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Abstract

The purpose of this work is to prove results concerning the duality theory and to give detailed study on
the augmented Lagrangian algorithms and e-proximal penalty method which are considered, today, as the
most strong algorithms to solve nonlinear differentiable and nondifferentiable problems of optimization. We

give an algorithm of primal-dual type, where we show that sequences {/\k}k and {xk}k generated by this

algorithm converge globally, with at least the Slater condition, to A and X. Numerical simulations are given.
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1 Introduction

The augmented Lagrangian methods present a large inconvenience of point of view stability. If we have
a sequence {)\k}k who converges to an optimum A of the dual function, the successive solutions x* obtained

converge to an optimal solution only if L(x, A) has an unique minimum at x in a neighborhood of A (it will be
the case for example if L(x, A) is strictly convex at x).

So the methods of exterior penalties present the inconvenience that, to obtain a feasible point, we make
tighten the coefficient of penalty towards the infinity, then the penalized function becomes badly conditioned
for which the methods of gradients have a slow convergence

In the case of the equality constraints, Hestenes (1969) and Powell (1969) suggested combining previous
both approaches (penalties and dualities), and suggested solving a sequence of unconstrained problems of
the following shape:

Li(x,2) = £(0)+ Yohigi(x) +7)(5i()? (L.)

i=1 i

L=

A generalization of Hestenes and Powell function to inequality constraints will be after given.

So, the general principle of these methods consists in determining a saddle point of L, instead of solving
(P). The first component of the saddle point is, also, an optimal solution of the problem (P) .

The augmented Lagrangian method can be considered as an improvement of the penalty methods, because
it avoids having to use coefficients of penalties too big.
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Besides, the fact of adding the quadratic term r(g(x))? in the classical Lagrangian will improve the
properties of convergence of Lagrangian algorithms because the augmented Lagrangian is strictly convex at
x. It is the case where we find an unique primal solution in the neighborhood of the dual solution.

We can say that the augmented Lagrangian has a much more fundamental interest. Today, it is widely
recognized that the algorithms of optimization based on the use of the augmented Lagrangian, are a part of
the most effective general methods to solve differentiable and nondifferentiable mathematical programming
problems.

The purpose of this work is to prove results concerning the duality theory and to give detailed study
on the augmented Lagrangian algorithms and e-proximal penalty methods which are considered, today, as
the most strong algorithms to solve nonlinear differentiable and nondifferentiable problems of optimization.
Numerical experiments are given.

2 Main Results

2.1 Results on the Augmented Lagrangian

Consider the following mathematical programming problem :

(P) { a:=Inff(x) 22)

subjectto x € C
where
e fisa convex function with finite values and non necessarly differentiable.
e C:={xeR":gi(x)<0,i=1,..m}, g (i=1,..,m)are Cl-convex functions.
Suppose that
f(x) = +co (ie., f is inf-compact) (2.3)

(x| —+c0)

and there exists x( such that
Qi(x0) <0, (i=1,..,m) (2.4)

Definition 2.1. The augmented Lagrangian associated to the problem ('P) is defined as follows
1 m
Ly(x,A) == f(x) + ZZ(‘/’+()‘i +7rgi(x))* — A?) forallx € R", A € RY, (2.5)
i=1

where P (t) = Max(0,t). Or still

w [ 582(x) + Aigi(x) if gi(x) >~
L(x,A) o= f(x) + ) (2.6)

, N
W 25 if gi(x) < =%

Remark 2.1. Put

where

We notice well that
o ifu <0, then ¢(u,A,r) <0;
o ifu=0,then ¢(u,A,r)=0.

Corollary 2.1. Wehave  lim L,(x,A) = L(x,A).

(r—0)
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We have the following lemma :
Lemma 2.1. We have

Inf Sup L,(x,A) =u,
x€R™(A, r)eT

where T = R x R.

Proof. At first, we notice that for all u and ¢ > 0 there is a couple (A, r) € T such that ¢(u,A,r) > c.
Indeed, we distinguish two cases :

e Casel: If u £ 0, there exists at least one component u; > 0. We note by

I:= {ie {1,..m} :u; > —/}}

I # @. Then
r 5 )\12
p(u, A, r) = Z(Eui + Aju;) — ZZ
iel i¢l
If I ={1,..,m} then ¢(u,A,7) — +o0,as (A, r) — +oo.
Else, we have ¢(u,0,7) — +o0, as (r — +o0).
Then, in both cases there existe (A, 7) € T such that

o(u, A1) > c. (2.7)

e Case2:Ifu; <0, foralli € {1,..,m}, one has

guf—l—/\iui if u; > —%

1
g(llﬁ()\ﬂrmi)z—)\?) - ) <0
—%/\12 lf Uu; S _Ti
then
Sup ¢(u,A,r)=0 (2.8)
(A, r)eT

By means of formulae (2.6) and (2.7), one has

f(x) ifxeC
Sup Ly(x,A) = {

(A, r)eT 400 else;
thus
Inf Sup Ly(x,A) =Inff(x)=ua.
X€R"(A, r)eT xeC
O
By definition, we put
dr(A) := Inf L;(x,A), forall A € R}
xe€R"
We have the following Lemma:
Lemma 2.2. For all r > 0, we have
dy(A) == Sup {d(z) LTI /\||2} forall A € R™. 29)
2>0 2r
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Proof. We have
4 (A) = Sup {d(z) - & |z — A}

z>0

=Sup{1nf {f )+ Ll )}%Alez}

z>0 | xeR”

_Sup{lnf{f +Zzlg, x) — 21r||z—)\|2}}.

z>0 | xeR"
The function
1 2
( ) —>5(x z +Zzlgl E HZ_AH
admits a saddle point because it verifies the following COl’Idlthl’lS :
. 6(x, z) is convex for x an concave for z;
. 0(x,z) tends to oo as || x|| — +o0 (at a point z = 0);

. 0(x,z) tends to —oo as ||z]]| — 400 (at a point x( : g(xp) < 0).
Then, we can invert SupInf by InfSup and we have

dr(A) = Sup Inf { f(x) + L zigi(x) — & |z — A[]?
i=1

z>0 xeR"
— InfS S 20 Lz — Al
= nf up f(x) + ‘Zzzgz(x) — 2 HZ ” .
x€R" z>0 i=1
The Sup is reached at z where
rgi(x) + A if gi(x) > 4

zZi = =T (rgi(x) + Ap).
0 if gi(x) < %

For this notation, then the function d,(A) spells

)= nf {70+ £y w0 + Mgt - £ £ 0 00+ 4 - 22

xeR"

— Inf {f + B 9 rgi0) + M)gi() — 307 (i) + 29 —m}

xelR"

a Aigi(x) + 587 (x) if gi(x) > —%
= Inf { f(x

xR 132 if gi(x) < —4

T2t r

= Inf {f(x) 43 3 90 + 202 = A2 | = Inf L, ).

xeR" xeR"

According to ([3], remark 2.1), d is the regularized function of d. It is, thus, differentiable at A and we have
1
Vd,(A) = —;()\ —2))

where z, realizes the Sup in the expression (2.8). We note, also, that d, has the same optimal solutions as
d. O
Definition 2.2. The dual problem associated to the problem ('P) is the following one :

(D) B:= Sup dr(A), (2.10)
(A, r)eT

where T = R% x R.
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Definition 2.3. We call perturbation function of (P) the function p defined by

p(u) := Inf F(x,u),

xeR"

where
{ fx) if g(x) <u,
F(x,u) := (2.11)

+oo else

Remark 2.2. . Ifu = 0 then p(0) = «
Afuy > up then p(up) > p(uq).

The following lemma shows the relation which exists between L, and F.

Lemma 2.3. We have

Ly(x,A) = Inf {F(x,u)+ ¢@(u,A,r)} (2.12)
ucR™

forall x € R" and (A,r) € T.

Proof. Let x € R" and u € R™.
.If g(x) < uwehave

F(x,u) = f(x) and ¢(g(x),A,r) < ¢@(u,A,r), V(A1) eT.
.1f g(x) £ uwehave F(x,u) = +oo. Then

Le(x,A) = f(x) + @(g(x), A7) < F(x,u) + ¢(u,A,r), YVu e R",

thus
Ly(x,A) < Inf {F(x,u)+ ¢(u,A,r)},
ueR™
but
Lr(x,A) = F(x,8(x)) + 9(8(x), A7) = Inf {F(x,u) +(u,A, 1)}
u€R™

Then both inequalities give the expression (2.11). O
Lemma 2.4. We have .

LALM::Mf{HLuH—<mu>+EHMF} (2.13)

uclR™

where F is given by the expression (2.11).

Proof. Indeed, let us put

@r (x5, 0) = Inf {F(xk,u)+ <Au> +% ||u||2}
uclR™

The Inf in the expression of @, (x¥, A) exists and unique (the function at u is strongly convex). For every x,
we indicate by C, the following set :
Cx={ueR":u>gx)}.

Then, the expression (2.12) becomes

@r(x5, 1) = Ian {F(x,u)—i— <Au>+% ||u||2} = Ing {f(x)-i— <Au>+% Hu||2}
ucCy ueCy

2
:ﬂm+ng{<mu>+gwuy
ueCy

To calculate the solution of Inf {< Au>+5||u ||2} we look for a minimization according to every i. Let
ueCy
us put

w(u) =< A,u> +% ||u||2,
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then, Vw(u) = A+ ru.

For all i, if g;(x) < —% then, u; = —%, else u; = g;(x). Thus
[ Aigi(x) + % (gi(x)? if gi(x) > =5
Infu(x) = 1 T =es@an.
¥t L R .t if gi(x) < -5t
Then ¢, (xK, 1) = L,(x,A). O

We notice that L, is convex at x and concave at (A, r), consequently d, is concave.
We have the following weak duality theorem :

Theorem 2.1. (Weak duality) We have
B<a. (2.14)

Proof. We always have
Sup InfLy(x,A) < Inf Sup L.(x,A),

(Ar)ETxER" XERM(Ar)ET
thus
B <a.
O
Another relation exists between d, and p is given by the following lemma :
Lemma 2.5. We have
dy(A) = Inf {p(u)+e(u,A,r)}, V(Ar)eT. (2.15)
u€R”"
Proof. We have, according to the Lemma 2.4,
dr(A) = Inf Ly(x,A) = Inf Inf {F(x,u) +¢(u,A, 1)}
x€R" xeR"ueR"
= Inf Inf {F(x,u) +@(u,A,r)} = Inf {p(u) + ¢(u,A,r)}.
ueR"xeR" u€R”"
O
Lemma 2.6. There is a function @ such that forall (A,r) € T, (z,8) € T, r > s, we have
e, A, r)—@(u,z,s) > —P(A,z5,7)
with
lim ®(A,zs,r)=0. (2.16)
(r—>+o0)
Proof. We have
1& 1&
e(u, A, r) —o(u,z,8) = 52‘1’*(1@1{ +Ai) — Z—SZ‘I’+(sui +z;).
i=1 i=1

We distinguish two cases :

Case 1:

du < —%, then‘I’*(ui +A;) =0.
dfu; < =2, then ¥ (su; + z;) = 0, thus

1 1
Z‘I’J’ (ru; + A;) — E‘I’Jr(sui +2z;) =0.

dfu; > =2, then —% < u; < —%, from hence

1 s s, A
5 ¥ (sui+2i) = 5”?+Ziui < E(—jl)zﬂ%i(—*) <57
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Asr > s, then, we have

2
%‘F*(su—i—z) < % - ZlTAl
It holds that
l‘f*(ru« +Aj) — l‘I’Jr(su‘%—z‘) > —(—)\—i2 Zi)\i) — 0, asr — +o0
2r P2 P = 2r r ! ’
Case 2:

fu; > —%, then

%‘P*(rui +A) = Ly Ailt;.
dfu; < =3, then
%‘I’* (su;+z;) =0,
thus —% < u; < —7, itholds that

s ¥ (ru + Ar) = 5 ¥ (suy + zi) = Sud + Ay > —(=5(= %) = (=)

2
> — (=5t + M%) — 0, asr — +oo.

dfu; > —%, then, we have

=V (rui + Ag) — ¥ (su; + ;) = Jud(r—s) + (A — z)u;

A —1.)2
2 %(zz /\r)2+ (er—/\sl) s 0’ asr s 400,

Finally, in every cases there is a function ¢ verifying
(A1) —@(u,z,5) > —P(A,zs,7), forall (A,r) €T, (z,s) €T, r>s
with
lim ®(A,zs,r)=0.

(r—>+o0)

It results from this lemma the following result :

Lemma 2.7. Forall (A,r) € T, (r > 0), we have

dr(A) > Sup (ds(z) — ®(A,z,8,7)).

(z,8)€T, (r>s>0)
Proof. According to the Lemma 2.8, we have

e, A, r) > @(u,z,s) — ®(A,z,5,7).

Hence
p(u) +@(u,Ar) > pu)+¢(u,z,s) — (A, zs,r) VueR",
then
Inf (p(u) + @, A,r)) = Inf (p(u) + ¢(1,2,5) = ®(A, 2,5,1)).
uclR™ uclR™
It holds that

dr(A) > ds(z) — P(A,z,5,7), V(z,s) €T, Vr>s>0

= d,(A) > Sup (ds(z) — ®(A,z,8,1)).
(z,8)€T, (r>s>0)
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We have the following theorem :

Theorem 2.2. We have
B= Supds(z) = lim d.(A), forall A € RT. (2.17)
(zs)eT (r—>+e0)
Proof. Forall (z,s) € T, e >0and A € R, it exists, according to the Lemma 2.8,  enough large, with (r>s)
such that ®(A,z,s,7) < e. Then
dr(A) > ds(z) —e, Ve >0,

thus
lim d,(A) >ds(z) —¢, Ye>0, V(z,5) € T.
(r—r+e0)
And then, for every € > 0
lim d.(A) > Sup ds(z) —¢,
(r—>+00) (zs)€T
thus
lim d,(A) > Sup ds(z).
(r—>+4-00) (zs)eT
On the other hand,
Sup ds(z) > dy(A), VA € R
(zs)eT
Sup ds(z) > lim d,(A),
(z5)€T (r—>+o0)
where holds the result. O

This theorem gives a technique of resolution of (D). Indeed; if we penalize the function d, by using the
term of penalty (—2- ||z — A||), then by making the resolution when (r — +c0), we are in front of a said
penalty method.

The following algorithm shows the necessary steps for the resolution :

Algorithm 1:

Step 1: (k=0)

Fixe A and we choose a factor of penalty ry > 0 and zy € R, (k =0).

Step 2: (k > 0)

Find z; solution of

1 2
() = Sup {a(2) = 512~ AP
Step 3:
If z; do not verify the stop test one makes 71 > 1, k — k 4 1 and we return to the step 1.

2.2 Augmented Lagrangian Algorithms

Let (P) be the following constrained mathematical programming problem :

(P)  w:=Inff(x),
xeC
where

. f is a non necessarely differentiable convex function with finite value ;
.Ci={xeR":gi(x)<0,i=1,..m};

. gi (i=1,...,m) are C'-convex functions.

Suppose that  lim  f(x) = +oc0 and there exists x( such that

[l €[] —>+c0)

gi(x0) <0,i=1,..,m.

We give an algorithm with which we can calculate optimal solutions of (P).
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Algorithm 2:

Step1: (k=10)

Let us fix r > 0, let us determine one A in which the function d, reaches its maximum on R™.
Step 2:

Let us look for any point ¥ which minimizes the convex function L, (., A) on R".

Remark 2.3. The essential difficulty in the previous method lies in the calculation of (X,A). This couple is not
calculable with accuracy. But, if A and X are approximately determined by the previous method, can we be sure that
X is, approximately, an optimal solution of (P)?

Another complication appears because of the non direct clarified of d, at the wished way.

However, we can calculate d,(A) and Vd,(A), for every A, by determining a point x which minimizes L, (., A) on
IR". This operation is too expensive (from point of view cost) by repeating, every time, the process of iteration.

To by-pass this difficulty, let us suppose that for one A given, we have one x € R" minimizing L,(.,A) on R" with
a precision € > 0, that is

Le(x,A) —dy(A) <e.

We see that
d;(A) < Li(x,A') < Ly(x,A)+ <A —A, VL (x,A) > YxeR", A" € R™
—d,(A\') <d;(A)+ <A = A, VaL(x,A) > +e.
It holds that V 5L, (x, A) is an € -subgradient of d, at A.

Definition 2.4. . A sequence { x*} of R" is called asymptotically feasible for the problem (P) i
q P ymp Y p

lim gi(xk) <0,i=1,..m.
(k—4-o00)

. A sequence which realizes the Sup of the problem (D) is a sequence {Ak }k of R™ such that
d,(A¥) — Supd,, as (k — +o0).
. An asymptotically minimizing sequence of ('P) is a sequence {xk }k asymptotically feasible and such that

li ky = g,
(k—1>n-:oo)f () =a

Theorem 2.3. Let {Ak }k be a bounded sequence wich maximizes (D), let {xk }k be a sequence satisfying
Lr(xkr/\k) — Inf L(x, )‘k) = Lr(xk/ Ak) - dr(/\k) < €
x€R"
where e, — 0ask — +oo.
Then {xk }k is an asymptotically minimizing sequence of (P).
For the proof of this theorem, we need to the following three lemmas:

Lemma 2.8. The function d, satisfies, for all A, N e R

d,(A) <d,(M)+ <A = A, Vd(A) >
(2.18)

! i ! 2
d(N) > d(\)+ <A = A, Vd(A) > -1 —/\H

Proof. The first inequality is immediate from the concavity of d,(A).
For the second inequality, we have

(%) = Sup {d(z) = 5. I 2P |

n
z€RY
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It exists an unique z, such that
1
dr(A) =d(z)) = - [IA = z)?.
Let us put
/ 1
) = d(z) — 5 |

Or g(A') is quadratic, we shall have

f 2
A —Z)\H

!

g0) = g+ <A =4, V(1) > +5 (N~ A Vg - ).

Because
g(A) =d,(A) and gq(A) <d,(A), VA,
it holds that
Vq(A) = Vd.(A).
On the other hand,
V2(A) = —%I d (where Id is an identity matrix),
then 1 )
gN) = dr(A)+ <A = A, Vd, (1) > o ] A - AH .
So , )
d(V)+ <N =2,Vd(A) > - ‘ A - AH <d,(A).
O
Lemma 2.9. We have )
% er()\k)H < Supd, — dy(AF). (2.19)
Proof. According to Lemma 2.12, it holds that
! ! 2
Supd, > Sup {dr(/\k)+ <A = A, Vd (M) > — LA —/\H }
AN eR?
! ! 2
= d,(AF) + Sup {< A=A,V (AF) > — LA f)\H }
A eR?
k NG
= d,(AF) + £ | Vd, (A )H
what gives
r NG k
. er(;\ )H < Supd, — d,(A¥).
O

Lemma 2.10. Let us consider following both properties:

(@) Ly (xk, AR) — Inf Ly (x, A%) = L, (2%, AF) —d,(AF) < g,
xcR"
where e, — 0, as k — +oo;

2
(b) 4 | VAL (xk, AK) —Vdr(/\k)H < e
Then (a) = (b).

Proof. We use the Lemma 2.12 and the concavity of L, (x¥,.) then, we shall have for every w € R™
dr(w) < Ly(xF, w) < Ly (x5, A+ < w—AK, VL (x5, AF) >

and

2
dy(w) > d (A + < w— AF, Vd, (AF) > ’w—)\kH

_l‘
2r
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what gives
2
Lo (x5, AR) — 4, (AF) >< w — AK, Vd, (AF) — VL, (2%, AF) > —% Hw - /\kH .

That is
2
Ly (x5, AK) — d,(AF) > Sup {< w — Ak, Vd, (AF) — VL, (xk, AF) > — L Hw—/\kH }

m
weR"

S TR

2
Vd,(AK) — V, Ly (xk, )\k)H

Vd, (A*) — VL, (x5, AF)

2
r
; H

Where, according to (a), we have

L Va8 - wanh a9 <

Proof. (Theorem 2.11) According to the Lemma 2.14 we have
Le(x,2) = Inf {F(u)+ < x> +2 |ul’},

where F is given by
fx) ifgi(x) <uw, i=1,.,m
F(x,u) =
+oo else.
For A = AK, there is an unique point u* such that

2
Ly (x5, A%) = F(a5, uF)+ < AK uF > + % HukH .

Let us put
2
g(A) = F(xk, uf) 4+ < A0k > + % HukH
We notice that
g(A) > Ly(x%,1) VA, and q(A¥) = L,(x, AF),
thus
Vg(AF) = V)L (x5, AF).
Then,
uk =V, L, (xF, AF).
We have by hypothesis
Ly (xk, AF) — dp (AF) < g
what implies that

liinLr(xk, ARy = liind,()\k) = Supd,.
According to the Lemma 2.13 and Lemma 2.14, we have
h}x{nwr(/\k) =0

) — 1imVd, () = EmV, L (x, 1) = 0.
Vi, (M) = VaLy (¢, 24| =0

lim?Z
2

Then, lilrcnuk =0.
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The sequence {Ak }k being bounded, then

k

u

2
F(xk, uf) = Lo(xF, AR)— < AR 0k > —F H

uk

Hz) = Supd,.

= liinF(xk, uk) = liIEn(L,(xk, AR)— < AR uk > -

We always have d,(A) < f(x), VA, Vx, thus
liinF(xk, uF) = Supd, (1) < a.
On the other hand,
liinF(xk, uky = lilznf(xk) with liingi(xk) <0 (i=1,..,m).

Then
liinf(xk) = Supd,(A) < a with h}{ngl-(xk) <0 (i=1,..m).

It holds liin f(xF) = a. Consequently {xk }k is an asymtotically minimizing sequence of (P). O
2.3 Study of the Convergence

We are going to give an algorithm of primal-dual type, where we show that sequences {Ak }k and {xk }k

generated by this algorithm converge globally, with at least the Slater condition, to A and .
The algorithm to be studied depends on the initial choice of 7y > 0, A’ € R™ and the sequence {g; }, with

€ >0 and lilgnsk =0.

Algorithm 3:
Step 0: (initialization) (k = 0)
Choose a factor of penalty r; > 0, a precision § > 0, a multiplier A” and a sequence {g; }, with gx > 0 and
lilrcnsk =0
Step 1: (k > 0)
Find x* such that
er(xk, AR —d, (AF) < g

Step 2:
Define
A1 = max {Af + rkgi(xk),O};
or
AL = AR 4 1 V) Ly (6K, AF).
Step 3:
If

HVAer(xk, Ak)H <5 (2.20)

Stop and sets x as solution of (7).
Else, 1411 > 1y (if need be) return to the step 1.

Lemma 2.11. ([2l) Suppose that the sequence {Ak}k is bounded (bounded by M), then the expression (2.20) implies

f®) = f(x") =,
where

31, 6
or = 6(M + (2e + %)) +ep
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Proof. Let X be a solution of (P). From the formula (2.17), we have
1 2
dr (V1) = dy (W) < M= 25, Wy, (AF) > — HA"“ - /\kH .
k

Thus
f(@) > dy (AT

> dy () — 2651 = 28] [T (A9)]| = 2 [t — a7

According to the step 2 and the step 3 of the Algorithm 3, we have

101 0,00 - 91520 [0 3 F

VAL (¥, A9)|

> dy, (AK) — 1o HVAdrk(Ak)H — %42,
From the Lemma 2.14, we have
%" ’wr()\k)H —%" ’V/\Lr(xk,/\k)H < %k ‘VALr(xk,/\k) - Vdr()\k)Hz < e

What implies that
2 2
| Ve, (29| < rikk +6= —||Vad, (9] 2 —(rikk +9).
It results that
F®) > dy (AF) — 18 (5% +6) — %82

= d; (AF) — 6(2e; + 255).
On the other hand, according to the step 1 of the same Algorithm, we have

dr (A) > Ly, (x5, AF) — g1

Then
dp (M) > f(2¥) + 5 21<‘F+<Ai-‘ +118i(x9))? = (A)?) —ex
1=
> f(x*) + o Zl(()\f‘“)2 (AF)?) — &
m
= f(5) + o zl(Afﬂ — AR AT L AF) — g
1=
namely,
m p) k, k
A (W) 2 FO4) + g DG (U +48) — e
M AL(xk AK
= f) + 3L EHEH O ) — e
1=
= f(x*) + 3 < VAL, (2K, AF), AR 4 2K > g
Thus

dr (AK) > f(xk) — ] HVALr(xk,)\k)H HAkH +AkH g

> f(x*) = § [ A1+ ¥ - e

Finally, we have
FZ) > dr (AF) = 6(2¢ + %50)

> f(x) = ||V 4+ 24| — e — 520k + %0,
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it holds that
FE) > FO8) = 6(M + (26 + 3E8)) 5.

The general result is given by the following theorem :

Theorem 2.4. Let us suppose that (P) possesses a K-T vector and that

Y Ve < +oo

k>1

Then, the following properties are satisfied :

(a) the sequence {)\k }k is bounded, and its cluster values are K-T vectors ;

(b) the sequence {xk }k is an asymtotically minimizing of (P).
Proof. (a) According to the Lemma 2.14 and by hypothesis (step 1), we have
%k ‘VAer(xk, A = vd,, (xk)H < &
According ([3]], remark 2.2), we have
Vd,, (AF) = :I(ZAk U
where z,, realizes the Sup in the definition of d,,. But

AHL = AR L 1 VoL, (25, AF).

From which it holds .
VL, (xF,AF) = a(A"“ — ARy
Then
Tk k 2k N RN k
EHV/\er(x,A)—Vdrk(x)H = T = A8 = —(z - 2%
k T
Namely
LH)Lk—H—Z k 2<8
21y A =k

Taking the limit on k we find
liin(/\k“ —zy) =0

Consider the application Prox defined by
1 2
z — Prox(z) = h(z) + 5 |z — Al
where & is a convex function. Let us put
. 1 2
Prox(h; A) = argmin {h(z) + 3 |z — Al } .
z
We have, according ([5], Theo.31.5, p. 340),
[|Prox(h;u) — Prox(h; A)|| < |ju—AJl.

Let us put
h(z) = —1d(2)

547

(2.21)

2
< g

(2.22)
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(h is convex), then

Prox(h; A) = argmin {h(z) + 3z A||2} = arg min {—rkd(z) + 1z - )\Hz}

zeR™ zeR™
= —rrarg min {d(z) — 5|z — /\||2} = —rkz).
z€RM™ «
It holds that
||Prox(h;u) — Prox(l; A) || = || —rkzu + rezall

= 1 |zu —2al < lu = Al = llzu =22l < 7 lu— Al
Let A be any K-T vector, then
Vdy (A) =0= 1 Vd, (A) =0 =z = A+ 1, Vd, (1) = A.

Thus ,
Jeases = = e = 21l < & 2 =3

Using the previous expressions, we shall have

o 3] = oz <

+ 23 = Al

< \2reér + % H/\k —XH )

In particular
HAkJrl —XH < (I)(I"k,gk) < +-o00.

Hence, {)\k }k is a bounded sequence.

Let {A%}, be a convergent subsequence to A, according to the expression (2.21), we have
1i§n(/\5+1 —2z3s) =0.

We know that
zys = A° + 1 Vd,, (1)

— 1i£n()\5+1 — A* =1V (A°)) = 0 = limVdy, (1°) = Vdy, (A) =o.

As d,k is concave, then A maximizes drk, namely, A is a K-T vector.
(b) According to the Theorem 2.11, {x°}, is an asymtotically minimizing sequence of (P).

2.4 Numerical Experiments

In this paragraph, we propose some numerical experiments illustrating the methods of nondifferentiable
convex programming problems that we had studied above and in ([3]]). We established a comparative study

with the results of ([3]).

Let us call back that the previous methods consist in solving a sequence of unconstrained problems. Every
problem of which must be solved by the Algorithm 4 of ([3]) by making the linear search given by the

expression (20) in ([3]).
Example 2.1. Consider the following mathematical programming problem :

P) { w:=Inf {f(x) = %f((xtAix—i-bfx—i-ci)}

subject to x% 4+ 3xy 4+ 2x1 <0,
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where
—1 2
Al_(l 4 )/ b1—<_1>,C1—4,
21 0
AZ(l 4>/b2<_2)162_5/
25 2 4
A3_(05 2>/b3 (_3>/C3_3/
x0 k k Sk = time
initial k total | ** CORREE. () Il gl ka“ - ka s
(2,0) 4196 (—-0.391,0.210) | 349 | 10* | 10~* | 107%6.0 | 10772.0 0.17
(4,3) 6 | 268 (—0.460,0.236) | 349 | 10° | 107° | 1078 10722.0 0.22
(—2,1) | 5379 (—0.404,0.215) | 348 | 10° | 107> | 10772.0 | 10787.0 0.28
Table 1
”-Proximal Penalty method : (5§ = 107°)
12 —_—
1
10
9
8
4
6
5
4 )
3
2
0 =
Figure 1: The objective function value at each step
Ao k _ time
initial k total | ¥ CORRAE 8= ’|Ver(xk'/\k)|| s
5 14 | 79 (—0.402,0.214) | 349 | 14 [ 10 | 107°5.0 0.11
0.5 7 |31 (—0.402,0.214) [ 349 |7 [1077 | 107°7.0 0.06
12 15 | 90 (—0.402,0.214) | 349 | 15 [ 1075 | 107°6.0 0.11
-1 8 | 36 (—0.402,0.214) | 349 |8 | 1078 | 107°5.0 0.05
-8 2 |13 (—0.402,0.214) | 349 |2 [ 1072 | 0.0 0.06

Table 2
augmented Lagrangian method : (6 = 107%)

Example 2.2. Consider the following mathematical programming problem :

X := In X) = maXx(<LXx X 2 xz
P) { Inff(x) (2x+2, (x+1)5, x*+1)

subject to 2x 43 < 0.
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Figure 2: The objective function value at each step

0

X k k - k+1 ok tlme
initial |5 orar | % flxe) | re | & rch(x®) | sk = |||l Hx x H s
5 4|15 —151(325 |[10* | 107* | 107°5.6 | 1071255 0.06
62 7 126 —15[325 [107 | 1077 | 107856 | 1071255 0.06
—412 4|15 —15 (325 [10*|107* | 107556 | 1071255 0.05
Table 3

¢-Proximal Penalty method : (5§ = 10~11)

5

Figure 3: The objective function value at each step
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in/i\t(z'al k to];zl k Fo) | e | e 5= HVer(xk, Ak)” t”sne
2 16 | 47 —15 (325 |16 | 1071 | 10777.1 0.06
20 21 | 68 —151325 [21]10°% | 10791 0.05
35 22| 72 —15 (325 (221072 | 10779 0.05
-1 19 | 65 —-15[325 [19]10°P [ 10775 0.06
-5 19 | 67 —-15(325 |19 |10 [ 10775.3 0.05
Table 4

augmented Lagrangian method : (6 = 107°)

29 —o—As20

T T T T T T T T T T T d
0 1 7 S 4 3 6 7 8 9 10 1 12 13 14 15 16 1

Figure 4: The objective function value at each step

Example 2.3. Consider the following mathematical programming problem :

a:=Inf {f(x) = max(fi(x), f2(x))}

. x1+2x <0
subject to { Hnil<0

(P)

where

fl(x) :x%+x%fx27x171,

fa(x) = 3x% + 2x§ + 2x1x9 — 16x1 — 14x7 + 22

0 = :
x k k Sk time
initial k total | K f&e) | e | e () gkl ka+1 - ka s
(2,0) 6 | 20 (2,-1) | 14 10° | 107° | 107%9.0 | 10795.0 0.05
(—4,3) | 6|24 (2,—1) | 14 10° | 107° | 107%9.0 | 10773.0 0.05
6,-7) | 6|24 (2,-1) | 14 10° | 1076 | 107%9.0 | 10793.0 0.06
Table 5

e- Proximal Penalty method : (5 = 1079%)
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—o—x0=(2,0)
—o—x0=(9,-9)

Figure 5: The objective function value at each step

in/i\tg'al k to];al o Fo) | mie | e 5 = || VL (xio Ad) | t”:e
(2,6) 22 | 280 (2,-1) | 14 22 | 10722 | 107°6.0 0.16
(3,0) 20 | 220 (2,—1) | 14 20 | 10722 | 107°7.0 0.11
(5,3) 18 | 185 (2,—-1) | 14 18 | 10 | 107°7.0 0.1
(=5,—1) | 18 | 192 (2,-1) | 14 18 | 108 | 107°6.0 0.1
(-1,0) |17 ] 170 (2,—1) | 14 17 | 1077 [ 107°8.0 0.11
Table 6
augmented Lagrangian method : (5 = 107%)
15
11
5
_°“AG=(1-5)
34 —o-~/\c=(3.u)
"‘Z ~0——r\\c=(-1fo)

Figure 6: The objective function value at each step

Example 2.4. Consider the following mathematical programming problem :

= Inf {f(x) = max(fi(x), f2(x), f3(x))}
<0

(P)

subject to {

xl—XZ+1
2% —1<0 ’
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where
fi(x) = x3 +x3,
fa(x) = (x1 + x2)?
f3(x) = (2x1 +3x2)?
0 = i
x k k Sk time
nitial | © | total | ¥ fxe) e | & h(x) ll gl ka“ - ka s
(3,2) 6 | 35 (—0.5,0.5) | 0.5 10° | 107 | 10776.7 | 10775.7 0.06
(5,4) 6 | 33 (—0.5,0.5) | 0.5 10° | 107° | 10-79.1 | 10779.8 0.05
(—2,—4) | 6 | 27 (—0.5,05) | 0.5 10° [ 10°¢ | 10°° 10761.2 0.05
Table 7
e-Proximal Penalty method : (6 = 107°)
Ao k time
initial k total | ¥ ORI 5= HVer(xk' /\k)H s
(3,1) 11 | 119 (—0.5,0.5) | 0.5 11 | 1071 | 107°7 0.11
(4,3) 10 | 100 (—0.5,0.5) | 0.5 10 | 10719 | 107°3 0.1
(2,5) 10 | 134 (—0.5,0.5) | 0.5 10 | 10719 | 10—°8 0.1
(—1,0) |11 ] 126 (—0.5,0.5) | 0.5 11 | 10~ | 107°3 0.1
(—2,—4) | 12 | 140 (—0.5,0.5) | 0.5 12 [ 10712 | 1072 0.11
Table 8
augmented Lagrangian method : (5§ = 107%)
Example 2.5. Consider the following mathematical programming problem :
w:=Inf {f(x) = né)((xtAix + bix + cl-)}
(P) 3 <
subject to ¥ 43350 ,
2% +1<0
where
101 1
Alz 1 10 ,blz —1 ,C1:0,'
00 1 0
1 00 0
Az— -1 1 0 ’ b1: 1 , €)= —2;
0 01 0
1 -1 0 0
A3 = 1 0 ’ bl = 0 , €3 = 2;
0 0 1 0
x0 k ‘ Sk = time
initial k total | ** CORRE £k () Ikl ka“ - ka s
(1,2,4) 8 | 36 (0,—0.5,0) | 225 | 10° | 1077 | 107163 | 1071934 0.11
(2,8,0) 3119 (0,—0.5,0) | 225 | 10* | 107* | 107%6.3 | 1071014 0.06
(—2,-1,5) | 9 | 37 (0,—0.5,0) | 225 | 10 | 10710 | 1071914 | 10~ %6.9 0.11
Table 9

¢-Proximal Penalty method : (§ = 1077)
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Ao k B time
initial |51 torar | % flxe) | e | & s = || VL, (x, A || s
(3,2) 9 | 57 (0,—0.5,0) | 225 |9 [ 1077 | 107°3.4 0.06
(19,2.58) | 9 | 139 (0,—0.5,0) [ 225 |9 [ 1077 | 107°1.8 0.22
(4,6) 9 | 69 (0,—0.5,0) | 225 |9 | 1077 | 107%6.9 0.11
(—1,-4) | 9|59 (0,—05,0) | 225 |9 [ 1077 | 107%4.1 0.11
Table 10
augmented Lagrangian method : (5 = 107°)
Example 2.6. Consider the following mathematical programming problem :
—x 4 |x| +ell if x <0
a:=1Inf < f(x) =
(P) X2+ x| +ellelse
subject to x+1 < 0.
0 = s
x k « Sk time
initial k total | F&xe) | e €K nh(x') Il gkl ka“ - ka s
1 11 | 33 —1 [ 4718 | 10" | 1071 | 1071156 | 1071%4.3 0.05
) 5 | 14 —1]4718 | 10° | 107> | 107°5.6 | 10~ 4.3 0.06
~15 5 | 14 —1[4718 | 10° | 10 | 107°5.6 | 1071%4.3 0.05
Table 11
e-Proximal Penalty method : (6 = 10~11)
Ao k _ time
initial k total | ¥ Fa) | e | e 5 = || VL (xio Ad) | s
3 21 | 63 —1 (4718 |21 | 107% | 10776.5 0.06
5 19 | 57 —11|4718 {19 | 107Y | 10776.9 0.06
9 23 | 83 —11]4718 |23 107% | 10775.3 0.06
1.5 22 | 77 —1[4718 [ 22| 107% | 10776.3 0.05
0.6 22 | 80 114718 [22] 1002 ] 107783 0.06
Table 12
augmented Lagrangian method : (5§ = 107°)

2.5 Comments and Conclusions

Basing itself on the results obtained in the previous numerical experiments, we can make the following
remarks :
1) for the e-proximal penalty methods, we used the classical penalty functions :

(8i(x))?

=

h(x)

I
—

and the sequence (ry ) such that 7,1 = 107 ;
2) for the augmented Lagrangian method, we use the sequence (¢ ), such that

rk_;'_l - rk + 1
and for the sequence (g ), we make it decrease in the following way :

€k
€+1 = 10
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Generally, the obtained solutions are enough precise.

The number of iterations depends, on one hand of the algorithm used to solve the unconstrained
subproblems, on the other hand on initial points.

The two previous approaches possess the property of the global convergence.

From a theoretical point of view, both approaches use the proximal regularization. The first one makes the
regularity for the subproblems, the other one for the dual function associated with the ordinary Lagrangian.
So the idea to return the resolution of primal problem to a sequence of auxiliary problems.

The algorithm that we had used requiet the knowledge at least of a subgradient in every step, and the
value of the function to be minimized, then a difficulty concerning the determination of a subgradient which
is, generally, difficult in practice.

From point of comparative view, we notice according to the previous numerical experiments that number
of necessary iterations to obtain a minimum in the augmented Lagrangian method is higher than counts it of
iterations in the e-proximal penalty method. As well as the run time.

We also notice that the penalty factor is too much large in the e-proximal penalty method, and enough
small in the augmented Lagrangian method.

The stop test in the augmented Lagrangian method is more successful than the stop test in the e-proximal
penalty method.

2.6 General Conclusions

The e-proximal penalty method is a method of nondifferentiable optimization. It is a member of algorithms
whose the generated sequences are asymptotically minimizing. Thus, it is the technique which puts in
connection the classical optimization and the asymptotic analysis.

It has advantages for the perturbed problems and in fluid mechanics.

From theoretical point of view, we think that this technique will be widened in problems of positive
semidefinite optimization. Thing still is not made and raises open problems in this direction.

The augmented Lagrangien method is a well known technique by its efficiency in the theoretical and
practical cases. It applies to differentiable and nondifferentiable optimization problems.

This technique will be widened in positive semidefinite optimization problems with large-sized matrices,
thing still is not made and raises open problems still.
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