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Abstract

The third Hankel determinant, H3(1) for subclass of analytic functions satisfying geometric condition
re ') @)
flz) =t

for nonnegative real number «, in the open unit disk U = {z € C : |z| < 1} is derived in line with a method
of classical analysis devised by Libera and Zlotkiewicz [9].
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1 Introduction
Let A denote the class of functions
f(z) = z4 apz* + a3z + ... (1.1)

which are analytic in the open unit disk U = {z € C : |z| < 1} and satisfy the condition f(0) = £ (0) — 1 = 0.
By S, §*, C and R, we mean the well known subclasses of A which consist of univalent, starlike, convex and
bounded turning functions respectively. In [8], Jimoh et-al introduced a subclass of analytic functions denoted
by Jx which satisfy the geometric condition:

Re Z}[ES) f (Z):,:{ @) o, (1.2)

for non negative real number a,where estimates on the bounds of some coefficients were investigated. Also
in [6], Ganiyu et-al obtained the bound on the second Hankel determinant, Hy(2) for this same subclass of
analytic functions, Jy. In [10], Noonan and Thomas defined the gth Hankel determinant of f forg > 1,n > 0

by:

an 41 - ﬂn+q_1
An+1 .
Hy(n) = )
H,H,q,l e e ﬂn+2(q_1)

This determinant has been considered for specific choices of g and n by several authors with subject of inquiry
ranging from rate of growth of Hy(n) as n — oo to the determination of precise bounds on H;(n) for some
subclasses of analytic functions. It is well known that the Fekete-Szego functional is a3 — a3|=H(1). The
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second Hankel determinant defined by Hy(2) = [apas — a3 also received a lot of attention by researchers
among which is the notable work of Janteng, et-al, [7] where they obtained the second Hankel determinant
for some subclasses of analytic functions. Other contributors in this regard include Abubaker [1], Al-Refai [2],
Norlyda et-al [11], Vamshee [13].

Babalola [4], Shanmungam et-al [12], Vamshee et-al [14] have studied the third Hankel determinant, H3(1)
for various classes of analytic and univalent functions. In the present investigation, our focus is on the third
Hankel determinant, H3(1) for the subclass J, given by:

ay 4az 4as
H3(1)=| ap a3z a4
as a4 4as

For f € A, a1 = 1so that
H3(1) = a3(azay — a3) — ay(ay — axaz) + as(az — a3)
and by using the triangle inequality, we have
|H3(1)| < |as||azay — a3| + |as||azas — ay| + |as|[a5 — a3 (1.3)

In this paper, we seek to find the sharp upper bound on |aya3 — ay, |a3 — a3| and |H3(1)| respectively for the
functions belonging to the subclass 7,. We shall make use of our earlier results on the bounds on each of the
coefficients and the functional |aya4 — a3|=H;(2).

2 Preliminary Lemmas.

To prove the main results in the next section, we need the following lemmas. Let P denote the class of
Caratheodory functions p(z) = 1+ c1z + 22> + - - - which are analytic and satisfy p(0) = 1, Re p(z) > 0 in
open unit disk U.

Lemma 2.1. [5] Let p € P. Then |cx| < 2,k = 1,2,3.... Equality is attained by the moebius function

Lo(Z) = 1 i—z
Lemma 2.2. [9] Let p € P, then
2c) =2+ x(4—c}) (2.1)
and
deg =3 +2(4—c)eyx —c (4 — )P 424 — (1 — [x*)z (2.2)

for some value of x,z such that |x| < 1and |z| < 1.
Lemma 2.3. [3] Let p € P. Then we have sharp inequalities
21—-0), ifc <0,

2
c
cz—ail << 2 if0<o<2,
2(0—-1), ifc>2.
Lemma 2.4. [6] Let f € Jy. Then
4
H_2)| < ——
| 2( )|— (“+4)2
Lemma 2.5. [8] Let f € J,. Then
ar| <
|ap| < )
2(a+6) : —34+/17
|as| < { ey f0<a S\FZ ’
- 2 . —3+/17
= foa> =5="
5204 +47243 412084248961 +288 ifoa < —5+/33
lag| < 6(a+2)3 (a+4)(x+6) - 2
= 1402 +96a+232 if o > —5+/33
3(a+2)(a+4)(a+6) = 2
1445 4+236a* +134843 +29760> +2160a+1024 if o < —7++/57
las| < (242)?(a+4)? (a+6) (a+8) = 2
51 =\ 4044740 +58442+21520+3072 ifa > —7+/57
(a+2) (a+4)2(a+6) (x+8) =77 -
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3 Main Results.

Theorem 3.1. let f € . Then we have

2(a2 + 6 + 16) \/tx3+81x2—|—280c+32

- < < 1
19203 = a4 < S N e T Bt 6) | B8 Bat1s CSES
Proof. Using the results obtained earlier in [8], we have that if f € 7,, then
‘1
= 1
2 x+2 (31)
2
o)) & +3a—-2 5
_ N 2
BT e 2a+2)2at+a) ! (32)
c3 2 —5a — a2 20t + 170 4+ 310 — 8a + 12 4
ay = + c1c2 + c 3.3
YT ar6 (wtr2)atrd)(ate) 6(a +2)3(a+4)(at+6) ! (33)
so that
\azas — ag] = o + 6o + 4 o _oc4+100¢3+290c2+20a—12c3_ c3 (3.4)
WM ) (ard)at6) 2 3(a+2)3a+4)(a+6) ' a+6 ’

substituting ¢, and c3 in Lemma 2.2 into equation (3.4), we have

48 — 8x — 3202 — 10a° — a4c3 B 2(4—c3)
12w +23@+4)(a+6) ' (a+2)(a+4)(a+6

4-c) o (@-c)A—|xP)z

fate) 2(a +6)

\ﬂzﬂs - ﬂ4| =

c1x
)

By Lemma 2.1, |c1| < 2. Suppose that ¢; = ¢, we may assume without restriction that ¢ € [0,2]. By the use of
triangle inequality with ¢ = |x| and noting that 48 — 8x — 32a% — 10a® — a* > 0 for 0 < « < 1, we obtain

48 — 8 — 3242 — 1003 — a* 24-¢%)
S VIO )T oy o el e T Py
(c=2)(4—c2) 4—c? (3.5)
+ 4(a+6) €2+2(a+6)
= F(c, &)

we assume the upper bound for equation (3.5) occurs at an interior point of the set {(¢,c) : ¢ € [0,1] and
c € [0,2]}. Differentiating F(c, {) partially with respect to ¢, we get

2(4 —c?)c (c—2)(4— )&
a+2)(a+4)(a+06) 2(a+6)

FI(C,g) = (

For 0 < ¢ < 1 and for fixed c with 0 < ¢ < 2, we observe that F/(c,¢) > 0. Therefore, F'(c, ¢) is an increasing
function of ¢, which contracdicts our assumption that the maximum value of it occurs at an interior point of
the set {({,c) : ¢ € [0,1] and ¢ € [0,2]}. Also for fixed ¢ € [0,2], we have

Orgggllf(c, ¢) =F(c,1) = G(c), say

replacing ¢ by 1 in equation (3.5), we obtain

o +6a+ 16 at +10a% + 4142 + 68a + 36 4
G(c) =F(c,1) = c—
(a+2)(a+4)(a+6) 3(a+2)3(a+4)(a+6)
so that
, o + 60 + 16 ot + 1003 + 4142 + 68 + 36 ,
G'(c) = - c

(a+2)(a+4)(a+6) (a+2)3(a+4)(x+6)
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G'(c) = 0 implies

I (a +2)(a® + 6 +16)
N a3 + 8a2 + 250 + 18

; — . /a3+8a24280+32 : :
since ¢ € [0,2], we have ¢ = /{55575 "5 as the maximum point of G(c). Therefore

G(c) <

2(a? + 6 +16) a3 + 8a2 + 28a + 32
3a+2)(a+4)(a+6)\ ad+8a%+ 250 +18

i i — — /834842428432
That is the upper bound of equation (3.5) correspounds to § = 1and ¢ = /{57550 175 -

Theorem 3.2. Let f € J,.Then

2
2 < =
a3 = | < ax+4
Proof. Using equations (3.1) and (3.2),
a3 — 2| = 1| (a3 a
STRIT |7 \ar2) 2
Applying Lemma 2.3, with o = g—i;, we obtain

hence the result.
Corollary 3.1. Let f € J,.Then

-+ : -3 17
L1+ ifo<a< +2\F,

< (a+2)%s
|H3(1)| < { ]34%\/? if o > 73+2\/ﬁ'

where,

J1 = 2522 + 8784410 + 1343164° + 118807248 + 6737328a”
+ 2561558440 + 66411072a° + 117846144a* + 1433255044°
+ 4192588842 + 64143360 + 16920576,

Jo = 5248 + 1408a” + 159444° + 992484° + 369248a* + 8182404°
+ 99712042 + 569344 + 147456,

J3 = 728 + 230407 + 31176a° + 2334424° + 1057248a* + 29451784°
+ 485442002 + 4258872a + 1496880,

In = 280 4+ 6960° + 72800t 4 4214403 4 1437440° + 276480a + 237568,
Js = a® + 16a° 4+ 1172 + 4740® + 1100a* + 1304 + 576,

Je = 9@ + 2%(a + 43 a + 6)%*a + 8)(«® + 8% + 25a + 18).



M.A. Ganiyu et-al. / Third Hankel determinant for certain subclass of analytic functions ... 569

Proof. By equation (1.3), we have
|H3(1)| < |as|lazay — a3| + |asl|azas — aa| + |as||a5 — a3

using Lemma 4, the first inequality of the result in Lemma 5 together with the results obtained in Theorems
3.1and 3.2,

8(a+6) N 2(14a° + 236a* + 13484 + 297642 + 2160a + 1024)
(0 +2)2(a + 4)3 (6 +2)2(x +4)3(a + 6)(a +8)
(a2 + 6 + 16) (52a* + 47243 + 12084 + 896x + 288)
( 9(a +2)4(a 4 4)2(a + 6)2 (a3 + 842 + 250 + 18) )

[H3(1)| <

_|_

(\/(043 + 802 + 28a + 32) (a3 + 8a2 + 250 + 18))

simplifying, we have the first inequality.
Also by using Lemma 2.4, the second inequality of the result in Lemma 2.5 together with the results obtained
in Theorems 3.1 and 3.2,

8 2(4a* + 74 + 58442 + 21521 + 3072)
(e +4)3 (a+2)(a+4)3(a+6)(a+8)

2(a? + 6a + 16) (140> +96a +232) | a3 + 8a2 + 28 + 32
9(a+2)% (v +4)*(x+6)? a3 + 8a? + 250 + 18

[H3(1)] <

+

By simplification, we obtain the other inequality.

4 Conclusion

We have been able to find the sharp upper bound on functionals |a2a3 — a4, |a3 — 43| and the third Hankel
determinant, |H3(1)| for the functions belonging to the subclass 7.
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