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Abstract

In this paper, the authors obtain the general solution and generalized Ulam - Hyers stability of an (AQQ):
additive - quadratic - quartic functional equation of the form

f (x + y + z) + f (x + y− z) + f (x− y + z) + f (x− y− z)

= 2 [ f (x + y) + f (x− y) + f (y + z) + f (y− z) + f (x + z) + f (x− z)]

− 4 f (x)− 4 f (y)− 2 [ f (z) + f (−z)]

by using the classical Hyers’ direct method. Counter examples for non stability are discussed also.
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1 Introduction

One of the most interesting questions in the theory of functional equations concerning the famous Ulam
stability problem is, as follows: when is it true that a mapping satisfying a functional equation approximately,
must be close to an exact solution of the given functional equation?

The first stability problem was raised by S.M. Ulam [35] during his talk at the University of Wisconsin in
1940. In fact we are given a group (G1, ·) and let (G2, ∗) be a metric group with the metric d(·, ·). Given ε > 0,
does there exist a δ > 0, such that if a mapping h : G1 → G2 satisfies the inequality d(h(x · y), h(x) ∗ h(y)) < δ

for all x, y ∈ G1, then there exists a homomorphism H : G1 → G2 with d(h(x), H(x)) < ε for all x ∈ G1?
D.H. Hyers [16] gave the first affirmative partial answer to the question of Ulam for Banach spaces. It was

further generalized via excellent results obtained by a number of authors [3, 12, 26, 30, 33].
The solution and stabilities of the following functional equations

1. Additive Functional Equation
f (x + y) = f (x) + f (y) (1.1)
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2. Quadratic Functional Equation

f (x + y) + f (x− y) = 2 f (x) + 2 f (y) (1.2)

3. Cubic Functional Equation

g(x + 2y) + 3g(x) = 3g(x + y) + g(x− y) + 6g(y) (1.3)

4. Quartic Functional Equation

F(x + 2y) + F(x− 2y) + 6F(x) = 4[F(x + y) + F(x− y) + 6F(y)] (1.4)

5. Additive - Quadratic Functional Equation

f (2x + y) + f (2x− y) = 2 f (x + y) + 2 f (x− y) + 2 f (2x)− 4 f (x) . (1.5)

6. Additive - Cubic Functional Equation

3 f (x + y + z) + f (−x + y + z) + f (x− y + z) + f (x + y− z)

+ 4 [ f (x) + f (y) + f (z)] = 4 [ f (x + y) + f (x + z) + f (y + z)] (1.6)

7. Additive - Quartic Functional Equation

f (2x + y) + f (2x− y) = 4 [ f (x + y) + f (x− y)] + 12[ f (x) + f (−x)]

− 3[ f (y) + f (−y)]− 2[ f (x)− f (−x)] (1.7)

8. Additive - Quadratic - Cubic Functional Equation

f (x + ky) + f (x− ky) = k2 [ f (x + y) + f (x− y)] + 2
(

1− k2
)

f (x) (1.8)

were investigated by [1], [21], [28], [27], [22], [29], [8], [13] and references cited there in.
Motivated by the above results, in this paper, the authors obtain the general solution and generalized Ulam

- Hyers stability of additive - quadratic - quartic functional equations

f (x + y + z) + f (x + y− z) + f (x− y + z) + f (x− y− z)

= 2 [ f (x + y) + f (x− y) + f (y + z) + f (y− z) + f (x + z) + f (x− z)]

− 4 f (x)− 4 f (y)− 2 [ f (z) + f (−z)] (1.9)

having solution

f (x) = ax + bx2 + cx4 (1.10)

using Hyers direct method.

2 General Solution for the Functional Equation (1.9)

In this section, we present the solution of the functional equation (1.9). Throughout this section let G and
H be real vector spaces.

Theorem 2.1. Let f : G → H be an odd mapping. Then f : G → H satisfies the functional equation (1.9) for all
x, y, z ∈ G, if and only if f : G → H satisfies the functional equation (1.1) for all x, y ∈ G.
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Proof. Assume f : G → H be an odd mapping satisfying (1.9). Replacing (x, y, z) by (0, 0, 0), we get f (0) = 0.
Again replacing (x, y, z) by (0, x, x) and (x, y, z) by (x, x, x) in (1.9), we obtain

f (2x) = 2 f (x) f (3x) = 3 f (x) (2.1)

for all x ∈ G. In general for any positive integer m, we have

f (mx) = m f (x)

for all x ∈ G. Putting z by x in (1.9), using oddness of f and (2.1), we get

f (2x + y) + f (2x− y) = 4 f (x + y)− 4 f (y) (2.2)

for all x, y ∈ G. Setting x by
x
2

in (2.2) and using (2.1), we have

f (x + y) + f (x− y) = 2 f (x + 2y)− 4 f (y) (2.3)

for all x, y ∈ G. Interchanging x and y in (2.3) and using oddness of f , we get

f (x + y)− f (x− y) = 2 f (2x + y)− 4 f (x) (2.4)

for all x, y ∈ G. Replacing y by −y in (2.4), we obtain

f (x− y)− f (x + y) = 2 f (2x− y)− 4 f (x) (2.5)

for all x, y ∈ G. Adding (2.4) and (2.5), we arrive

f (2x + y) + f (2x− y) = 4 f (x) (2.6)

for all x, y ∈ G. Using (2.6) in (2.2), we derive our desired result.
Conversely, assume f : G → H be an odd mapping satisfying (1.1). Letting y by y + z in (1.1) and using

(1.1), we have
f (x + y + z) = f (x) + f (y) + f (z) (2.7)

for all x, y, z ∈ G. Setting z by −z in (2.7), we arrive

f (x + y− z) = f (x) + f (y) + f (−z) (2.8)

for all x, y, z ∈ G. Replacing (x, y) by (x + y, z) in (1.1), we get

f (x + y + z) = f (x + y) + f (z) (2.9)

for all x, y, z ∈ G. Again replacing z by −z in (2.9), we obtain

f (x + y− z) = f (x + y) + f (−z) (2.10)

for all x, y, z ∈ G. Setting y by −y in (2.9), we get

f (x− y + z) = f (x− y) + f (z) (2.11)

for all x, y, z ∈ G. Again setting z by −z in (2.11), we obtain

f (x− y− z) = f (x− y) + f (−z) (2.12)

for all x, y, z ∈ G. Adding (2.9), (2.10), (2.11), (2.12) and using oddness of f , we arrive

f (x + y + z) + f (x + y− z) + f (x− y + z) + f (x− y− z) = 2 f (x + y) + 2 f (x− y) (2.13)

for all x, y, z ∈ G. Replacing (x, y, z) by (y, z, x) in (2.13) and using oddness of f , we get

f (x + y + z)− f (x− y− z) + f (x + y− z)− f (x− y + z) = 2 f (y + z) + 2 f (y− z) (2.14)
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for all x, y, z ∈ G. Replacing (x, y, z) by (x, z, y) in (2.13) and using oddness of f , we obtain

f (x + y + z) + f (x− y + z) + f (x + y− z) + f (x− y− z) = 2 f (x + z) + 2 f (x− z) (2.15)

for all x, y, z ∈ G. Adding (2.13), (2.14) and (2.15), we arrive

3 f (x + y + z) + 3 f (x + y− z) + f (x− y + z) + f (x− y− z)

= 2[ f (x + y) + f (x− y) + f (y + z) + f (y− z) + f (x + z) + f (x− z)] (2.16)

for all x, y, z ∈ G. It follows from (2.16) that

f (x + y + z) + f (x + y− z) + f (x− y + z) + f (x− y− z)

= 2[ f (x + y) + f (x− y) + f (y + z) + f (y− z) + f (x + z) + f (x− z)]

− 2[ f (x + y + z) + f (x + y− z)] (2.17)

for all x, y, z ∈ G. Using (2.7), (2.8) in (2.17), we arrive

f (x + y + z) + f (x + y− z) + f (x− y + z) + f (x− y− z)

= 2[ f (x + y) + f (x− y) + f (y + z) + f (y− z) + f (x + z) + f (x− z)]

− 2[ f (x) + f (y) + f (z) + f (x) + f (y) + f (−z)]

= 2[ f (x + y) + f (x− y) + f (y + z) + f (y− z) + f (x + z) + f (x− z)]

− 4 f (x)− 4 f (y)− 2[ f (z) + f (−z)] (2.18)

for all x, y, z ∈ G. Hence the proof is complete.

Lemma 2.1. Let f : G → H be an odd mapping. Then f : G → H satisfies the functional equation (1.9) for all
x, y, z ∈ G, if and only if f : G → H satisfies the functional equation (1.1)

Proof. Assume f : G → H be an odd mapping satisfying (1.9). Replacing (x, y) by (0, 0), we get f (0) = 0.
Again replacing x by 0 in (1.9) and using oddness of f , we obtain

f (y + z) + f (y− z) = 2 f (y) (2.19)

for all y, z ∈ G. By Theorem 2.1 of [4], we derive our desired result.

Theorem 2.2. If f : G → H is an even mapping satisfying the functional equation (1.9) for all x, y, z ∈ G, then f is
quadratic-quartic for all x, y ∈ G.

Proof. Replacing z by x in (1.9), we arrive

f (2x + y) + f (2x− y) = 4 [ f (x + y) + f (x− y)] + 2[ f (2x)− 4 f (x)]− 6 f (y) (2.20)

By Lemma 2.1 of [14], we see that f is quadratic-quartic.

Theorem 2.3. Let f : G → H be an even mapping. Then f : G → H satisfies (1.9) for all x, y, z ∈ G if and only
if there exist a unique symmetric multiadditive mapping M : G4 → H and a unique symmetric bi-additive mapping
B : G2 → H such that

f (x) = M(x, x, x, x) + B(x, x) (2.21)

for all x ∈ G.

Proof. The proof follows from Theorem 2.2 and Theorem 2.2 of [14], we derive our desired result.

The following Lemmas are important to prove our stability results.

Lemma 2.2. If f : G → H is an odd mapping satisfying (1.9), then

f (2x) = 2 f (x) (2.22)

for all x ∈ G, such that f is additive.
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Proof. Letting (x, y, z) by (0,0,0) in (1.9), we get f (0) = 0. Replacing (x, y, z) by (x, x, x) in (1.9) and using
oddness of f , we obtain

f (3x) = 6 f (2x)− 9 f (x) (2.23)

for all x ∈ G. Again replacing (x, y, z) by (−x, x, x) in (1.9) and using oddness of f , we get

f (3x) = 2 f (2x)− f (x) (2.24)

for all x ∈ G. It follows from (2.23) and (2.24), we derive our desired result.

Lemma 2.3. If f : G → H is an even mapping satisfying (1.9) and if q2 : G → H is a mapping given by

q2(x) = f (2x)− 16 f (x) (2.25)

for all x ∈ G, then
q2(2x) = 4q2(x) (2.26)

for all x ∈ G, such that q2 is quadratic.

Proof. Letting (x, y, z) by (x, x, x) in (1.9), we get

f (3x) = 6 f (2x)− 15 f (x) (2.27)

for all x ∈ G. Again replacing (x, y, z) by (x, x, 2x) in (1.9) and using evenness of f , we have

f (4x) = 4 f (3x)− 4 f (2x)− 4 f (x) (2.28)

for all x ∈ G. Using (2.27) in (2.28), we get

f (4x) = 20 f (2x)− 64 f (x) (2.29)

for all x ∈ G. From (2.25), we establish

q2(2x)− 4q2(x) = f (4x)− 20 f (2x) + 64 f (x) (2.30)

for all x ∈ G. Using (2.29) in (2.30), we derive our desired result.

Lemma 2.4. If f : G → H is an even mapping satisfying (1.9) and if q4 : G → H is a mapping given by

q4(x) = f (2x)− 4 f (x) (2.31)

for all x ∈ G, then
q4(2x) = 16q4(x) (2.32)

for all x ∈ G, such that q4 is quartic.

Proof. It follows from (2.31) that

q4(2x)− 16q4(x) = f (4x)− 20 f (2x) + 64 f (x) (2.33)

for all x ∈ G. Using (2.29) in (2.33), we derive our desired result.

Remark 2.1. Let f : G → H be a mapping satisfying (1.9) and let q2, q4 : G → H be a mapping defined in (2.25) and
(2.31) then

f (x) =
1
12

(q4(x)− q2(x)) (2.34)

for all x ∈ G.

Hereafter, through out this paper, let we consider G be a normed space andH be a Banach space. Define a
mapping D f : G → H by

D f (x, y, z) = f (x + y + z) + f (x + y− z) + f (x− y + z) + f (x− y− z)

− 2 [ f (x + y) + f (x− y) + f (y + z) + f (y− z) + f (x + z) + f (x− z)]

− 4 f (x)− 4 f (y)− 2 [ f (z) + f (−z)]

for all x, y, z ∈ G.
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3 Stability Results: Odd Case

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (1.9) for odd
case.

Theorem 3.1. Let j = ±1 and ψ, ξ : G3 → [0, ∞) be a function such that

lim
n→∞

ψ
(
2njx, 2njy, 2njz

)
2nj = 0 (3.1)

for all x, y, z ∈ G. Let fa : G → H be an odd function satisfying the inequality

‖D fa(x, y, z)‖ ≤ ψ (x, y, z) (3.2)

for all x, y, z ∈ G. Then there exists a unique additive mapping A : G → H which satisfies (1.9) and

‖ fa(x)− A(x)‖ ≤ 1
2

∞

∑
k= 1−j

2

ξ
(

2kjx
)

2kj (3.3)

where ξ
(

2kjx
)

and A(x) are defined by

ξ
(

2kjx
)
=

1
4

[
ψ
(

2kjx, 2kjx, 2kjx
)
+ ψ

(
−2kjx, 2kjx, 2kjx

)]
(3.4)

and

A(x) = lim
n→∞

fa(2njx)
2nj (3.5)

for all x ∈ G, respectively.

Proof. Replacing (x, y, z) by (x, x, x) in (3.2) and using oddness of fa, we get

‖ fa(3x)− 6 fa(2x) + 9 fa(x)‖ ≤ ψ (x, x, x) (3.6)

for all x ∈ G. Again replacing (x, y, z) by (−x, x, x) in (3.2) and using oddness of fa, we obtain

‖− fa(3x) + 2 fa(2x)− fa(x)‖ ≤ ψ (−x, x, x) (3.7)

for all x ∈ G. It follows form (3.6) and (3.7) that

‖8 fa(x)− 4 fa(2x)‖ ≤ ‖ fa(3x)− 6 fa(2x) + 9 fa(x)‖+ ‖− fa(3x) + 2 fa(2x)− fa(x)‖
≤ ψ (x, x, x) + ψ (−x, x, x) (3.8)

for all x ∈ G. Dividing the above inequality by 8, we obtain∥∥∥∥ fa(2x)
2
− fa(x)

∥∥∥∥ ≤ ξ(x)
2

(3.9)

where
ξ(x) =

1
4
[ψ (x, x, x) + ψ (−x, x, x)]

for all x ∈ G. Now replacing x by 2x and dividing by 2 in (3.9), we get∥∥∥∥ fa(22x)
22 − fa(2x)

2

∥∥∥∥ ≤ ξ(2x)
2 · 2 (3.10)

for all x ∈ G. From (3.9) and (3.10), we obtain∥∥∥∥ fa(22x)
22 − fa(x)

∥∥∥∥ ≤ ∥∥∥∥ fa(2x)
2
− fa(x)

∥∥∥∥+ ∥∥∥∥ fa(22x)
22 − fa(2x)

2

∥∥∥∥
≤ 1

2

[
ξ(x) +

ξ(2x)
2

]
(3.11)
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for all x ∈ G. Proceeding further and using induction on a positive integer n, we get∥∥∥∥ fa(2nx)
2n − fa(x)

∥∥∥∥ ≤ 1
2

n−1

∑
k=0

ξ(2kx)
2k (3.12)

≤ 1
2

∞

∑
k=0

ξ(2kx)
2k

for all x ∈ G. In order to prove the convergence of the sequence
{

fa(2nx)
2n

}
, replace x by 2mx and dividing

by 2m in (3.12), for any m, n > 0 , we deduce∥∥∥∥ fa(2n+mx)
2(n+m)

− fa(2mx)
2m

∥∥∥∥ =
1

2m

∥∥∥∥ fa(2n · 2mx)
2n − fa(2mx)

∥∥∥∥
≤ 1

2

n−1

∑
k=0

ξ(2k+mx)
2k+m

≤ 1
2

∞

∑
k=0

ξ(2k+mx)
2k+m

→ 0 as m→ ∞

for all x ∈ G. Hence the sequence
{

fa(2nx)
2n

}
is a Cauchy sequence. Since H is complete, there exists a

mapping A : G → H such that

A(x) = lim
n→∞

fa(2nx)
2n , ∀ x ∈ G.

Letting n → ∞ in (3.12), we see that (3.3) holds for all x ∈ G. To prove that A satisfies (1.9), replacing (x, y, z)
by (2nx, 2ny, 2nz) and dividing by 2n in (3.2), we obtain

1
2n

∥∥∥D fa(2nx, 2ny, 2nz)
∥∥∥ ≤ 1

2n ψ(2nx, 2ny, 2nz)

for all x, y, z ∈ G. Letting n→ ∞ in the above inequality and using the definition of A(x), we see that

DA(x, y, z) = 0.

Hence A satisfies (1.9) for all x, y, z ∈ G. To prove that A is unique, let B(x) be another additive mapping
satisfying (1.9) and (3.3), then

‖A(x)− B(x)‖ = 1
2n ‖A(2nx)− B(2nx)‖

≤ 1
2n {‖A(2nx)− fa(2nx)‖+ ‖ fa(2nx)− B(2nx)‖}

≤
∞

∑
k=0

ξ(2k+nx)
2(k+n)

→ 0 as n→ ∞

for all x ∈ G. Thus A is unique. Hence, for j = 1 the theorem holds.

Now, replacing x by
x
2

in (3.8), we reach∥∥∥8 fa

( x
2

)
− 4 fa(x)

∥∥∥ ≤ ψ
( x

2
,

x
2

,
x
2

)
+ ψ

(
− x

2
,

x
2

,
x
2

)
(3.13)

for all x ∈ G. Dividing the above inequality by 4, we obtain∥∥∥2 fa

( x
2

)
− fa(x)

∥∥∥ ≤ ξ
( x

2

)
(3.14)

where
ξ
( x

2

)
=

1
4

[
ψ
( x

2
,

x
2

,
x
2

)
+ ψ

(
− x

2
,

x
2

,
x
2

)]
for all x ∈ G. The rest of the proof is similar to that of j = 1. Hence for j = −1 also the theorem holds. This
completes the proof of the theorem.
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The following corollary is an immediate consequence of Theorem 3.1 concerning the Ulam-Hyers [16],
Ulam-Rassias [30], Ulam - Gavruta - Rassias [26] and Ulam-JMRassias [33] stabilities of (1.9).

Corollary 3.1. Let ρ and s be nonnegative real numbers. Let an odd function fa : G → H satisfy the inequality

‖D fa(x, y, z)‖ ≤


ρ,
ρ {||x||s + ||y||s + ||z||s} , s 6= 1;
ρ||x||s||y||s||z||s, 3s 6= 1;
ρ
{
||x||s||y||s||z||s +

{
||x||3s + ||y||3s + ||z||3s}} , 3s 6= 1;

(3.15)

for all x, y, z ∈ G. Then there exists a unique additive function A : G → H such that

‖ fa(x)− A(x)‖ ≤



ρ

2
,

3ρ||x||s
2|2− 2s| ,

ρ||x||3s

2|2− 23s| ,

2ρ||x||3s

|2− 23s|

(3.16)

for all x ∈ G.

Now, we provide an example to illustrate that the functional equation (1.9) is not stable for s = 1 in
condition (ii) of Corollary 3.1.

Example 3.1. Let ψ : R3 → R be a function defined by

ψ(x) =
{

µx, if |x| <1
µ, otherwise

where µ > 0 is a constant and define a function fa : R→ R by

fa(x) =
∞

∑
n=0

ψ(2nx)
2n f or all x ∈ R.

Then fa satisfies the functional inequality

|D fa(x, y, z)| ≤ 56 µ(|x|+ |y|+ |z|) (3.17)

for all x ∈ R. Then there do not exist a additive mapping A : R→ R and a constant κ > 0 such that

| fa(x)− A(x)| ≤ κ|x| f or all x ∈ R. (3.18)

Proof. Now

| fa(x)| ≤
∞

∑
n=0

|ψ(2nx)|
|2n| =

∞

∑
n=0

µ

2n = 2 µ.

Therefore, we see that fa is bounded. We are going to prove that fa satisfies (3.17).

If x = y = z = 0 then (3.17) is trivial. If |x|+ |y|+ |z| ≥ 1
2

then the left hand side of (3.17) is less than 56µ.

Now suppose that 0 < |x|+ |y|+ |z| < 1
2

. Then there exists a positive integer k such that

1
2k−1 ≤ |x|+ |y|+ |z| <

1
2k , (3.19)

so that 2k−1x <
1
2

, 2k−1y <
1
2

, 2k−1z <
1
2

and consequently

2k−1(x + y + z), 2k−1(x + y− z), 2k−1(x− y + z), 2k−1(x− y− z), 2k−1(x + y), 2k−1(x− y),

2k−1(y + z), 2k−1(y− z), 2k−1(x + z), 2k−1(x− z), 2k−1(x), 2k−1(y), 2k−1(z), 2k−1(−z) ∈ (−1, 1).
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Therefore for each n = 0, 1, . . . , k− 1, we have

2n(x + y + z), 2n(x + y− z), 2n(x− y + z), 2n(x− y− z), 2n(x + y), 2n(x− y),

2n(y + z), 2n(y− z), 2n(x + z), 2n(x− z), 2n(x), 2n(y), 2n(z), 2n(−z) ∈ (−1, 1)

and

ψ(2n(x + y + z)) + ψ(2n(x + y− z)) + ψ(2n(x− y + z)) + ψ(2n(x− y− z))

− 2 [ψ(2n(x + y)) + ψ(2n(x− y)) + ψ(2n(y + z)) + ψ(2n(y− z))

+ψ(2n(x + z)) + ψ(2n(x− z))] + 4ψ(2nx) + 4ψ(2ny) + 2 [ψ(2nz) + ψ(2n − z)] = 0

for n = 0, 1, . . . , k− 1. From the definition of fa and (3.19), we obtain that∣∣∣ f (x + y + z) + f (x + y− z) + f (x− y + z) + f (x− y− z)− 2 [ f (x + y) + f (x− y)

+ f (y + z) + f (y− z) + f (x + z) + f (x− z)] + 4 f (x) + 4 f (y) + 2 [ f (z) + f (−z)]
∣∣∣

≤
∞

∑
n=0

1
2n

∣∣∣ψ(2n(x + y + z)) + ψ(2n(x + y− z)) + ψ(2n(x− y + z)) + ψ(2n(x− y− z))

− 2 [ψ(2n(x + y)) + ψ(2n(x− y)) + ψ(2n(y + z)) + ψ(2n(y− z))

+ψ(2n(x + z)) + ψ(2n(x− z))] + 4ψ(2nx) + 4ψ(2ny) + 2 [ψ(2nz) + ψ(2n − z)]
∣∣∣

≤
∞

∑
n=k

1
2n

∣∣∣ψ(2n(x + y + z)) + ψ(2n(x + y− z)) + ψ(2n(x− y + z)) + ψ(2n(x− y− z))

− 2 [ψ(2n(x + y)) + ψ(2n(x− y)) + ψ(2n(y + z)) + ψ(2n(y− z))

+ψ(2n(x + z)) + ψ(2n(x− z))] + 4ψ(2nx) + 4ψ(2ny) + 2 [ψ(2nz) + ψ(2n − z)]
∣∣∣

≤
∞

∑
n=k

1
2n 28µ = 28 µ× 2

2k = 56 µ(|x|+ |y|+ |z|).

Thus fa satisfies (3.17) for all x ∈ R with 0 < |x|+ |y|+ |z| < 1
2

.

We claim that the additive functional equation (1.9) is not stable for s = 1 in condition (ii) Corollary 3.1.
Suppose on the contrary that there exist a additive mapping A : R→ R and a constant κ > 0 satisfying (3.18).
Since fa is bounded and continuous for all x ∈ R, A is bounded on any open interval containing the origin
and continuous at the origin. In view of Theorem 3.1, A must have the form A(x) = cx for any x in R. Thus,
we obtain that

| fa(x)| ≤ (κ + |c|) |x|. (3.20)

But we can choose a positive integer m with mµ > κ + |c|.
If x ∈

(
0, 1

2m−1

)
, then 2nx ∈ (0, 1) for all n = 0, 1, . . . , m− 1 . For this x, we get

fa(x) =
∞

∑
n=0

ψ(2nx)
2n ≥

m−1

∑
n=0

µ(2nx)
2n = mµx > (κ + |c|) x

which contradicts (3.20). Therefore the additive functional equation (1.9) is not stable in sense of Ulam, Hyers
and Rassias if s = 1, assumed in the inequality condition (ii) of (3.16).

A counter example to illustrate the non stability in condition (iii) of Corollary 3.1 is given in the fol-
lowing example.

Example 3.2. Let s be such that 0 < s <
1
3

. Then there is a function fa : R→ R and a constant λ > 0 satisfying

|D fa(x, y, z)| ≤ λ|x|
s
3 |y|

s
3 |z|

1−2s
3 (3.21)
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for all x, y, z ∈ R and

sup
x 6=0

| fa(x)− A(x)|
|x| = +∞ (3.22)

for every additive mapping A(x) : R→ R.

Proof. If we take

f (x) =
{

x ln |x| , i f x 6= 0,
0, i f x = 0.

Then from the relation (3.22), it follows that

sup
x 6=0

| fa(x)− A(x)|
|x| ≥ sup

n∈N
n 6=0

| fa(n)− A(n)|
|n|

= sup
n∈N
n 6=0

|n ln |n| − n A (1)|
|n|

= sup
n∈N
n 6=0

|ln |n| − A(1)| = ∞.

We have to prove (3.21) is true.
Case (i): If x, y, z > 0 in (3.21) then,∣∣∣ f (x + y + z) + f (x + y− z) + f (x− y + z) + f (x− y− z)− 2 [ f (x + y) + f (x− y) + f (y + z)

+ f (y− z) + f (x + z) + f (x− z)]− 4 f (x)− 4 f (y)− 2 [ f (z) + f (−z)]
∣∣∣

= |(x + y + z) ln |x + y + z|+ (x + y− z) ln |x + y− z|+ (x− y + z) ln |x− y + z|
+ (x− y− z) ln |x− y− z| − 2[(x + y) ln |x + y|+ (x− y) ln |x− y|+ (y + z) ln |y + z|

+ (y− z) ln |y− z] −4(x) ln |x| − 4(y) ln |y| − 2[(z) ln |z|+ (−z) ln | − z|]| .

Set x = v1, y = v2, z = v3 it follows that∣∣∣ f (x + y + z) + f (x + y− z) + f (x− y + z) + f (x− y− z)− 2 [ f (x + y) + f (x− y) + f (y + z)

+ f (y− z) + f (x + z) + f (x− z)]− 4 f (x)− 4 f (y)− 2 [ f (z) + f (−z)]
∣∣∣

= |(v1 + v2 + v3) ln |v1 + v2 + v3|+ (v1 + v2 − v3) ln |v1 + v2 − v3|
+ (v1 − v2 + v3) ln |v1 − v2 + v3|+ (v1 − v2 − v3) ln |v1 − v2 − v3|
− 2[(v1 + v2) ln |v1 + v2|+ (v1 − v2) ln |v1 − v2|+ (v2 + v3) ln |v2 + v3|

+(v2 − v3) ln |v2 − v3]− 4(v1) ln |v1| − 4(v2) ln |v2| − 2[(v3) ln |v3|+ (−v3) ln | − v3|]| .

=
∣∣∣ f (v1 + v2 + v3) + f (v1 + v2 − v3) + f (v1 − v2 + v3) + f (v1 − v2 − v3)

− 2 [ f (v1 + v2) + f (v1 − v2) + f (v2 + v3) + f (v2 − v3) + f (v1 + v3) + f (v1 − v3)]

− 4 f (v1)− 4 f (v2)− 2 [ f (v3) + f (−v3)]
∣∣∣

≤ λ|v1|
s
3 |v2|

s
3 |v3|

1−2s
3

= λ|x|
s
3 |y|

s
3 |z|

1−2s
3 .

For the cases (ii) x, y, z < 0, (iii) x, y > 0, z < 0, (iv) x, y < 0, z > 0 and (v) x = y = z = 0, the proof is
similar tracing to that of Case (i).

Now, the authors provide an example to illustrate that the functional equation (1.9) is not stable for s = 1
3

in condition (iv) of Corollary 3.1.
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Example 3.3. Let ψ : R3 → R be a function defined by

ψ(x) =
{

µx, if |x| <1
µ
3 , otherwise

where µ > 0 is a constant, and define a function fa : R→ R by

fa(x) =
∞

∑
n=0

ψ(2nx)
2n f or all x ∈ R.

Then fa satisfies the functional inequality

|D fa(x, y, z)| ≤ 56µ

3
{|x|

1
3 + |y|

1
3 + |z|

1
3 + (|x|+ |y|+ |z|)} (3.23)

for all x ∈ R. Then there do not exist a additive mapping A : R→ R and a constant κ > 0 such that

| fa(x)− A(x)| ≤ κ|x| f or all x ∈ R. (3.24)

Proof. Now

| fa(x)| ≤
∞

∑
n=0

|ψ(2nx)|
|2n| =

∞

∑
n=0

µ

3
1
2n =

2µ

3
.

Therefore, we see that fa is bounded. We are going to prove that fa satisfies (3.17).

If x = y = z = 0 then (3.17) is trivial. If |x| 13 + |y| 13 + |z| 13 + (|x|+ |y|+ |z|) ≥ 1
2

then the left hand side of

(3.17) is less than
56µ

3
. Now suppose that 0 < |x| 13 + |y| 13 + |z| 13 + (|x|+ |y|+ |z|) <

1
2

. Then there exists a
positive integer k such that

1
2k−1 ≤ |x|

1
3 + |y|

1
3 + |z|

1
3 + (|x|+ |y|+ |z|) < 1

2k , (3.25)

so that 2k−1x
1
3 <

1
2

, 2k−1y
1
3 <

1
2

, 2k−1z
1
3 <

1
2

, 2k−1x <
1
2

, 2k−1y <
1
2

, 2k−1z <
1
2

and consequently

2k−1(x + y + z), 2k−1(x + y− z), 2k−1(x− y + z), 2k−1(x− y− z), 2k−1(x + y), 2k−1(x− y),

2k−1(y + z), 2k−1(y− z), 2k−1(x + z), 2k−1(x− z), 2k−1(x), 2k−1(y), 2k−1(z), 2k−1(−z) ∈ (−1, 1).

Therefore for each n = 0, 1, . . . , k− 1, we have

2n(x + y + z), 2n(x + y− z), 2n(x− y + z), 2n(x− y− z), 2n(x + y), 2n(x− y),

2n(y + z), 2n(y− z), 2n(x + z), 2n(x− z), 2n(x), 2n(y), 2n(z), 2n(−z) ∈ (−1, 1)

and

ψ(2n(x + y + z)) + ψ(2n(x + y− z)) + ψ(2n(x− y + z)) + ψ(2n(x− y− z))

− 2 [ψ(2n(x + y)) + ψ(2n(x− y)) + ψ(2n(y + z)) + ψ(2n(y− z))

+ψ(2n(x + z)) + ψ(2n(x− z))] + 4ψ(2nx) + 4ψ(2ny) + 2 [ψ(2nz) + ψ(2n − z)] = 0
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for n = 0, 1, . . . , k− 1. From the definition of fa and (3.19), we obtain that∣∣∣ f (x + y + z) + f (x + y− z) + f (x− y + z) + f (x− y− z)− 2 [ f (x + y) + f (x− y)

+ f (y + z) + f (y− z) + f (x + z) + f (x− z)] + 4 f (x) + 4 f (y) + 2 [ f (z) + f (−z)]
∣∣∣

≤
∞

∑
n=0

1
2n

∣∣∣ψ(2n(x + y + z)) + ψ(2n(x + y− z)) + ψ(2n(x− y + z)) + ψ(2n(x− y− z))

− 2 [ψ(2n(x + y)) + ψ(2n(x− y)) + ψ(2n(y + z)) + ψ(2n(y− z))

+ψ(2n(x + z)) + ψ(2n(x− z))] + 4ψ(2nx) + 4ψ(2ny) + 2 [ψ(2nz) + ψ(2n − z)]
∣∣∣

≤
∞

∑
n=k

1
2n

∣∣∣ψ(2n(x + y + z)) + ψ(2n(x + y− z)) + ψ(2n(x− y + z)) + ψ(2n(x− y− z))

− 2 [ψ(2n(x + y)) + ψ(2n(x− y)) + ψ(2n(y + z)) + ψ(2n(y− z))

+ψ(2n(x + z)) + ψ(2n(x− z))] + 4ψ(2nx) + 4ψ(2ny) + 2 [ψ(2nz) + ψ(2n − z)]
∣∣∣

≤
∞

∑
n=k

1
2n

28µ

3
=

28µ

3
× 2

2k =
56µ

3
(|x|+ |y|+ |z|).

Thus fa satisfies (3.17) for all x ∈ R with 0 < |x| 13 + |y| 13 + |z| 13 + (|x|+ |y|+ |z|) < 1
2

.

We claim that the additive functional equation (1.9) is not stable for s = 1 in condition (iv) Corollary 3.1.
Suppose on the contrary that there exist a additive mapping A : R→ R and a constant κ > 0 satisfying (3.18).
Since fa is bounded and continuous for all x ∈ R, A is bounded on any open interval containing the origin
and continuous at the origin. In view of Theorem 3.1, A must have the form A(x) = cx for any x in R. Thus,
we obtain that

| fa(x)| ≤ (κ + |c|) |x|. (3.26)

But we can choose a positive integer m with mµ > κ + |c|.
If x ∈

(
0, 1

2m−1

)
, then 2nx ∈ (0, 1) for all n = 0, 1, . . . , m− 1 . For this x, we get

fa(x) =
∞

∑
n=0

ψ(2nx)
2n ≥

m−1

∑
n=0

µ(2nx)
2n = mµx > (κ + |c|) x

which contradicts (3.26). Therefore the additive functional equation (1.9) is not stable in sense of Ulam, Hyers
and Rassias if s = 1

3 , assumed in the inequality condition (ii) of (3.16).

4 Stability Results: Even Case

In this section, we present the generalized Ulam-Hyers stability of the functional equation (1.9) for even case.

Theorem 4.1. Let j = ±1 and ψ, ζ : G3 → [0, ∞) be a function such that

lim
n→∞

ψ
(
2njx, 2njy, 2njz

)
4nj = 0 (4.1)

for all x, y, z ∈ G. Let fq : G → H be an even function satisfying the inequality∥∥D fq(x, y, z)
∥∥ ≤ ψ (x, y, z) (4.2)

for all x, y, z ∈ G. Then there exists a unique quadratic mapping Q2 : G → H which satisfies (1.9) and

∥∥ fq(2x)− 16 fq(x)−Q2(x)
∥∥ ≤ 1

4

∞

∑
k= 1−j

2

ζ
(

2kjx
)

4kj (4.3)

where ζ
(

2kjx
)

and Q2(x) are defined by

ζ
(

2kjx
)
= 4ψ

(
2kjx, 2kjx, 2kjx

)
+ ψ

(
2(k+1)jx, 2kjx, 2kjx

)
(4.4)
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and
Q2(x) = lim

n→∞

1
4nj

(
fq(2(n+1)jx)− 16 fq(2njx)

)
(4.5)

for all x ∈ G, respectively.

Proof. Replacing (x, y, z) by (x, x, x) in (4.2) and using evenness of fq, we get∥∥ fq(3x)− 6 fq(2x) + 15 fq(x)
∥∥ ≤ ψ (x, x, x) (4.6)

for all x ∈ G. Again replacing (x, y, z) by (2x, x, x) in (4.2) and using oddness of fq, we obtain∥∥ fq(4x) + 4 fq(2x)− 4 fq(3x) + 4 fq(x)
∥∥ ≤ ψ (2x, x, x) (4.7)

for all x ∈ G. It follows from (4.6) and (4.7) that∥∥ fq(4x)− 20 fq(2x) + 64 fq(x)
∥∥

≤ 4
∥∥ fq(3x)− 6 fq(2x) + 15 fq(x)

∥∥+ ∥∥ fq(4x) + 4 fq(2x)− 4 fq(3x) + 4 fq(x)
∥∥

≤ 4ψ (x, x, x) + ψ (2x, x, x) (4.8)

for all x ∈ G. From (4.8), we arrive ∥∥ fq(4x)− 20 fq(2x) + 64 fq(x)
∥∥ ≤ ζ(x) (4.9)

where
ζ(x) = 4ψ (x, x, x) + ψ (2x, x, x)

for all x ∈ G. It is easy to see from (4.9) that∥∥ fq(4x)− 16 fq(2x)− 4( fq(2x)− 16 fq(x))
∥∥ ≤ ζ(x) (4.10)

for all x ∈ G. Using (2.25) in (4.10), we obtain

‖q2(2x)− 4q2(x)‖ ≤ ζ(x) (4.11)

for all x ∈ G. The rest of the proof is similar to that of Theorem 3.1.

The following corollary is an immediate consequence of Theorem 4.1 concerning the Ulam-Hyers [16],
Ulam-Rassias [30], Ulam - Gavruta - Rassias [26] and Ulam-JMRassias [33] stabilities of (1.9).

Corollary 4.1. Let ρ and s be nonnegative real numbers. Let an even function fq : G → H satisfy the inequality

∥∥D fq(x, y, z)
∥∥ ≤


ρ,
ρ {||x||s + ||y||s + ||z||s} , s 6= 2;
ρ||x||s||y||s||z||s, 3s 6= 2;
ρ
{
||x||s||y||s||z||s +

{
||x||3s + ||y||3s + ||z||3s}} , 3s 6= 2;

(4.12)

for all x, y, z ∈ G. Then there exists a unique quadratic function Q2 : G → H such that

∥∥ fq(2x)− 16 fq(x)−Q2(x)
∥∥ ≤



5ρ

3
,

(2s + 14)ρ||x||s
2|4− 2s| ,

(2s + 4)ρ||x||3s

2|4− 23s| ,

(2s + 23s + 18)ρ||x||3s

|4− 23s|

(4.13)

for all x ∈ G.

Now, the authors provide an example to illustrate that the functional equation (1.9) is not stable for s = 2
in condition (ii) of Corollary 4.1.
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Example 4.4. Let ψ : R3 → R be a function defined by

ψ(x) =
{

µx2, if |x| <1
µ, otherwise

where µ > 0 is a constant, and define a function fq : R→ R by

fq(x) =
∞

∑
n=0

ψ(2nx)
4n f or all x ∈ R.

Then fq satisfies the functional inequality

|D fq(x, y, z)| ≤ 112 µ

3
(|x|2 + |y|2 + |z|2) (4.14)

for all x ∈ R. Then there do not exist a quadratic mapping Q2 : R→ R and a constant κ > 0 such that

| fq(2x)− 16 fq(x)−Q2(x)| ≤ κ|x|2 f or all x ∈ R. (4.15)

Proof. The proof of the example is similar to that of Example 3.1.

A counter example to illustrate the non stability in condition (iii) of Corollary 4.1 is given in the fol-
lowing example.

Example 4.5. Let s be such that 0 < s <
2
3

. Then there is a function fq : R→ R and a constant λ > 0 satisfying

∣∣D fq(x, y, z)
∣∣ ≤ λ|x|

s
3 |y|

s
3 |z|

2−2s
3 (4.16)

for all x, y, z ∈ R and

sup
x 6=0

∣∣ fq(2x)− 16 fq(x)−Q2(x)
∣∣

|x|2
= +∞ (4.17)

for every quadratic mapping Q2(x) : R→ R.

Proof. If we take

f (x) =
{

x2 ln |x| , i f x 6= 0,
0, i f x = 0.

Then from the relation (3.22), it follows that

sup
x 6=0

∣∣ fq(2x)− 16 fq(x)−Q2(x)
∣∣

|x|2
≥ sup

n∈N
n 6=0

∣∣ fq(2n)− 16 fq(n)−Q2(n)
∣∣

|n|2

= sup
n∈N
n 6=0

∣∣4n2 ln |n| − n216 ln |n| − n2 Q2 (1)
∣∣

|n|2

= sup
n∈N
n 6=0

|4 ln |n| − 16 ln |n| −Q2(1)| = ∞.

The proof is similar tracing to that of Example 3.2.

Now, the authors provide an example to illustrate that the functional equation (1.9) is not stable for s = 2
3

in condition (iv) of Corollary 4.1.

Example 4.6. Let ψ : R3 → R be a function defined by

ψ(x) =

{
µx, if |x| <1
2µ
3 , otherwise



136 John M. Rassias et al. / Generalized Ulam - Hyers Stability of on (AQQ): Additive - Quadratic - Quartic Functional Equation

where µ > 0 is a constant, and define a function fq : R→ R by

fq(x) =
∞

∑
n=0

ψ(2nx)
2n f or all x ∈ R.

Then fq satisfies the functional inequality

|D fq(x, y, z)| ≤ 28× 8µ

3
{|x|

2
3 + |y|

2
3 + |z|

2
3 + (|x|2 + |y|2 + |z|2)} (4.18)

for all x ∈ R. Then there do not exist a quadratic mapping Q2 : R→ R and a constant κ > 0 such that

| fq(2x)− 16 fq(x)−Q2(x)| ≤ κ|x| f or all x ∈ R. (4.19)

Proof. The proof of the example is similar to that of Example 3.3.

Theorem 4.2. Let j = ±1 and ψ, ζ : G3 → [0, ∞) be a function such that

lim
n→∞

ψ
(
2njx, 2njy, 2njz

)
16nj = 0 (4.20)

for all x, y, z ∈ G. Let fq : G → H be an even function satisfying the inequality∥∥D fq(x, y, z)
∥∥ ≤ ψ (x, y, z) (4.21)

for all x, y, z ∈ G. Then there exists a unique quartic mapping Q4 : G → H which satisfies (1.9) and

∥∥ fq(2x)− 4 fq(x)−Q4(x)
∥∥ ≤ 1

16

∞

∑
k= 1−j

2

ζ
(

2kjx
)

16kj (4.22)

where ζ
(

2kjx
)

is defined in (4.4) and Q4(x) is defined by

Q4(x) = lim
n→∞

1
16nj

(
fq(2(n+1)jx)− 4 fq(2njx)

)
(4.23)

for all x ∈ G.

Proof. It follows from (4.8), we have∥∥ fq(4x)− 20 fq(2x) + 64 fq(x)
∥∥ ≤ ζ(x) (4.24)

where
ζ(x) = 4ψ (x, x, x) + ψ (2x, x, x)

for all x ∈ G. It is easy to see from (4.24) that∥∥ fq(4x)− 4 fq(2x)− 16( fq(2x)− 4 fq(x))
∥∥ ≤ ζ(x) (4.25)

for all x ∈ G. Using (2.31) in (4.25), we obtain

‖q4(2x)− 16q4(x)‖ ≤ ζ(x) (4.26)

for all x ∈ G. The rest of the proof is similar to that of Theorem 3.1.

The following corollary is an immediate consequence of Theorem 4.2 concerning the Ulam-Hyers [16],
Ulam-Rassias [30], Ulam - Gavruta - Rassias [26] and Ulam-JMRassias [33] stabilities of (1.9).

Corollary 4.2. Let ρ and s be nonnegative real numbers. Let an even function fq : G → H satisfy the inequality

∥∥D fq(x, y, z)
∥∥ ≤


ρ,
ρ {||x||s + ||y||s + ||z||s} , s 6= 4;
ρ||x||s||y||s||z||s, 3s 6= 4;
ρ
{
||x||s||y||s||z||s +

{
||x||3s + ||y||3s + ||z||3s}} , 3s 6= 4;

(4.27)
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for all x, y, z ∈ G. Then there exists a unique quartic function Q4 : G → H such that

∥∥ fq(2x)− 4 fq(x)−Q4(x)
∥∥ ≤



ρ

3
,

(2s + 14)ρ||x||s
2|16− 2s| ,

(2s + 4)ρ||x||3s

2|16− 23s| ,

(2s + 23s + 18)ρ||x||3s

|16− 23s|

(4.28)

for all x ∈ G.

Now, the author provide an example to illustrate that the functional equation (1.9) is not stable for s = 4
in condition (ii) of Corollary 4.2.

Example 4.7. Let ψ : R3 → R be a function defined by

ψ(x) =
{

µx4, if |x| <1
µ, otherwise

where µ > 0 is a constant, and define a function fq : R→ R by

fq(x) =
∞

∑
n=0

ψ(2nx)
16n f or all x ∈ R.

Then fq satisfies the functional inequality

|D fq(x, y, z)| ≤ 28× 16 µ

15
(|x|4 + |y|4 + |z|4) (4.29)

for all x ∈ R. Then there do not exist a quartic mapping Q4 : R→ R and a constant κ > 0 such that

| fq(2x)− 4 fq(x)−Q4(x)| ≤ κ|x|4 f or all x ∈ R. (4.30)

Proof. The proof of the example is similar to that of Example 3.1.

A counter example to illustrate the non stability in condition (iii) of Corollary 4.2 is given in the fol-
lowing example.

Example 4.8. Let s be such that 0 < s <
4
3

. Then there is a function f : R→ R and a constant λ > 0 satisfying∣∣D fq(x, y, z)
∣∣ ≤ λ|x|

s
3 |y|

s
3 |z|

4−2s
3 (4.31)

for all x, y, z ∈ R and

sup
x 6=0

∣∣ fq(2x)− 4 fq(x)−Q4(x)
∣∣

|x|2
= +∞ (4.32)

for every quartic mapping Q4(x) : R→ R.

Proof. If we take

f (x) =
{

x4 ln |x| , i f x 6= 0,
0, i f x = 0.

Then from the relation (3.22), it follows that

sup
x 6=0

∣∣ fq(2x)− 4 fq(x)−Q4(x)
∣∣

|x|4
≥ sup

n∈N
n 6=0

∣∣ fq(2n)− 4 fq(n)−Q4(n)
∣∣

|n|4

= sup
n∈N
n 6=0

∣∣16n4 ln |n| − n44 ln |n| − n4 Q4 (1)
∣∣

|n|4

= sup
n∈N
n 6=0

|16 ln |n| − 4 ln |n| −Q4(1)| = ∞.

The proof is similar tracing to that of Example 3.2.
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Now, the authors provide an example to illustrate that the functional equation (1.9) is not stable for s = 4
3

in condition (iv) of Corollary 4.2.

Example 4.9. Let ψ : R3 → R be a function defined by

ψ(x) =

{
µx, if |x| <1
4µ
3 , otherwise

where µ > 0 is a constant, and define a function fq : R→ R by

fq(x) =
∞

∑
n=0

ψ(2nx)
16n f or all x ∈ R.

Then fq satisfies the functional inequality

|D fq(x, y, z)| ≤ 112× 16µ

45
{|x|

4
3 + |y|

4
3 + |z|

4
3 + (|x|4 + |y|4 + |z|4)} (4.33)

for all x ∈ R. Then there do not exist a quartic mapping Q4 : R→ R and a constant κ > 0 such that

| fq(2x)− 4 fq(x)−Q4(x)| ≤ κ|x| f or all x ∈ R. (4.34)

Proof. The proof of the example is similar to that of Example 3.3.

Theorem 4.3. Let j = ±1. Let fq : G → H be a mapping for which there exists a function ψ, ζ : G3 → [0, ∞) with the
conditions given in (4.1) and (4.20) respectively, such that the functional inequality∥∥D fq(x, y, z)

∥∥ ≤ ψ (x, y, z) (4.35)

for all x, y, z ∈ G. Then there exists a unique quadratic mapping Q2(x) : G → H and a unique quartic mapping
Q4(x) : G → H satisfying the functional equation (1.9) and

∥∥ fq(x)−Q2(x)−Q4(x)
∥∥ ≤ 1

12

1
4

∞

∑
k= 1−j

2

ζ(2kjx)
4kj +

1
16

∞

∑
k= 1−j

2

ζ(2kjx)
16kj

 (4.36)

for all x ∈ G, where ζ(2kjx), Q2(x) and Q4(x) are respectively defined in (4.4), (4.5) and (4.23) for all x ∈ G.

Proof. By Theorems 4.1 and 4.2, there exists a unique quadratic function Q21(x) : G → H and a unique quartic
function Q41(x) : G → H such that

∥∥ fq(2x)− 16 fq(x)−Q21(x)
∥∥ ≤ 1

4

∞

∑
k= 1−j

2

ζ
(

2kjx
)

4kj (4.37)

and ∥∥ fq(2x)− 4 fq(x)−Q41(x)
∥∥ ≤ 1

16

∞

∑
k= 1−j

2

ζ(2kjx)
16kj (4.38)

for all x ∈ G. Now from (4.37) and (4.38), one can see that∥∥∥∥ fq(x) +
1
12

Q21(x)− 1
12

Q41(x)
∥∥∥∥

=

∥∥∥∥{− fq(2x)
12

+
16 fq(x)

12
+

Q21(x)
12

}
+

{
fq(2x)

12
−

4 fq(x)
12

−
Q41(x)

12

}∥∥∥∥
≤ 1

12
{∥∥ fq(2x)− 16 fq(x)−Q21(x)

∥∥+ ∥∥ fq(2x)− 4 fq(x)−Q41(x)
∥∥}

≤ 1
12

1
4

∞

∑
k= 1−j

2

ζ(2kjx)
4kj +

1
16

∞

∑
k= 1−j

2

ζ(2kjx)
16kj


for all x ∈ G. Thus, we obtain (4.36) by defining Q2(x) = −1

12 Q21(x) and Q4(x) = 1
12 Q41(x), where ζ(2kjx),

Q2(x) and Q4(x) are respectively defined in (4.4), (4.5) and (4.23) for all x ∈ G.
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The following corollary is the immediate consequence of Theorem 4.3, using Corollaries 4.1 and 4.2 con-
cerning the Ulam-Hyers [16], Ulam-Rassias [30], Ulam - Gavruta - Rassias [26] and Ulam-JMRassias [33] sta-
bilities of (1.9).

Corollary 4.3. Let fq : G → H be a mapping and there exists real numbers ρ and s such that

∥∥D fq(x, y, z)
∥∥ ≤


ρ,
ρ {||x||s + ||y||s + ||z||s} , s 6= 2, 4;
ρ||x||s||y||s||z||s, 3s 6= 2, 4;
ρ
{
||x||s||y||s||z||s +

{
||x||3s + ||y||3s + ||z||3s}} , 3s 6= 2, 4;

(4.39)

for all x, y, z ∈ G. Then there exists a unique quadratic function Q2 : G → H and a unique quartic function Q4 : G →
H such that

∥∥ fq(x)−Q2(x)−Q4(x)
∥∥ ≤



ρ

6
,

(2s + 14)ρ||x||s
24

(
1

|16− 2s| +
1

|4− 2s|

)
,

(2s + 4)ρ||x||3s

24

(
1

|16− 23s| +
1

|4− 23s|

)
,

(2s + 23s + 18)ρ||x||3s

12

(
1

|16− 23s| +
1

|4− 23s|

)
(4.40)

for all x ∈ G.

5 Stability Results: Mixed Case

Theorem 5.1. Let j = ±1. Let f : G → H be a mapping for which there exists a function ψ : G3 → [0, ∞) with the
conditions given in (3.1), (4.1) and (4.20) respectively, satisfying the functional inequality

‖D f (x, y, z)‖ ≤ ψ (x, y, z) (5.1)

for all x, y, z ∈ G. Then there exists a unique additive mapping A(x) : G → H, a unique quadratic mapping Q2(x) :
G → H, a unique quartic mapping Q4(x) : G → H satisfying the functional equation (1.9) and

‖ f (x)− A(x)−Q2(x)−Q4(x)‖

≤ 1
2

1
2

∞

∑
k= 1−j

2

(
ξ(2kjx)

2kj +
ξ(−2kjx)

2kj

)

+
1

12

1
4

∞

∑
k= 1−j

2

(
ζ(2kjx)

4kj +
ζ(−2kjx)

4kj

)
+

1
16

∞

∑
k= 1−j

2

(
ζ(2kjx)

16kj +
ζ(−2kjx)

16kj

) (5.2)

for all x ∈ G, where ξ(2kjx), ζ(2kjx), A(x), Q2(x) and Q4(x) are respectively defined in (3.4), (4.4), (3.5), (4.5) and
(4.23) for all x ∈ G.

Proof. Let fo(x) =
fa(x)− fa(−x)

2
for all x ∈ G. Then fo(0) = 0 and fo(−x) = − fo(x) for all x ∈ G. Hence

‖D fo(x, y, z)‖ ≤ 1
2
{ψ(x, y, z) + ψ(−x,−y,−z)} (5.3)

for all x, y, z ∈ G. By Theorem 3.1, there exists a unique additive function A(x) : G → H such that

‖ fo(x)− A(x)‖ ≤ 1
4

∞

∑
k= 1−j

2

(
ξ(2kjx)

2kj +
ξ(−2kjx)

2kj

)
(5.4)

for all x ∈ G. Also, let fe(x) =
fq(x) + fq(−x)

2
for all x ∈ G. Then fe(0) = 0 and fe(−x) = fe(x) for all x ∈ G.

Hence

‖D fe(x, y, z)‖ ≤ 1
2
{ψ(x, y, z) + ψ(−x,−y,−z)} (5.5)
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for all x, y, z ∈ G. By Theorem 4.3, there exists a unique quadratic mapping Q2(x) : G → H and a unique
quartic mapping Q4(x) : G → H such that

‖ fe(x)−Q2(x)−Q4(x)‖

≤ 1
24

1
4

∞

∑
k= 1−j

2

(
ζ(2kjx)

4kj +
ζ(−2kjx)

4kj

)
+

1
16

∞

∑
k= 1−j

2

(
ζ(2kjx)

16kj +
ζ(−2kjx)

16kj

) (5.6)

for all x ∈ G. Define
f (x) = fo(x) + fe(x) (5.7)

for all x ∈ G. Now from (5.7), (5.6) and (5.4), we arrive

‖ f (x)− A(x)−Q2(x)−Q4(x)‖
= ‖ fo(x) + fe(x)− A(x)−Q2(x)−Q4(x)‖
≤ ‖ fo(x)− A(x)‖+ ‖ fe(x)−Q2(x)−Q4(x)‖

≤ 1
2

1
2

∞

∑
k= 1−j

2

(
ξ(2kjx)

2kj +
ξ(−2kjx)

2kj

)

+
1
12

1
4

∞

∑
k= 1−j

2

(
ζ(2kjx)

4kj +
ζ(−2kjx)

4kj

)
+

1
16

∞

∑
k= 1−j

2

(
ζ(2kjx)

16kj +
ζ(−2kjx)

16kj

) (5.8)

for all x ∈ G, where ξ(2kjx), ζ(2kjx), A(x), Q2(x) and Q4(x) are respectively defined in (3.4), (4.4), (3.5), (4.5)
and (4.23) for all x ∈ G.

The following corollary is the immediate consequence of Theorem 5.1, using Corollaries 3.1 and 4.3 con-
cerning the Ulam-Hyers [16], Ulam-Rassias [30], Ulam - Gavruta - Rassias [26] and Ulam-JMRassias [33] sta-
bilities of (1.9).

Corollary 5.1. Let f : G → H be a mapping and there exists real numbers ρ and s such that

‖D f (x, y, z)‖ ≤


ρ,
ρ {||x||s + ||y||s + ||z||s} , s 6= 1, 2, 4;
ρ||x||s||y||s||z||s, 3s 6= 1, 2, 4;
ρ
{
||x||s||y||s||z||s +

{
||x||3s + ||y||3s + ||z||3s}} , 3s 6= 1, 2, 4;

(5.9)

for all x, y, z ∈ G, then there exists a unique additive mapping A(x) : G → H, a unique quadratic mapping Q2(x) :
G → H and a unique quartic mapping Q4(x) : G → H such that

‖ f (x)− A(x)−Q2(x)−Q4(x)‖

≤



2ρ

3
,

ρ||x||s
2

(
3

|2− 2s| +
(2s + 14)

12|16− 2s| +
(2s + 14)
12|4− 2s|

)
,

ρ||x||3s

2

(
1

|2− 23s| +
(2s + 4)

12|16− 23s| +
(2s + 4)

12|4− 23s|

)
,

ρ||x||3s

2

(
4

|2− 23s| +
(2s + 23s + 18)

6|16− 23s| +
(2s + 23s + 18)

6|4− 23s|

)
(5.10)

for all x ∈ G.
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