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Abstract

In this paper, we will establish some oscillation criteria for the even-order nonlinear dynamic equation

(a <xM72)7)A2 (t)+ f (t,x*(t)) =0, t € [to,00)r

on a time scales T with 7 is an even integer > 3, where y and « are the ratios of positive odd integer and a is
areal valued rd-continuous function defined on T.
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1 Introduction

The theory of time scales was introduced by Hilger [1] in order to unify, extend and generalize ideas from
discrete calculus, quantum calculus and continuous calculus to arbitrary time scale calculus. The books on the
subjects of time scale, that is, measure chain, by Bohner and Peterson [2], [3], summarize and organize much
of time scale calculus.

The theory of oscillations is an important branch of the applied theory of dynamic equations related to the
study of oscillatory phenomena in technology and natural and social sciences. In recent years, there has been
much research activity concerning the oscillation of solutions of various dynamic equations on time scales.

In this paper, we deal with the oscillation of all solutions of the even-order nonlinear delay dynamic
equation

(a (JCAWZ)Y)A2 (t)+ f(t,x*(t)) =0, t € [to, +0) (1.1)

on a time scale T with sup T = oo,  is an even integer > 3. Where «, y are a quotient of odd positive integer,
a € C1 (T,R") such that a® (t) > 0 for t € [tg, c0)y and f satisfies the following conditions:

(H1) f:T x R — Ris continuous,

(Ha) f(t,—x) = —f(t,x) forallt € [ty,0), x € R,
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(H3) There exist a function r : T — R positive and rd-continuous, such that

f (i’x) > r(t), forallt € [tg, ), x € R—{0}. (1.2)

In order to prove our theorems we shall need the following two lemmas.

Lemma 1.1. [4]Ifn € N, supT = coand f € CJ}; ([to, )y, R) then the following statements are true.

1. iminff2" (t) > 0 implies tlimfAk (t) = oo forallk € [0,n), .
—00

t—o0

2. limsup 2" (t) < 0 implies tlimfAk (t) = —ooforallk € [0,n),.
—00

t—o0

Lemma 1.2. [Z] Assume that sup T = oo, f € C; ([tg, %), RT) and A > 0. Then

1-1)4
P < U2 on 0.

2 Main results

In this section, we establish some sufficient conditions which guarantee that every solution x of (1.1))
oscillates on [tg, %) .
Before stating the main results, we begin with the following lemma.

Lemma 2.3. Suppose that x is an eventually positive solution of ([1.1)) and

1 . ot T B
Jim 5 € RS tlggowt/r(smsoo. (2.3)

Then there exists t1 € [to, c0) such that

n— A n—
(11 (xA 2)7) (t) >0, XA (t) >0, forall t € [ty,00) . (2.4)
Lemma 2.4. Assume that x is an eventually positive solution of ([1.1)) and (2.3)) hold. Suppose there exists a sequence
functions ¢1,¢2, -+, ¢pn—2 € CL, ([to,0),RY) . Let Ay, Ay, - - - Ay_p are functions defined by

1

o= (G [{59) s e

and
t

A (t 1) = (Pkl(t) /cpk (s)As, forallt e [ty,00) andallk € 2,n—1),.
1

where t1 € [tg, o)y . Moreover, suppose that

$1(H) = g7 (1) (t—1) <0, fort € [h,00)q, (2.5)
and
ox (1) — ¢ (1) Ap_1 (t, 1) <0, forallt € [ty,00)y andallk € 2,n —1)5. (2.6)
Then
o (t) > Ex (t,11) i (t), forallt € [ty,00) andallk € [0,n—2),,
where

m=n—k—2
Ex(t,ti):= [ Aw(tt), forallte[t, o).
m=1
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Theorem 2.1. Let (2.3)) hold and « > vy. Assume that there exist sufficiently large t € [tg, o)y, such that

/ Ey (4 1) t_:)l / r Af = oo, 2.7)
o(t)

where Eq is defined as in Lemma
Then equation (1.1)) is oscillatory.

Proof. Suppose the contrary, that x () is a nonoscillatory solution of ([1.1). Without loss of generality, we may

assume that x (¢) is an eventually positive solution of (1.1)), since the substitution y (t) = —x (t) transforms
equation ([1.1)) into an equation of the same form. Say x (t) > 0 for t > t; > t.
By ([2), we get
a2\ 7\ A
(a (xA 2) ) () < —r()x°(t), fort € [t,00)y. 2.8)

Integrating form ¢ to oo, we have
n—2\ T\ &
CDRCE

2\ T\
By (2.8]), we have that (a (xA 2) ) is nonincreasing in [t1, o). Then, for all t € [t1, 00), we obtain

r(s)x* (s) As, fort € [ty,00). (2.9

t

0 (7 0) = [ (2 (7)) sz - (a (7)) 0.

(1) > (;J; [rx (s)As) ;o fort €t 00)y

By lemma 2.4} we have

t—t
A 1
X T
t/
<)t

Clearly x2 (t)> 0, for t € [t;, )y, then

Ei(t,t), fort € [t1,00)

\_/
<=

2=

()T (0 (1) > %/r(s)As Ei(tt), forte [t, o)

o(t)

By lemma(T.2 we get
1
% t—t T '
v B -4
> A E f . 21
7_a<x ) (t) > 0 /r(s) $ 1(t,t1), fort € [ty, ) (2.10)
o(t)
Integrating (2.10]) from #; to t and letting f — co, we have
o0 ki
t _a
/E1 tt1) Tt)l/r(s)As Atg_,),z,xxl 7 (h).

This result is in contradiction with (2.7)) . O
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Theorem 2.2. Let (2.3) holds and & = vy > 1. Assume that there exist positive function 5 € CL, ([to, ) ,R) such

that for all sufficiently large t1 € [tg, o), for some tp € [t1, 00) such that

/ " 7 (@) e
E] (,h) (t— 1)

()T () E] (1t

where 64 (t) = max (0,6%(t)) and Ey is defined as in Lemma
Then equation (1.1)) is oscillatory.

Proof. Suppose that (1.1)) has a nonoscillatory solution x on [y, )

At = o0,

(2.11)

r- We may assume without loss of

generality that there exists t; € [fg, o)y such that x (f) > 0 for t € [t, ).
We define the function w (¢) by
A
(+ (7))
w(t) =4(t) € [f1,00)p -

x7 (t) ’

Then w (t) > 0 for t € [t;,00) and by which implies that

o A o A
wh (1) < —5(t)r(t)+zgg((:))x7(a(t)){5 ()?({t)ﬂf(;)(t()x;) (t)}
A Y.
S GHURS = RGO S rre
By Potzsche’s chain rule [2], we get
1
UG WXA(f)/(hx(f)Jr(l—h)x”( )" dh
0
> A7)
Substituting in (2.12), we find
A A
wh (1) < =8 (H)r (t) + ‘;o 8 w’ (t) =’ (t) io(t()t)xgg'
By lemma 2.4} we find
Ei (t,1) A2 \TTT
Ay > = a(t) (2 (1)
et OO
> B (4h) {ta—(tt)l} 7 [(a (xA"*Z)V)A (t)} 7

t—t

IV
™
=
—
:0-
-
=
S—
=
—~
~~
=
7 N
—

Substituting (2.15)) in (2.14)), we get

‘W) (w” ()

==

A A g SME(Lh) [ E—h T,
wh (1) <=0 (1) (6)+ g g (0 - SO (o) @ 1)
Using the inequality [10]
l 'B,BBﬁ"rl
By — Ay < m A>0,B>0andp > 0.
which yields
yY (6% (1) )AY+1 (1)

wh (1) < =6 (H)r(t)+ (7 + 1)L 67 (1) ET (4,1

1) (E—t1)

(2.12)

(2.13)

(2.14)

(2.15)
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Integrating the last inequality from £, to ¢, we have

t +1
T (8D v
[o@re-—TEOL_O__r ey —wi <um).
(Y+ 1767 (5)E{ (s,11) (s — 1)
which contradicts (2.11)). This completes the proof. O

Theorem 2.3. Let (2.3)) holds and v > w. Assume that there exist positive function 5 € C; ([ty, %)y, R) such that
for all sufficiently large t1 € [tg, o)y , such that

/5‘7 £ ES (1, 1) (W) ¥ 00, (2.16)

where 6® (t) < 0, for all t € [t1,00)y and Ey is defined as in Lemma
Then every solution of (1.1)) is either oscillatory.

Proof. Suppose that ([1.1)) has a nonoscillatory solution x on [tp,00). We may assume without loss of
generality that there exists t; € [tg, o)y such that x () > 0 for t € [t1,00).

Let oA
w(t)=0(t) (a(x*"7)") (1), teln o)y
Then w (t) > 0 for t € [t1, 00) and by , we obtain
wh (£) < =87 () r (£) x* (t). (2.17)

By lemma[2.4] we get

(2.18)

Vv
ag!
=)
—
Amal
N
-~
—
—
|
-
_
-
S~—
v
<=
S
=A=
—
-~
—

Substituting (2.18) in (2.17), we find

—wt (W (1) =7 ()7 () Ef (1, 1) (m> -

By Lemma([T.2l we have

_Vva(wl#)A(t)zfs‘f(t)r(t)EB‘(f'“) <m)

Integrating this inequality from t; to ¢ we obtain

/(5‘7 s) Eg (s, t1) (a(ss)_;és))zAS < ﬁwli% (t1),

for all large ¢t. This result is in contradiction with (2.16)). This completes the proof. O

3 Example

As some application of the main results, we present the following example.

Example 3.1. On the quantum set T =2Z. Consider the following n-order neutral differential equation

AT+ () =0, te[l,00)5 (3.19)



604 A. Benaissa Cherif et al./ Oscillation Theorems for higher order ...

where n > 3 is even integer. Here a (t) = 1,7 (t) = 32, v = 1and w is a quotient of odd positive integer.
It is easy to see that hold.
Set

1 (t) :==hi (t,t1),  forallk € [1,n—1), and fort € [t;,00)55 .

2
Then and holds.

Moreover, for all k € [1,n — 1), we have

_ i (B 1)

A t:h) b (t,t1)

forall't € [t1,00)57 .

Then

==

Eqi (t 1) (t—t) /r(u)Au > hnz\/(;,h)/ forallt € [tl,oo)ﬁ.

By Theorem every solution x of (3.19)) is either oscillatory.
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