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Abstract

In this paper, we introduce and investigate the general solution and generalized Ulam- Hyers stability of
a additive functional equation
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originating from N observations of an arithmetic mean in Banach spaces using various substitutions in two
different approaches with N ≥ 2.
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1 Introduction

In [39], Ulam proposed the general Ulam stability problem: When is it true that by slightly changing the
hypotheses of a theorem one can still assert that the thesis of the theorem remains true or approximately true?
In [19], Hyers gave the first affirmative answer to the question of Ulam for additive functional equations on
Banach spaces. Hyers result has since then seen many significant generalizations, both in terms of the control
condition used to define the concept of approximate solution [4, 17, 28, 31].

One of the most famous functional equations is the additive functional equation

f (x + y) = f (x) + f (y). (1.1)

In 1821, it was first solved by A.L. Cauchy in the class of continuous real-valued functions. It is often called
an additive Cauchy functional equation in honor of Cauchy. The theory of additive functional equations is
frequently applied to the development of theories of other functional equations. Moreover, the properties of
additive functional equations are powerful tools in almost every field of natural and social sciences. Every
solution of the additive functional equation (1.1) is called an additive function.
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The second famous Jensen functional equation is

f
(

x + y
2

)
=

1
2
( f (x) + f (y)) (1.2)

its solution and stability was investigated by Jensen [21], Aczel [2], Aczel et.al., [3].
The Jensen functional equation (1.2) makes sense in algebraic systems that are 2-divisible (that is, division

by 2 is permissible), by replacing x by x + y and y by x− y, (1.2) goes over to

f (x + y) + f (x− y) = 2 f (x), (1.3)

which in a way eliminates this problem and makes sense in algebraic systems that need not be 2-divisible.
The equations (1.2) and (1.3) are equivalent in 2-divisible systems. Both equations can be solved by relating
them to the additive equation (1.1) (see P.K.Sahoo, Pl.Palaniappan. [37]).

Fig: 1.1 Geometrical Interpretation of Functional Equation (1.2)

The solution and stability of various additive functional equation in various normed spaces were intro-
duced and discussed in [5–11, 15, 26, 35] and reference cited there in.

Definition 1.1. Arithmetic Mean (A.M.): Arithmetic mean is the total of all the items divided by their total number
of items

A.M. =
X1 + X2 + · · ·+ XN

N
.

In this paper, the authors introduce and investigate the general solution and generalized Ulam- Hyers
stability of a additive functional equation

f

(
∑N

k=1 xk

N

)
=

1
N

N

∑
k=1

f (xk) (1.4)

originating from N observations of an arithmetic mean in Banach spaces using various substitutions in two
different approaches with N ≥ 2. In particular when N = 2, we arrive the Jensen functional equation (1.2).

2 General Solution of The Functional Equation (1.4)

In this section, we present the general solution of the functional equation (1.4). For this assume U and V
be real vector spaces.

Lemma 2.1. If f : U → V be a mapping satisfying (1.1) if and only if f : U → V satisfies (1.2) for all x, y ∈ U.

Lemma 2.2. If f : U → V be a mapping satisfying (1.2) if and only if f : U → V satisfies (1.3) for all x, y ∈ U.

Lemma 2.3. If f : U → V be a mapping satisfying (1.1) if and only if f : U → V satisfies (1.3) for all x, y ∈ U.

Remark 2.1. If f : U → V be a mapping satisfying (1.1), (1.2) and (1.3) for all x, y ∈ U then they are equivalent

Theorem 2.1. If f : U → V be a mapping satisfying (1.1) for all x, y ∈ U if and only if f : U → V satisfies (1.4) for
all x1, · · · , xN ∈ U.

Theorem 2.2. If f : U → V be a mapping satisfying (1.2) for all x, y ∈ U if and only if f : U → V satisfies (1.4) for
all x1, · · · , xN ∈ U.

Theorem 2.3. If f : U → V be a mapping satisfying (1.3) for all x, y ∈ U if and only if f : U → V satisfies (1.4) for
all x1, · · · , xN ∈ U.

Remark 2.2. If f : U → V be a mapping satisfying (1.1), (1.2), (1.3) and (1.4) then they are equivalent.
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3 Generalized Ulam - Hyers Stability of (1.4) In Banach Space : Direct
Method

In this section, we test the generalized Ulam - Hyers stability of the functional equation (1.4) in Banach
space. To prove the stability results throughout this section, we assume Y be a Normed space and Z be a
Banach space.

3.1 Substitution - 1: N ≥ 2 N is an Integer

Theorem 3.1. Let λ : YN → [0, ∞) and f : Y → Z are functions fulfilling the inequalities

lim
a→∞

λ(Nadx1, Nadx2 · · · , NadxN−1, NadxN)

Nad = 0 (3.1)∥∥∥∥∥ f

(
∑N

k=1 xk

N

)
− 1

N

N

∑
k=1

f (xk)

∥∥∥∥∥ ≤ λ(x1, x2 · · · , xN−1, xN) (3.2)

for all x1, · · · , xN ∈ Y. Then there exists a unique additive function fulfilling the functional equation (1.4) and

‖ f (x)− AA(x)‖ ≤
∞

∑
b= 1−d

2

ΛA(Nbdx)
Nbd (3.3)

for all x ∈ Y, where AA(x) and ΛA(Nbx) is defined as

AA(x) = lim
a→∞

f (Nadx)
Nad (3.4)

and
ΛA(Nbdx) = λ(N(b+1)dx, 0 · · · , 0, 0) (3.5)

respectively, for all x ∈ Y with d = ±1.

Proof. Replacing (x1, x2, · · · , xN) by (x, 0, · · · , 0) in (3.2), we obtain∥∥∥∥ f
( x

N

)
− 1

N
f (x)

∥∥∥∥ ≤ λ(x, 0 · · · , 0, 0) (3.6)

for all x ∈ Y. Setting x by Nx in (3.6), we get∥∥∥∥ f (x)− 1
N

f (Nx)
∥∥∥∥ ≤ λ(Nx, 0 · · · , 0, 0) (3.7)

for all x ∈ Y. Define ΛA(x) = λ(Nx, 0 · · · , 0, 0) in (3.7), we have∥∥∥∥ f (x)− 1
N

f (Nx)
∥∥∥∥ ≤ ΛA(x) (3.8)

for all x ∈ Y. Replacing x by Nx and divided by N in (3.8), we arrive∥∥∥∥ 1
N

f (Nx)− 1
N2 f (N2x)

∥∥∥∥ ≤ ΛA(Nx)
N

(3.9)

for all x ∈ Y. Combining (3.8) and (3.9), we reach∥∥∥∥ f (x)− 1
N2 f (N2x)

∥∥∥∥ ≤ ΛA(x) +
ΛA(Nx)

N
(3.10)

for all x ∈ Y. Generalizing, one can get∥∥∥∥ f (x)− 1
Na f (Nax)

∥∥∥∥ ≤ a−1

∑
b=0

ΛA(Nbx)
Nb (3.11)
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for all x ∈ Y. If we put x by Ncx and divided by Nc in (3.11), we obtain∥∥∥∥ 1
Nc f (Ncx)− 1

Na+c f (Na+cx)
∥∥∥∥→ 0 as c → ∞ (3.12)

for all x ∈ Y. Thus
{

1
Na f (Nax)

}
is a Cauchy sequence in Z. Since Z is complete, define a mapping such that

AA(x) = lim
a→∞

f (Nax)
Na

for all x ∈ Y. Letting a approaches to infinity in (3.11), we get (3.3) as desired. Letting (x1, · · · , xN) =

(Nax1, · · · , NaxN) and divided by Na in (3.2) and using the definition the AA(x), we see that AA(x) satisfies
the functional equation (1.4) for all x1, · · · , xn ∈ Y. To show AA(x) is unique, let AB(x) be another mapping
satisfying the functional equation (1.4) and (3.3) for all x ∈ Y. Now ‖AA(x)− AB(x)‖ = 1

Nc ‖AA(Ncx)− AB(Ncx)‖ ≤
1

Nc

{
||AA(Ncx)− f (Ncx)||+ || f (Ncx)− AB(Ncx)||

}
≤ 2 ∑∞

b=0
ΛA(Nb+cx)

Nb+c → 0 as c → ∞ for all x ∈ Y.

Thus AA(x) is unique. Hence the theorem is true for d = 1.
Replacing x by x

N and multiply by N in (3.8), we arrive∥∥∥N f
( x

N

)
− f (x)

∥∥∥ ≤ NΛA

( x
N

)
(3.13)

for all x ∈ Y. The rest of the proof is similar to that of previous case. Hence the proof is complete.

From Theorem 3.1, we prove the following corollaries concerning the Hyers- Ulam, Hyers - Ulam - TRassias
and Hyers - Ulam - JRassias stabilities of the functional equation (1.4).

Corollary 3.1. Let f : Y → Z be a mapping fulfilling the inequality∥∥∥∥∥ f

(
∑N

k=1 xk

N

)
− 1

N

N

∑
k=1

f (xk)

∥∥∥∥∥ ≤ β (3.14)

where β > 0 and for all x1, · · · , xN ∈ Y. Then there exists a unique additive function satisfying the functional equation
(1.4) and

‖ f (x)− AA(x)‖ ≤ βN
|N − 1| (3.15)

for all x ∈ Y.

Corollary 3.2. Let f : Y → Z be a mapping fulfilling the inequality∥∥∥∥∥ f

(
∑N

k=1 xk

N

)
− 1

N

N

∑
k=1

f (xk)

∥∥∥∥∥ ≤ β
N

∑
k=1
||xk||t (3.16)

where β > 0, t > 0 and for all x1, · · · , xN ∈ Y. Then there exists a unique additive function satisfying the functional
equation (1.4) and

‖ f (x)− AA(x)‖ ≤ β||x||tNt+1

|N − Nt| (3.17)

where t 6= 1 for all x ∈ Y.

Corollary 3.3. Let f : Y → Z be a mapping fulfilling the inequality∥∥∥∥∥ f

(
∑N

k=1 xk

N

)
− 1

N

N

∑
k=1

f (xk)

∥∥∥∥∥ ≤ β

{
N

∏
k=1
||xk||t +

N

∑
k=1
||xk||Nt

}
(3.18)

where β > 0, t > 0 and for all x1, · · · , xN ∈ Y. Then there exists a unique additive function satisfying the functional
equation (1.4) and

‖ f (x)− AA(x)‖ ≤ β||x||NtNNt+1

|N − NNt|
(3.19)

where Nt 6= 1 for all x ∈ Y.
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3.2 Substitution - 2: N ≥ 2, N is Odd Integer

Theorem 3.2. Let λ : YN → [0, ∞) and f : Y → Z are functions fulfilling the inequalities

lim
a→∞

λ(Nadx1, Nadx2 · · · , NadxN−1, NadxN)

Nad = 0 (3.20)

∥∥∥∥∥ f

(
∑N

k=1 xk

N

)
− 1

N

N

∑
k=1

f (xk)

∥∥∥∥∥ ≤ λ(x1, x2 · · · , xN−1, xN) (3.21)

for all x1, · · · , xN ∈ Y. Then there exists a unique additive function fulfilling the functional equation (1.4) and

‖ f (x)− AO(x)‖ ≤
∞

∑
b= 1−d

2

ΛO(Nbdx)
Nbd (3.22)

for all x ∈ Y, where AO(x) and ΛO(Nbx) is defined as

AO(x) = lim
a→∞

f (Nadx)
Nad (3.23)

and
ΛO(Nbdx) = λ(N(b+1)dx,−Nbdx, · · · ,−Nbdx︸ ︷︷ ︸

N−1
2

, Nbdx, · · · , Nbdx︸ ︷︷ ︸
N−1

2

) (3.24)

respectively, for all x ∈ Y with d = ±1.

Proof. Replacing (x1, x2, · · · , xN) by (x,−x, · · · ,−x︸ ︷︷ ︸
N−1

2

, x, · · · , x︸ ︷︷ ︸
N−1

2

) in (3.21), we obtain

∥∥∥∥ f
( x

N

)
− 1

N
f (x)

∥∥∥∥ ≤ λ(x,−x, · · · ,−x︸ ︷︷ ︸
N−1

2

, x, · · · , x︸ ︷︷ ︸
N−1

2

) (3.25)

for all x ∈ Y. Setting x by Nx in (3.25), we get∥∥∥∥ f (x)− 1
N

f (Nx)
∥∥∥∥ ≤ λ(Nx,−x, · · · ,−x︸ ︷︷ ︸

N−1
2

, x, · · · , x︸ ︷︷ ︸
N−1

2

) (3.26)

for all x ∈ Y. Define ΛO(x) = λ(Nx,−x, · · · ,−x︸ ︷︷ ︸
N−1

2

, x, · · · , x︸ ︷︷ ︸
N−1

2

) in (3.26), we have

∥∥∥∥ f (x)− 1
N

f (Nx)
∥∥∥∥ ≤ ΛO(x) (3.27)

for all x ∈ Y. Replacing x by Nx and divided by N in (3.27), we arrive∥∥∥∥ 1
N

f (Nx)− 1
N2 f (N2x)

∥∥∥∥ ≤ ΛO(Nx)
N

(3.28)

for all x ∈ Y. Combining (3.27) and (3.28), we reach∥∥∥∥ f (x)− 1
N2 f (N2x)

∥∥∥∥ ≤ ΛO(x) +
ΛO(Nx)

N
(3.29)

for all x ∈ Y. Generalizing, one can get∥∥∥∥ f (x)− 1
Na f (Nax)

∥∥∥∥ ≤ a−1

∑
b=0

ΛO(Nbx)
Nb (3.30)
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for all x ∈ Y. If we put x by Ncx and divided by Nc in (3.30), we obtain∥∥∥∥ 1
Nc f (Ncx)− 1

Na+c f (Na+cx)
∥∥∥∥→ 0 as c → ∞ (3.31)

for all x ∈ Y. Thus
{

1
Na f (Nax)

}
is a Cauchy sequence in Z. Since Z is complete, define a mapping such that

AO(x) = lim
a→∞

f (Nax)
Na

for all x ∈ Y. The rest of proof is similar to that of Theorem 3.1.

From Theorem 3.2, we prove the following corollaries concerning the Hyers- Ulam, Hyers - Ulam - TRassias
and Hyers - Ulam - JRassias stabilities of the functional equation (1.4).

Corollary 3.4. Let f : Y → Z be a mapping fulfilling the inequality∥∥∥∥∥ f

(
∑N

k=1 xk

N

)
− 1

N

N

∑
k=1

f (xk)

∥∥∥∥∥ ≤ β (3.32)

where β > 0 and for all x1, · · · , xN ∈ Y. Then there exists a unique additive function satisfying the functional equation
(1.4) and

‖ f (x)− AO(x)‖ ≤ βN
|N − 1| (3.33)

for all x ∈ Y.

Corollary 3.5. Let f : Y → Z be a mapping fulfilling the inequality∥∥∥∥∥ f

(
∑N

k=1 xk

N

)
− 1

N

N

∑
k=1

f (xk)

∥∥∥∥∥ ≤ β
N

∑
k=1
||xk||t (3.34)

where β > 0, t > 0 and for all x1, · · · , xN ∈ Y. Then there exists a unique additive function satisfying the functional
equation (1.4) and

‖ f (x)− AO(x)‖ ≤ β||x||t(Nt + N + 1)
|N − Nt| (3.35)

where t 6= 1 for all x ∈ Y.

Corollary 3.6. Let f : Y → Z be a mapping fulfilling the inequality∥∥∥∥∥ f

(
∑N

k=1 xk

N

)
− 1

N

N

∑
k=1

f (xk)

∥∥∥∥∥ ≤ β
N

∏
k=1
||xk||t (3.36)

where β > 0, t > 0 and for all x1, · · · , xN ∈ Y. Then there exists a unique additive function satisfying the functional
equation (1.4) and

‖ f (x)− AO(x)‖ ≤ β||x||NtNt+1

|N − NNt|
(3.37)

where Nt 6= 1 for all x ∈ Y.

Corollary 3.7. Let f : Y → Z be a mapping fulfilling the inequality∥∥∥∥∥ f

(
∑N

k=1 xk

N

)
− 1

N

N

∑
k=1

f (xk)

∥∥∥∥∥ ≤ β

{
N

∏
k=1
||xk||t +

N

∑
k=1
||xk||Nt

}
(3.38)

where β > 0, t > 0 and for all x1, · · · , xN ∈ Y. Then there exists a unique additive function satisfying the functional
equation (1.4) and

‖ f (x)− AO(x)‖ ≤ β||x||Nt(Nt+1 + NNt + N + 1)
|N − NNt|

(3.39)

where Nt 6= 1 for all x ∈ Y.
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3.3 Substitution - 3: N ≥ 2, N is Even Integer

Theorem 3.3. Let λ : YN → [0, ∞) and f : Y → Z are functions fulfilling the inequalities

lim
a→∞

λ(Nadx1, Nadx2 · · · , NadxN−1, NadxN)

Nad = 0 (3.40)

∥∥∥∥∥ f

(
∑N

k=1 xk

N

)
− 1

N

N

∑
k=1

f (xk)

∥∥∥∥∥ ≤ λ(x1, x2 · · · , xN−1, xN) (3.41)

for all x1, · · · , xN ∈ Y. Then there exists a unique additive function fulfilling the functional equation (1.4) and

‖ f (x)− AE(x)‖ ≤
∞

∑
b= 1−d

2

ΛE(Nbdx)
Nbd (3.42)

for all x ∈ Y, where AE(x) and ΛE(Nbx) is defined as

AE(x) = lim
a→∞

f (Nadx)
Nad (3.43)

and
ΛE(Nbdx) = λ(N(b+1)dx,−Nbdx, · · · ,−Nbdx︸ ︷︷ ︸

N−2
2

, Nbdx, · · · , Nbdx︸ ︷︷ ︸
N−2

2

, 0) (3.44)

respectively, for all x ∈ Y with d = ±1.

Proof. Replacing (x1, x2, · · · , xN) by (Nx,−x, · · · ,−x︸ ︷︷ ︸
N−2

2

, x, · · · , x︸ ︷︷ ︸
N−2

2

, 0) in (3.41), we obtain

∥∥∥∥ f
( x

N

)
− 1

N
f (x)

∥∥∥∥ ≤ λ(Nx,−x, · · · ,−x︸ ︷︷ ︸
N−2

2

, x, · · · , x︸ ︷︷ ︸
N−2

2

, 0) (3.45)

for all x ∈ Y. Setting x by Nx in (3.45), we get∥∥∥∥ f (x)− 1
N

f (Nx)
∥∥∥∥ ≤ λλ(Nx,−x, · · · ,−x︸ ︷︷ ︸

N−2
2

, x, · · · , x︸ ︷︷ ︸
N−2

2

, 0) (3.46)

for all x ∈ Y. Define ΛE(x) = λ(Nx,−x, · · · ,−x︸ ︷︷ ︸
N−2

2

, x, · · · , x︸ ︷︷ ︸
N−2

2

, 0) in (3.46), we have

∥∥∥∥ f (x)− 1
N

f (Nx)
∥∥∥∥ ≤ ΛE(x) (3.47)

for all x ∈ Y. Replacing x by Nx and divided by N in (3.47), we arrive∥∥∥∥ 1
N

f (Nx)− 1
N2 f (N2x)

∥∥∥∥ ≤ ΛE(Nx)
N

(3.48)

for all x ∈ Y. Combining (3.47) and (3.48), we reach∥∥∥∥ f (x)− 1
N2 f (N2x)

∥∥∥∥ ≤ ΛE(x) +
ΛE(Nx)

N
(3.49)

for all x ∈ Y. Generalizing, one can get∥∥∥∥ f (x)− 1
Na f (Nax)

∥∥∥∥ ≤ a−1

∑
b=0

ΛE(Nbx)
Nb (3.50)
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for all x ∈ Y. If we put x by Ncx and divided by Nc in (3.50), we obtain∥∥∥∥ 1
Nc f (Ncx)− 1

Na+c f (Na+cx)
∥∥∥∥→ 0 as c → ∞ (3.51)

for all x ∈ Y. Thus
{

1
Na f (Nax)

}
is a Cauchy sequence in Z. Since Z is complete, define a mapping such that

AE(x) = lim
a→∞

f (Nax)
Na

for all x ∈ Y. The rest of proof is similar to that of Theorem 3.1.

From Theorem 3.3, we prove the following corollaries concerning the Hyers- Ulam, Hyers - Ulam - TRassias
and Hyers - Ulam - JRassias stabilities of the functional equation (1.4).

Corollary 3.8. Let f : Y → Z be a mapping fulfilling the inequality∥∥∥∥∥ f

(
∑N

k=1 xk

N

)
− 1

N

N

∑
k=1

f (xk)

∥∥∥∥∥ ≤ β (3.52)

where β > 0 and for all x1, · · · , xN ∈ Y. Then there exists a unique additive function satisfying the functional equation
(1.4) and

‖ f (x)− AE(x)‖ ≤ β

|N − 1| (3.53)

for all x ∈ Y.

Corollary 3.9. Let f : Y → Z be a mapping fulfilling the inequality∥∥∥∥∥ f

(
∑N

k=1 xk

N

)
− 1

N

N

∑
k=1

f (xk)

∥∥∥∥∥ ≤ β
N

∑
k=1
||xk||t (3.54)

where β > 0, t > 0 and for all x1, · · · , xN ∈ Y. Then there exists a unique additive function satisfying the functional
equation (1.4) and

‖ f (x)− AE(x)‖ ≤ β||x||t(Nt + N − 2)
|N − Nt| (3.55)

where t 6= 1 for all x ∈ Y.

Corollary 3.10. Let f : Y → Z be a mapping fulfilling the inequality∥∥∥∥∥ f

(
∑N

k=1 xk

N

)
− 1

N

N

∑
k=1

f (xk)

∥∥∥∥∥ ≤ β

{
N

∏
k=1
||xk||t +

N

∑
k=1
||xk||Nt

}
(3.56)

where β > 0, t > 0 and for all x1, · · · , xN ∈ Y. Then there exists a unique additive function satisfying the functional
equation (1.4) and

‖ f (x)− AE(x)‖ ≤ β||x||Nt(NNt + N − 2)
|N − NNt|

(3.57)

where Nt 6= 1 for all x ∈ Y.

4 Generalized Ulam - Hyers Stability of (1.4) In Banach Space : Fixed
Point Method

In this section, the generalized Ulam - Hyers stability of the functional equation (1.4) is proved using fixed
point method.

Now, we present the following theorem due to B. Margolis and J.B. Diaz [25] for the fixed point theory.
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Theorem 4.1. [25] Suppose that for a complete generalized metric space (Ω, d) and a strictly contractive mapping
T : Ω→ Ω with Lipschitz constant L. Then, for each given x ∈ Ω , either

d(Tnx, Tn+1x) = ∞, ∀ n ≥ 0,

or there exists a natural number n0 such that the properties hold:

(FP1) d(Tnx, Tn+1x) < ∞ for all n ≥ n0 ;

(FP2) The sequence (Tnx) is convergent to a fixed to a fixed point y∗ of T;

(FP3) y∗ is the unique fixed point of T in the set ∆ = {y ∈ Ω : d(Tn0 x, y) < ∞};

(FP4) d(y∗, y) ≤ 1
1−L d(y, Ty) for all y ∈ ∆.

Using Theorem 4.1, we obtain the Hyers - Ulam stability of (1.4). To prove the stability results throughout
this section, we assume Y be a Normed space and Z be a Banach space.

4.1 Substitution - 1: N ≥ 2 N is an Integer

Theorem 4.2. Let f : Y → Z be a mapping for which there exists a function λ : YN → [0, ∞) with the condition

lim
n→∞

1
αn

i
λ(αn

i x1, · · · , αn
i xN) = 0 (4.1)

where

αi =

{
N i f i = 0,
1
N i f i = 1

(4.2)

such that the functional inequality ∥∥∥∥∥ f

(
∑N

k=1 xk

N

)
− 1

N

N

∑
k=1

f (xk)

∥∥∥∥∥ ≤ λ(x, y) (4.3)

holds for all x1, · · · , xN ∈ Y . Assume that there exists L = L(i) such that the function

x → T(x) = ΛA

( x
N

)
(4.4)

with the property
1

αi
T(αix) = L T(x) (4.5)

for all x ∈ Y . Then there exists a unique additive mapping A : Y → Z satisfying the functional equation (1.4) and

‖ f (x)−A(x) ‖≤
(

L1−i

1− L

)
T(x) (4.6)

for all x ∈ Y .

Proof. Consider the set
Ψ = {h/h : Y → Z , h(0) = 0}

and introduce the generalized metric on Ψ,

inf{ρ ∈ (0, ∞) :‖ h(x)− g(x) ‖≤ ρ T(x), x ∈ Y}. (4.7)

It is easy to see that (4.7) is complete with respect to the defined metric. Define J : Ψ→ Ψ by

Jh(x) =
1

αi
h(αix),

for all x ∈ Y . Now, from (4.7) and h, g ∈ Ψ, we arrive

inf {Lρ ∈ (0, ∞) :‖ Jh(x)− Jg(x) ‖≤ LρT(x), x ∈ Y} .
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This implies J is a strictly contractive mapping on Ψ with Lipschitz constant L (see [25]). It follows from
(4.7),(4.5) and (3.8) for the case i = 1, we reach

inf
{

1 ∈ (0, ∞) :
∥∥∥∥ f (x)− f (Nx)

N

∥∥∥∥ ≤ ΛA(x), x ∈ Y
}

or

inf {1 ∈ (0, ∞) : ‖ f (x)− J f (x)‖ ≤ L T(x), x ∈ Y} or

inf
{

L0 ∈ (0, ∞) : ‖ f (x)− J f (x)‖ ≤ L T(x), x ∈ Y
}

or

inf
{

L1−1 ∈ (0, ∞) : ‖ f (x)− J f (x)‖ ≤ L T(x), x ∈ Y
}

. (4.8)

Again replacing x = x
N in (3.8) and it follows from (4.7), (4.5) for the case i = 0, we get

inf
{

1 ∈ (0, ∞) :
∥∥∥N f

( x
N

)
− f (x)

∥∥∥ ≤ NΛA

( x
N

)
, x ∈ Y

}
or

inf {1 ∈ (0, ∞) : ‖J f (x)− f (x)‖ ≤ LT(x), x ∈ Y} or

inf
{

L1 ∈ (0, ∞) : ‖J f (x)− f (x)‖ ≤ LT(x), x ∈ Y
}

or

inf
{

L1−0 ∈ (0, ∞) : ‖J f (x)− f (x)‖ ≤ LT(x), x ∈ Y
}

. (4.9)

Thus, from (4.8) and (4.9), we arrive

inf
{

L1−i ∈ (0, ∞) : ‖ f (x)− J f (x)‖ ≤ L1−iT(x), x ∈ Y
}

. (4.10)

Hence property (FP1) holds. It follows from property (FP2) that there exists a fixed pointA of J in Ψ such that

A(x) = lim
n→∞

1
αn

i
f (αn

i x) (4.11)

for all x ∈ Y . In order to show that A satisfies (1.4), replacing (x1, · · · , xN) by (αn
i x1, · · · , αn

i xn) and dividing
by αn

i in (4.3), we have

‖A(x1, · · · , xN)‖ = lim
n→∞

1
αn

i
‖ f (αn

i x1, · · · , αn
i xn)‖ ≤ lim

n→∞

1
αn

i
λ (αn

i x, αn
i y) = 0

for all x1, · · · , xN ∈ Y and so the mapping A is additive. i.e., A satisfies the functional equation (1.4). By
property (FP3), A is the unique fixed point of J in the set

∆ = {A ∈ Ψ : d( f ,A) < ∞},

A is the unique function such that

inf {ρ ∈ (0, ∞) : ‖ f (x)−A(x)‖ ≤ ρT(x), x ∈ Y} .

Finally by property (FP4), we obtain

‖ f (x)−A(x)‖ ≤ ‖ f (x)− J f (x)‖ ,

implying

‖ f (x)−A(x)‖ ≤ L1−i

1− L
,

which yields

inf
{

L1−i

1− L
∈ (0, ∞) : ‖ f (x)−A(x)‖ ≤

(
L1−i

1− L

)
T(x), x ∈ Y

}
.

This completes the proof of the theorem.

The following corollary is an immediate consequence of Theorem 4.2 concerning the stability of (1.4).
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Corollary 4.11. Let f : Y → Z be a mapping. If there exist real numbers β and t such that

∥∥∥∥∥ f

(
∑N

k=1 xk

N

)
− 1

N

N

∑
k=1

f (xk)

∥∥∥∥∥ ≤


β,
β ∑N

k=1 ||xk||t t 6= 1;
β
{

∏N
k=1 ||xk||t + ∑N

k=1 ||xk||Nt
}

Nt 6= 1;
(4.12)

for all x1, · · · , xN ∈ Y , then there exists a unique additive function A : Y → Z such that

‖ f (x)−A(x)‖ ≤



β

|N − 1| ,

β Nt

|N − Nt| ,

β NNt

|N − NNt|

(4.13)

for all x ∈ Y .

Proof. Let

λ(x1, · · · , xn) =


β,
β ∑N

k=1 ||xk||t

β
{

∏N
k=1 ||xk||t + ∑N

k=1 ||xk||Nt
} (4.14)

for all x1, · · · , xN ∈ Y . Now

1
αn

i
λ(αn

i x1, αn
i xn) =



β

αn
i

,

β

αn
i

N

∑
k=1
||αn

i xk||t,

β

αn
i

{
N

∏
k=1
||αn

i xk||t +
N

∑
k=1
||αn

i xk||Nt

} =



→ 0 as n→ ∞,

→ 0 as n→ ∞,

→ 0 as n→ ∞.

Thus, (4.1) holds. It follows from (4.4), (4.5) and (4.14), we have

T(x) = ΛA

( x
N

)
= λ(x, 0 · · · , 0, 0) =


β

β||x||t
β||x||Nt

(4.15)

and

1
αi

T(αix) =
1

αi
ΛA

(αix
N

)
= λ(αix, 0 · · · , 0, 0) =


α−1

i β,
αt−1

i β||x||t,
αNt−1

i β||x||Nt
= LT(x) (4.16)

for all x ∈ Y . Hence, in view of (4.16) the inequality (4.6) holds for

(i). L = α−1
i if i = 0 and L = 1

α−1
i

if i = 1,

(ii). L = αt−1
i for t < 1 if i = 0 and L = 1

αt−1
i

for t > 1 if i = 1,

(iii). L = αNt−1
i for Nt > 1 if i = 0 and L = 1

αNt−1
i

for Nt > 1 if i = 1.

Hence the proof is complete.

The proof of the following theorems and corollaries of Sections 4.2 and 4.3 are similar tracing to that of
Theorem 4.2 and Corollary 4.11. Hence the details of the proof are omitted.
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4.2 Substitution - 2: N ≥ 2, N is Odd Integer

Theorem 4.3. Let f : Y → Z be a mapping for which there exists a function λ : YN → [0, ∞) with the condition

lim
n→∞

1
αn

i
λ(αn

i x1, · · · , αn
i xN) = 0 (4.17)

where

αi =

{
N i f i = 0,
1
N i f i = 1

(4.18)

such that the functional inequality ∥∥∥∥∥ f

(
∑N

k=1 xk

N

)
− 1

N

N

∑
k=1

f (xk)

∥∥∥∥∥ ≤ λ(x, y) (4.19)

holds for all x1, · · · , xN ∈ Y . Assume that there exists L = L(i) such that the function

x → T(x) = ΛO

( x
N

)
(4.20)

with the property
1

αi
T(αix) = L T(x) (4.21)

for all x ∈ Y . Then there exists a unique additive mapping A : Y → Z satisfying the functional equation (1.4) and

‖ f (x)−A(x) ‖≤
(

L1−i

1− L

)
T(x) (4.22)

for all x ∈ Y .

Corollary 4.12. Let f : Y → Z be a mapping. If there exist real numbers β and t such that

∥∥∥∥∥
∥∥∥∥∥ f

(
∑N

k=1 xk

N

)
− 1

N

N

∑
k=1

f (xk)

∥∥∥∥∥
∥∥∥∥∥ ≤


β,
β ∑N

k=1 ||xk||t t 6= 1;
β ∏N

k=1 ||xk||t Nt 6= 1;
β
{

∏N
k=1 ||xk||t + ∑N

k=1 ||xk||Nt
}

Nt 6= 1;

(4.23)

for all x1, · · · , xN ∈ Y , then there exists a unique additive function A : Y → Z such that

‖ f (x)−A(x)‖ ≤



β

|N − 1| ,

β Nt+1

|N − Nt| ,

β NNt

|N − NNt|
β (N2Nt + 1)
|N − NNt|

(4.24)

for all x ∈ Y .

4.3 Substitution - 3: N ≥ 2, N is Even Integer

Theorem 4.4. Let f : Y → Z be a mapping for which there exists a function λ : YN → [0, ∞) with the condition

lim
n→∞

1
αn

i
λ(αn

i x1, · · · , αn
i xN) = 0 (4.25)

where

αi =

{
N i f i = 0,
1
N i f i = 1

(4.26)
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such that the functional inequality ∥∥∥∥∥ f

(
∑N

k=1 xk

N

)
− 1

N

N

∑
k=1

f (xk)

∥∥∥∥∥ ≤ λ(x, y) (4.27)

holds for all x1, · · · , xN ∈ Y . Assume that there exists L = L(i) such that the function

x → T(x) = ΛE

( x
N

)
(4.28)

with the property
1

αi
T(αix) = L T(x) (4.29)

for all x ∈ Y . Then there exists a unique additive mapping A : Y → Z satisfying the functional equation (1.4) and

‖ f (x)−A(x) ‖≤
(

L1−i

1− L

)
T(x) (4.30)

for all x ∈ Y .

Corollary 4.13. Let f : Y → Z be a mapping. If there exist real numbers β and t such that

∥∥∥∥∥
∥∥∥∥∥ f

(
∑N

k=1 xk

N

)
− 1

N

N

∑
k=1

f (xk)

∥∥∥∥∥
∥∥∥∥∥ ≤


β,
β ∑N

k=1 ||xk||t t 6= 1;
β
{

∏N
k=1 ||xk||t + ∑N

k=1 ||xk||Nt
}

Nt 6= 1;
(4.31)

for all x1, · · · , xN ∈ Y , then there exists a unique additive function A : Y → Z such that

‖ f (x)−A(x)‖ ≤



β

|N − 1| ,

β Nt(N − 1)
|N − Nt| ,

β NNt(N − 1)
|N − NNt|

(4.32)

for all x ∈ Y .

5 Application

Consider the additive functional equation

f

(
∑N

k=1 xk

N

)
=

1
N

N

∑
k=1

f (xk).

Since f (x) = x is the solution of the above functional equation, we arrive

f

(
∑N

k=1 xk

N

)
= f

(
x1 + x2 + x3 + · · · · · ·+ xN

N

)
=

x1 + x2 + x3 + · · · · · ·+ xN
N

This gives the N observations of an arithmetic mean.
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