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Abstract

Using ideas from [15], some nonlinear integral inequalities on time scales in two independent variables
are established. Also, some examples are presented to show the feasibility of these results.
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1 Introduction

During the few years, a lot of research related to studies and the extension of some fundamental integral
inequalities used in the theory of differential and integral equations on time scales. For example, we refer
the reader to the papers [1-5, 8-19]. The purpose of this note is to illustrate some time scale Pachpatte-
type inequalities by extending some continuous inequalities given in [15]. Inequalities of this form have in
particular dominated the study of certain classes of integral equations on time scales. Throughout this work
a knowledge and understanding of time scales notation is assumed; for an excellent bibliography to the time
scales, see monographs of M. Bohner [6] 7] for a general review.

2 Preliminaries on time scales

In this section, we begin by giving some necessary materials for our study.

A time scale T is an arbitrary nonempty closed subset of R where IR is the set of real numbers. The forward
jump operator ¢ on T is defined by o(t) := inf{s € T:s >t} € T forall t € T, C,; denotes the set of rd-
continuous functions and the set TX which is derived from the time scale T as follows: If T has a left-scattered
maximum 1, then T = T — {m}. Otherwise, T = T.

Throughout this paper, we always assume that Tiand T, are time scales, and consider the time scales
intervals T = [a1,00) N Ty and T, = [a5,00) N Ty, for a; € Ty, and a; € T,, Q denote the set T; x Tp.we
write x15(s, ) the partial delta derivative of x(s,t) with respect to the first variable and x®2!(t,s) for the
second variable.

Lemma 2.1. [13] lemma 2] Assume thata > 0, p > g > 0and p # 0, then
ab < %K%+L;‘7K% @1)

forany K > 0.

*Corresponding author.
K. Boukerrioua: khaledv2004@yahoo.fr.



110 K. Boukerrioua et al. / Further nonlinear integral ...

Lemma 2.2. [[I1} Theorem 2.1] Let u (t1,t2) ,a (t1,t2), f (t1,t2) € C (Ty x Tp, RY) with a (t1,t,) nondecreasing in

each of its variables. If
tr b

u(ty,tr) <a(ty,t2)+ f(s1,82) u (s1,82) DasaAysy, (22)

a1 az

fOT (ﬂl,az), (tl, tz) S Tl X Tz, then

u(ty, ) <a(ty,t)e (t1,a1), (t,t2) € Ty x Ty (2.3)

fut% f(t152) Bysy
where Tq, Ty are time scales and T = [ay,00) N Ty, Ty = [ap,00) N>

Lemma 2.3. [6] Theorem 1.117] Let a € T* , b € T and assume f:Tx TF — R is continuous at (t,t), where
t € TF with t > a. Also assume that f2(t,.) is rd-continuous on [a, o (t)]. Suppose that for each e > O there exists a
neighborhood U of t, independent of T € [a, o (t)], such that

flo(t),t) = f(s,7) — fA(t, 1) (0 (t) — s)’ <elo(t)—s| foralls € U,

where f* denotes the derivative of f with respect to the first variable. Then

t

(i) g(t) == / F(t,T)AT implies g5 (t) = / F(LT)AT + F(o(b)1);

a

Now we state the main results of this work.

3 Main result

Theorem 3.1. Let u(x,y), f(x,y) be nonnegative functions defined for (x,y) € Q that are right-dense continuous for
(x,y) € O and L(x,y,5,t) € C,a (AX Q,RT). ¢, p, g, v € Ry suchthat p > q>0,p >r > 0.Let g: Ry ,Ry is
a differentiable increasing function on 0, +oo[ with continuous decreasing first derivative on 0, +oo[. If

uPf(x,y) <c+ f s, t) [uq s, t) +/ / s, 5T, )8 (T,U))AzﬂAlT] ArtAgs, (3.4)
Xo Yo
hold for all (x,y) € Q, then
1
g
u(x,y) < { (x,y)e ¥ Q) Azﬂ(x,xo)} , (3.5)
where
*oy —q b, P=Topy [
P(x,y) = c+ /f(s,t) P=agr 4 (P =Tk )/ /L(s,t,r,;y)Az;yA1r Mthis,  (3.6)
x0 /Yo p P so /1o
1T b T
Qs t)=fs,t) | Tk 7 + Lo (P=TK" )k //L(s,t,r,;y)AzryAlf , (3.7)
p p p s0 Jto
and K > 0.
Proof. Define a function z(x, y) as follows
X ry s rt
z(x,y) =c+ f(s, t) [uq(s,t) —|—/ /t L(s, t,T,ﬂ)g(ur(T,U))AzﬂAlT} AptAqs (3.8)
Yo YYo S0 1o
then
z(x0,¥) = z(x,y0) = ¢ (3.9
and

ubf(x,y) <z(x,y) (3.10)
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then implies 1
u(x,y) <27 (xy) < ;K’“pz<s,t>+ - 7, (3.11)
using (3.11) in (3-8), we get
z(x,y) <c+ x/yf(s t) {zg s, t) —i—/ / s, 5 T,1)8 %( 17))A217A1T} AptAqs. (3.12)
X0 /Yo sp Jto

By Lemma 2.} the inequality (3.12) become

2vy) < ot [ [ fls0)

X0 Yo

r=p
p—r
—i—// (s,t,7, "ozt K
e )8 <p z(T, ) + p

Applying the mean value theorem for the function g, then for every x; > y; > 0, there exists ¢ €]y, x1[
such that

ik 1
Ik z(s, t) + P=Aqyr
p p

S

) A217A1T‘| ArtAqs,

(3.13)

g(x1) = gy1) = g(e)(x1 —y1) < gy)(x1 — 1),
the inequality can be rewrite as follows

X ry _ A r
z(x,y) < c+ f(s,t) [MK” +g(P r K") / / s,1,7T, 11)A217A1T:| AptAgs (3.14)
X0 JYo p p
x ry a—r r—p _ I
+ Fls,)z(s,8) [Tk 7 + 2k 7 g2 er)/ / L(s, t,T,1) A AT | Agthys,
x0 JYo p p p s0 Jto
replace and in (3.14), we obtain
X ory
z(x,y) < P(x,y) + / Q(s, t)z(s, t) AptAys, (3.15)
Yo JYo
using Lemma [2.2] for (3.15), we get
z(x,y) < P(x,y)efyy Qs (X %0) - (3.16)
The required inequality (3.5) follows from (3.11) and O

Remark 3.1. If we take g(x) = x, Theoremwill be reduced to Theorem 3.1 in [15].

Theorem 3.2. Assume that u(x,y), f(x,y) are nonnegative functions defined for (x,y) € Q, that are right-dense
continuous for (x,y) € Q,and L(x,y,s,t) € Cpy (O x Q,RT) .Let g1 and g» : Ry R are a differentiable increasing
functions on |0, +-oo[ with continuous decreasing first derivative on |0, 4-oo[. If

uP(x,y) <c+ v Jy f s, t) [gl( u(s,t)) + / s, t,7,1)g(u(T, 17))A217A1T] Mpthgs, (3.17)
0 0
hold for all (x,y) € Q, then
1
P
u(x,9) < {2 e ey oy (5 70) | (3.18)
where
X ry -1 1 -1 1 s pt
P, (x,y) =c+ / £(s,) {gl(p K"y +go(F K”)/ / L(s,t,T,;y)AznAlr] MotAis  (3.19)
x0 /Yo p 14 0 /to
1-p _ 1 1-p _ 1 e ot
Qs(s,t) = f(s,t) ;K ! g{(pp 1K”)+:}K ! g’z(pp 11(”)/ /t L(s,t,r,q)AznAlrl. (3.20)
50 0

ForK > 0.
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Proof. Define a function z(x, y) as follows

_ X[y g1(u(s )+
oy =ct %0 /yo [ o fo L(s, £, T m)ga(u(T, 1)) Agn g T fathas, (3.21)

Applying the mean value theorem for the functions ¢; and g, from (3.11) and (3.21), we obtain
1 PTP p—1 %
x oy =K " z(t,n)+ =K )+
Z(xy) <c+ / F(s,0) gl(lﬂ (17;7) P )
Xo Yo

AptAqs. (3.22)
r 1
fSQ ft S t T 1’] 82( ’ Z(T/n) + pp p)AZTIAlr

The above inequality can be reformulated as

z(x,y) < Pu(x,y) + /: /y Qu(s,t)z(s, t) AptAys, (3.23)

Yo

where P, and Q. are defined by (3.19)-(3.20).
Using Lemma 2, from (3.23) we obtain

1
4

u(x,y) < {P*(x y)efy (o) Az,7(x,xo)} . (3.24)

The required inequality (3.18) follow from (3.11) and (3:24). O

Remark 3.2. If we take g1(x) = x, Theoremwill be reduced to Theorem or g=r=1.

4 An Application

In this section we give an application of Theorem[3.1]. We consider the following partial dynamic equation
on time scales

X ory
(uP (x,y))52vM% = F(x,y,uq(x,y),/ / h(s,t,T,n,u(T,n))AnAT), (4.25)
*o Yo
with the initial boundary conditions
u(x,yo) = a(x), uxo,y) = p(y), (0) = p(0) = 0. (4.26)

where u € C,3(Q,R),h € Cy(Ax O xR,R)and F € C,y(Q X R X R,R) .

Proposition 4.1. Assume that

|h(x,y,s,t,u(s,t)] < L(x,y,s,t)arctan(|u(s,t)|")
[Flx,yu0)l < flx,y)(Jul+[o]),
lae(x) +B(y) < ¢ 4.27)
where L, f,c, p,q,r are defined as in Theorem
If u(x,y) is a solution of (£.25)-(4.26), then
1
P
u(x,y) < { (x, y)efy ot A,7(x, xo)} , (4.28)

where P(x,y), Q(x,y) are defined as in (8.6)-(3.7) respectively ( by replacing g(x) by arctan(x) and g’(x) by

1
)
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Proof. The solution u(x,y) can be written as

uf (x,y) = a(x) + B(y) + /x: /yoy F(s,t, uq(s,t),/sj /toth(s, t, T, 1,u(T, 1)) DA T) Aot Ays, (4.29)

using (4.27) in (4.29), we have

"X Y S -t
|uf (x,y)] < c+ / / f(s, £)(Jul(s, t)] + / / L(s, t,T,1) arctan |u(T,7)|" AoyAiT)AstAss, (4.30)
J X0 Y Yo JS§) - tO

Now, a suitable application of Theorem 3.1|for (4¢.30), yields the inequality (4.28). O

Remark 4.3. We can also replace the function arctan(|u(s,t)|") by In(|ju(s,t)|" + 1) in @&27) to obtain another
estimate of the solution of (4.25) — (4.26).
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