma 3.2. [2l] Assume that (Hy)-(Hz) hold, then Ay, satisfies the Hille-Yosida condition on Co @ (Xo): there exists
M >0, w € R such that (W, +00) C p(Ay) and

M

|</\I_-ZL{)7”| < m,

for n € IN,A > @.

Moreover, the part of Ay on D(Ay) = Cy is exactly the operator Ayy.
Now, we can state the variation of constants formula associated to (3.2)

Theorem 3.2. [2] Assume that (Hy) and (Hy) hold, then for ¢ € Cy, the integral solution x of is given by the
following variation of constants formula

t ~
uy=U()p+ lim U(t—s)ByXof(s)ds for t >0,
A—+c0 JO

where By = AAI — Ay) ™ for A > @.
Definition 3.2. We say a semigroup (U (f));>0 is hyperbolic if
c(Ay)NiR = Q.

Definition 3.3. The operator D is said to be stable if there exist positive constants #, v such that the solution
of the homogenous equation
{Dyt:O for t >0

Yo=¢,
where ¢ € {ip € C: Dy = 0} satisfies

lyi(-, )| <ve T|p| for t>0.
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Example 3.1. The operator D defined by

Dy = ¢(0) —q¢(-7)
is stable if and only if |g| < 1.

For the sequel, we make the following assumptions:

(H3) To(t) is compact on D(A) for every t > 0.
(Hy) The operator D is stable.
We get the following result on the spectral decomposition of the phase space Cy.

Theorem 3.3. [2] Assume that (Hy)-(Hy) hold. If the semigroup (U(t))s>o is hyperbolic, then the space Cqy is
decomposed as a direct sum
Ch=SalU

of two U(t) invariant closed subspaces S and U such that the restricted semigroup on U is a group and there exist
positive constants M, @ such that

Ut)p| < Me “|g| for t >0, €S,

Ut p| < Me“|g| for t <0,¢ € U,

where S and U are called the stable and unstable space respectively.

Theorem 3.4. [5] Assume that (Hy)-(Hy) hold and the semigroup (U(t))¢>o is hyperbolic. If f € BC(RR, X), then

there exists a unique bounded integral solution u of (3.1) which is given by
t ~
uy = lim U (t —s)IT°(ByXof(s))ds
A—+400 J—0co
t

+ lim U™ (t —s)IT(ByXof(s))ds  for t € R, (3.3)
A—r+400 J 400

where U*(t), U"(t) are the restrictions of U(t) on S, U respectively, I1°, TI* are the projections of Cy onto S, U,
respectively.

4 Partial neutral functional differential equations

In what follows, we will investigate the existence, uniqueness of y-pseudo S-asymptotically periodic integral
solution of PNFDEs. First, consider following partial neutral functional differential equations

%Dut = ADu; + L(us) + f(t), t€ER, 4.1)

where A is a linear operator on Banach space X, satisfies the Hille-Yosida condition. u; € C is defined by
up(0) = u(t+0) for6 € [—r,0]. D € B(C,X),L € B(C,X), f € PSAP,(R, X, i), p € M.

Theorem 4.1. Assume that (Hy)-(Hy) hold, f € PSAP,(R,X,pu), u € M and the semigroup (U(t))>o is
hyperbolic, then has a unique integral solution u € PSAP, (R, X, u) which is given by (3.3).

Proof. By Theorem[3.4} has a unique bounded integral solution u which is given by (3.3). Let
up = (I°F) () + (Tf) (1),

where

0 = lim [ U (= $)IF(BrXof (s))ds,

A=+ J—co

()0 = Jim [ w0 I (ByXof(5))ds.
—+00 J+o0
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By (Hy), there exists a constant K > 0 such that

IEAWI<R [ @ 1s)ls @2
Let G : R — R be the function defined by
G(t)=e @ fort >0 and G(t) =0 fort <0,
hence
[T I las = [T e - 9)lds = [ Gs)f - 9)las

Sine || f(t)|| € PSAP,(R,R, i), by Lemma .3} one has

t _
[ e If(s)llds € PSAPL (R R, p),

soI*f € PSAP,(R, X, u) by @2). Proceeding in a similar manner, we have I'"f € PSAP,(R, X, ). The
proof is complete. O

Next, consider the nonlinear equation

%Dut ADus + Lu), +f(bu(t—7)), teR, 43)

where A is a linear operator on Banach space X, satisfies the Hille-Yosida condition, D € B(C, X), L € B(C, X),
f R x X — Xis a function bounded on bounded sets of X.
We make the following assumption:

(Hs) f € PSAP,(R x X, X, ), p € M and and satisfies the Lipschitz condition
If(w) — fE o)l < Lylu—ol, woeX, teR,
where Ly > 0 is a constant.

Theorem 4.2. Assume that (Hy)-(Hs) hold and the semigroup (U (t))>0 is hyperbolic, then has a unique integral
solution u(t) € PSAPy (R, X, p) if L is small enough.

Proof. Let v € PSAP,(R, X, ), by Theorem 2.1} Lemma 2.2/and (Hs), it is easy to see that f(-,v(- — 7)) €
PSAP,(R, X, ). Consider the equation

%Dut ADuy+ L(us) + f(t,o(t —71)), teR. (4.4)

By Theorem 4.1} we deduce that (4.4) has a unique integral solution Fv which is given by

[lim /t US(t — s)TT* (ByXof (s, v(s —1)))ds

A—+oo ) —

+ lim t U™ (t — s)IT"(ByXof (s,v(s —r)))ds| (0).
A——+00 J 400

The operator F is well defined on PSAP, (R, X, u). By (Hs), there exists a constant ¢y such that

sup |(Fo1)(t) = (Fo2)(#)] < Lgopsup [v1(t) — va(t)].
tER teR

If we choose Loy < 1, by Banach contraction mapping principle, F has a unique fixed point in
PSAP, (R, X, it), which is the pu-pseudo S-asymptotically periodic integral solution to #.3). O
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5 Example

Consider the nonautonomous version of the model proposed in [26]

2

S(6.8) = qult = 1,8 = 5 [u(0,8) ~ qu(t O] + [ vO)uts+0,5)d0

+O(u(t—r,¢)) +¢(t)g(¢) for te R, ¢ [0,m7],
u(t,0) —qu(t—r,0) =u(t,m) —qu(t —r,m) =0 for t € R,

(5.1)

where g € (0,1), v € C([-,0],R), g € C([-7,0],R), ¥ : R — R is a Lipschitzian continuous function with
Lipschitz constant Ly, and ¢ € PSAP, (R, X, u), u € M satisfying (Hy).
Let X = C([0, r],R) and define the operator A by

D(A) = {u e C?([0, 7], R) : u(0) = u(r) =0}, and Au:=u", uc D(A).
Lemma 5.1. [14] The operator A satisfies the Hille-Yosida condition on X:
(0, 400) C p(A) and |(M = A)Y| < % forA > 0.
It is not difficult to see that (Hp) holds by Lemma Let Ag be the part of the operator A in W, A is
given by

D(Ag) = {u € C*([0, ], R) : u(0) = u(rr) = u”(0) = u" (1) = 0},
Au:=u", u € D(Ap).

Ay generates a strongly continuous compact semigroup (Ty(t));>0 on D(A), which implies that (H3) holds
and D(A) = {u € X :u(0) = u(m) = 0}.
Define the bounded linear operator D : C — X by

D =9(0) —qp(y — 7).

Since 0 < g < 1, then D is stable and (Hy) holds. Moreover, by definitions of the operators A, D, it follows
that (Hy) is satisfied.
Let

L)@ = [ 190 for gy
F(69)(©) = 6(/@)) + $(g(@) for y € Xt € RT € [0,7,

then L € B(C, X) and (Hs) holds with the Lipschitz constant Lg. Let u(t) = u(t,-), can be rewritten as an
abstract system of the form (4.3). For the hyberbolicity, we suppose that

0
(He) [°, [y(6)]d6 <1—g.
Lemma 5.2. [[16] Assume that (Hg) holds, then the semigroup (U(t))s>o is hyperbolic.
By Theorem [4.2] one has

Theorem 5.1. Under the above assumptions, (5.1)) has a unique integral solution u € PSAP, (R, X, pt) if Ly is small
enough.
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