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Abstract

In this paper, we achieve the general solution and generalized Ulam - Hyers stability of a n− dimensional
additive-quadratic-cubic-quartic (AQCQ) functional equation
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where n is a positive integer with n ≥ 3 in Banach Space (BS) via direct and fixed point methods. The stability
results are discussed in two different ways by assuming n is an odd positive integer and n is an even positive
integer.
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1 Introduction

The education of stability problems for functional equations is tied to a question of Ulam [61] regarding the sta-
bility of group homomorphisms and certainly answered for a additive functional equation on Banach spaces
by Hyers [30] and Aoki [3]. It was further generalized and marvelous outcome obtained by number of authors
[24, 44, 53, 58].

The general solution and the generalized Hyers-Ulam-Rassias stability of the generalized mixed type of
functional equation

f (x + ay) + f (x− ay) = a2 [ f (x + y) + f (x− y)] + 2
(
1− a2) f (x)

+

(
a4 − a2)

12
[ f (2y) + f (−2y)− 4 f (y)− 4 f (−y)] .

(1.1)

for fixed integers a with a 6= 0,±1 having solution additive, quadratic, cubic and quartic was discussed by K.
Ravi et. al., [59] . Its generalized Ulam-Hyers stability in multi-Banach spaces and non-Archimedean normed
spaces via fixed point approach was respectively investigated by T.Z. Xu et. al [62, 63].

Very recently, Choonkil Park and Jung Rye Lee [42] proved the Hyers - Ulam stability of the following
additive - quadratic - cubic - quartic functional equation

f (x + 2y) + f (x− 2y) = 4 f (x + y) + 4 f (x− y)− 6 f (x) + f (2y) + f (−2y)− 4 f (y)− 4 f (−y) (1.2)
∗Corresponding author.
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in paranormed spaces.
During the last seven decades, the stability problems of various functional equations in several spaces have

been broadly investigated by number of mathematicians [4] - [18], [20] - [23], [25] - [29], [32] - [34], [39, 40, 43],
[48] - [52], [56, 57].

Now, we will recall the fundamental results in fixed point theory [36].

Theorem 1.1. (Banach’s contraction principle) Let (X, d) be a complete metric space and consider a mapping T : X →
X which is strictly contractive mapping, that is

(A1) d(Tx, Ty) ≤ Ld(x, y) for some (Lipschitz constant) L < 1. Then,
(i) The mapping T has one and only fixed point x∗ = T(x∗);
(ii)The fixed point for each given element x∗ is globally attractive, that is

(A2) limn→∞Tnx = x∗, for any starting point x ∈ X;
(iii) One has the following estimation inequalities:

(A3) d(Tnx, x∗) ≤ 1
1−L d(Tnx, Tn+1x), ∀ n ≥ 0, ∀ x ∈ X;

(A4) d(x, x∗) ≤ 1
1−L d(x, x∗), ∀ x ∈ X.

Theorem 1.2. Suppose that for a complete generalized metric space (Ω, δ) and a strictly contractive mapping T : Ω→
Ω with Lipschitz constant L. Then, for each given x ∈ Ω , either

d(Tnx, Tn+1x) = ∞ ∀ n ≥ 0,

or there exists a natural number n0 such that
(FP1) d(Tnx, Tn+1x) < ∞ for all n ≥ n0 ;
(FP2) The sequence (Tnx) is convergent to a fixed to a fixed point y∗ of T
(FP3) y∗ is the unique fixed point of T in the set ∆ = {y ∈ Ω : d(Tn0 x, y) < ∞};
(FP4) d(y∗, y) ≤ 1

1−L d(y, Ty) for all y ∈ ∆.

In this paper, we established the generalized Ulam - Hyers stability of a n− dimensional additive-quadratic-
cubic-quartic (AQCQ) functional equation
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+ f (2vn) + f (−2vn)− 4 f (vn)− 4 f (−vn) (1.3)

where n is a positive integer with n ≥ 3 in Banach Space (BS) via direct and fixed point methods. The stability
results are discussed in two different ways by assuming n is an odd positive integer and n is an even positive
integer.

In section 2, the general solution of (1.3) is present.
In Sections 3 and 4, the generalized Ulam-Hyers stability of the functional equation (1.3) where n is an

odd positive integer and n is an even positive integer in Banach space using direct method are discussed,
respectively.

In Sections 5 and 6, we investigate the generalized Ulam-Hyers stability of the functional equation (1.3)
where n is an odd positive integer and n is an even positive integer in Banach space using fixed point methods,
respectively.

In Section 7, we conclude with the non stable cases for the functional equation (1.3).

2 General Solution

In this section, we provide the general solution of the function equation (1.3). To prove this, let us take I and
J be real vector spaces.

Lemma 2.1. If a function f : I → J fulfills (1.3) for all v1, · · · , vn ∈ I if and only if f : I → J satisfies (1.2) for all
x, y ∈ I .
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Proof. Let f : I → J be a function fulfills (1.3). Replacing (v1, v2, v3 · · · , vn−1, vn) by (x, 0, 0, · · · , 0, y) in
(1.3), we get (1.2) as desired. Conversely, let f : I → J be a function satisfying (1.2). Changing (x, y) by
(v1 + v2 + v3 · · ·+ vn−1, vn) in (1.2), we arrive (1.3) as desired.

Lemma 2.2. If f : I → J be an odd mapping fulfills (1.3) and let a : I → J be a mapping given by

a(v) = f (2v)− 8 f (v) (2.1)

for all v ∈ I then
a(2v) = 2a(v) (2.2)

for all v ∈ I such that a is additive.

Proof. Using oddness of f in (1.3), we arrive
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for all v1, · · · , vn ∈ I . Letting (v1, · · · , vn) by (0, · · · , 0) in (2.3), we find that

f (0) = 0. (2.4)

Also, replacing (v2, v3, · · · , vn−1) by (0, 0, · · · , 0) in (2.3), we get

f (v1 + 2vn) + f (v1 − 2vn) = 4 f (v1 + vn) + 4 f (v1 − vn)− 6 f (v1) (2.5)

for all v1, vn ∈ I . Changing (v1, vn) by (v, v) in (2.5), we obtain

f (3v) = 4 f (2v)− 5 f (v) (2.6)

for all v ∈ I . Again changing (v1, vn) by (2v, v) in (2.5) and using (2.4), (2.6), we arrive

f (4v) = 4 f (3v)− 6 f (2v) + 4 f (v) (2.7)

for all v ∈ I . Using (2.6) in (2.7), we get

f (4v) = 10 f (2v)− 16 f (v) (2.8)

for all v ∈ I . From (2.1), we have

a(2v)− 2a(v) = f (4v)− 10 f (2v) + 16 f (v) (2.9)

for all v ∈ I . Using (2.8) in (2.9), we desired our result.

Lemma 2.3. If f : I → J be an odd mapping fulfills (1.3) and let c : I → J be a mapping given by

c(v) = f (2v)− 2 f (v) (2.10)

for all v ∈ I then
c(2v) = 8c(v) (2.11)

for all v ∈ I such that c is cubic.

Proof. It follows from (2.11) that

c(2v)− 8c(v) = f (4v)− 10 f (2v) + 16 f (v) (2.12)

for all u ∈ I . Using (2.8) in (2.12), we desired our result.

Lemma 2.4. If f : I → J be an even mapping fulfills (1.3) and let q2 : I → J be a mapping given by

q2(v) = f (2v)− 16 f (v) (2.13)

for all v ∈ I then
q2(2v) = 4q2(v) (2.14)

for all v ∈ I such that q2 is quadratic.
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Proof. Using evenness of f in (1.3), we get
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for all v1, · · · , vn ∈ I . Letting (v1, · · · , vn) by (0, · · · , 0) in (2.15), we obtain

f (0) = 0. (2.16)

Replacing (v2, v3, · · · , vn−1) by (0, 0, · · · , 0) in (2.15), we arrive

f (v1 + 2vn) + f (v1 − 2vn) = 4 f (v1 + vn) + 4 f (v1 − vn)− 6 f (v1) + 2 f (2vn)− 8 f (vn) (2.17)

for all v1, vn ∈ I . Setting (v1, vn) by (v, v) in (2.17), we have

f (3v) = 6 f (2v)− 15 f (v) (2.18)

for all v ∈ I . Again setting (v1, vn) by (2v, v) in (2.17) and using (2.16), (2.18), we arrive

f (4v) = 4 f (3v)− 4 f (2v)− 4 f (v) (2.19)

for all v ∈ I . Using (2.18) in (2.19), we get

f (4v) = 20 f (2v)− 64 f (v) (2.20)

for all v ∈ I . From (2.13), we establish

q2(2v)− 4q2(v) = f (4v)− 20 f (2v) + 64 f (v) (2.21)

for all v ∈ I . Using (2.20) in (2.21), we desired our result.

Lemma 2.5. If f : I → J be an even mapping fulfills (1.3) and let q4 : I → J be a mapping given by

q4(v) = f (2v)− 4 f (v) (2.22)

for all v ∈ I then
q4(2v) = 16q4(v) (2.23)

for all v ∈ I such that q4 is quartic.

Proof. It follows from (2.23) that

q4(2v)− 4q4(v) = f (4v)− 20 f (2v) + 64 f (v) (2.24)

for all v ∈ I . Using (2.20) in (2.24), we desired our result.

Remark 2.1. If f : I → J be a mapping fulfills (1.3) then there exists fo, fe : I → J and let a, q2, c, q4 : I → J be a
mapping defined in (2.1), (2.10), (2.13) and (2.22), we have

fe(v) =
1

12
(q4(v)− q2(v)) (2.25)

and
fo(v) =

1
6
(c(v)− a(v)) (2.26)

for all v ∈ I . Also if we define
f (v) = fe(v) + fo(v) (2.27)

we arrive
f (v) =

1
12

(q4(v)− q2(v)) +
1
6
(c(v)− a(v)) (2.28)

for all v ∈ I .
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Throughout this paper, let we consider Y be a normed space and Z be a Banach space. Define a mapping
D faqcq : Y → Z by

D faqcq(v1, · · · , vn) = f
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for all v1, · · · , vn ∈ Y .

3 Stability Results - Direct Method: n Odd Positive Integer

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (1.3) where n is
an odd positive integer in Banach space using direct method.

3.1 f IS AN ODD FUNCTION

Theorem 3.3. Let q = ±1 and ω, Ω : Yn → [0, ∞) be functions such that

lim
p→∞

ω (2pqv1, · · · , 2pqvn)

2pq = 0 (3.1)

for all v1, · · · , vn ∈ Y . Let D faqcq : Y → Z be an odd function satisfying the inequality∥∥D faqcq(v1, · · · , vn)
∥∥ ≤ ω (v1, · · · , vn) (3.2)

for all v1, · · · , vn ∈ Y . Then there exists a unique additive function A : Y → Z which satisfies (1.3) and

‖A(v)− a(v)‖ = ‖A(v)− { f (2v)− 8 f (v)}‖ ≤ 1
2

∞

∑
r= 1−q

2

Ω(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv)
2rq (3.3)

where Ω(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv) and A(v) are defined by

Ω(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv)

= 4ω1(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv) + ω1(2 · 2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv)

= 4ω

2rqv, 2rqv, 2rqv, · · · , 2rqv︸ ︷︷ ︸
n−3

2 times

,−2rqv,−2rqv, · · · ,−2rqv︸ ︷︷ ︸
n−3

2 times

, 0, 2rqv



+ ω

2 · 2rqv, 2rqv, 2rqv, · · · , 2rqv︸ ︷︷ ︸
n−3

2 times

,−2rqv,−2rqv, · · · ,−2rqv︸ ︷︷ ︸
n−3

2 times

, 0, 2rqv

 (3.4)

and

A(v) = lim
p→∞

a(2pqv)
2pq = lim

p→∞

f (2 · 2pqv)− 8 f (2pqv)
2pq (3.5)

for all v ∈ Y , respectively.

Proof. Case (i): Assume q = 1.
Given, f is an odd function. Using oddness of f in (3.2), we arrive∥∥∥∥∥ f
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for all v1, v2, v3, v4, · · · , vn−1, vn ∈ Y . Replacing

(v1, v2, v3, v4, · · · , vn−1, vn) =

v, v, v, · · · , v︸ ︷︷ ︸
n−3

2 times

,−v,−v, · · · ,−v︸ ︷︷ ︸
n−3

2 times

, 0, v


in (3.6), we get

∥∥∥ f (3v)− 4 f (2v) + 5 f (v)
∥∥∥ ≤ ω

v, v, v, · · · , v︸ ︷︷ ︸
n−3

2 times

,−v,−v, · · · ,−v︸ ︷︷ ︸
n−3

2 times

, 0, v


= ω1(v, v, · · · ,−v, 0, v) (3.7)

for all v ∈ Y . Again replacing

(v1, v2, v3, v4, · · · , vn−1, vn) =

2v, v, v, · · · , v︸ ︷︷ ︸
n−3

2 times

,−v,−v, · · · ,−v︸ ︷︷ ︸
n−3

2 times

, 0, v


in (3.6), we obtain

∥∥∥ f (4v)− 4 f (3v) + 6 f (2v)− 4 f (v)
∥∥∥ ≤ ω

2v, v, v, · · · , v︸ ︷︷ ︸
n−3

2 times

,−v,−v, · · · ,−v︸ ︷︷ ︸
n−3

2 times

, 0, v


= ω1(2v, v, · · · ,−v, 0, v) (3.8)

for all v ∈ Y . It follows from (3.7) and (3.8),∥∥∥ f (4v)− 10 f (2v) + 16 f (v)
∥∥∥

=
∥∥∥ f (4v)− 4 f (3v) + 4 f (3v) + 6 f (2v)− 16 f (2v) + 20 f (v)− 4 f (v)

∥∥∥
≤ 4

∥∥∥ f (3v)− 4 f (2v) + 5 f (v)
∥∥∥+ ∥∥∥ f (4v)− 4 f (3v) + 6 f (2v)− 4 f (v)

∥∥∥
≤ 4ω1(v, v, · · · ,−v, 0, v) + ω1(2v, v, · · · ,−v, 0, v) (3.9)

for all v ∈ Y . Define

Ω(v, v, · · · ,−v, 0, v) = 4ω1(v, v, · · · ,−v, 0, v) + ω1(2v, v, · · · ,−v, 0, v) (3.10)

for all v ∈ Y . Using (3.10) in (3.9), we have∥∥∥ f (4v)− 10 f (2v) + 16 f (v)
∥∥∥ ≤ Ω(v, v, · · · ,−v, 0, v) (3.11)

for all v ∈ Y . It follows from (3.11), we reach∥∥∥{ f (4v)− 8 f (2v)
}
− 2
{

f (2v)− 8 f (v)
}∥∥∥ ≤ Ω(v, v, · · · ,−v, 0, v) (3.12)

for all v ∈ Y . Using (2.1) in (3.12), we land∥∥∥a(2v)− 2a(v)
∥∥∥ ≤ Ω(v, v, · · · ,−v, 0, v) (3.13)

for all v ∈ Y . It follows from (3.13) that∥∥∥ a(2v)
2
− a(v)

∥∥∥ ≤ Ω(v, v, · · · ,−v, 0, v)
2

(3.14)
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for all v ∈ Y . Now, replacing v by 2v and dividing by 2 in (3.14), we have∥∥∥ a(22v)
22 − a(2v)

2

∥∥∥ ≤ Ω(2v, 2v, · · · ,−2v, 0, 2v)
22 (3.15)

for all v ∈ Y . From (3.14) and (3.15), we obtain∥∥∥∥ a(22v)
22 − a(v)

∥∥∥∥ ≤ ∥∥∥ a(22v)
22 − a(2v)

2

∥∥∥+ ∥∥∥ a(2v)
2
− a(v)

∥∥∥
≤ 1

2

[
Ω(v, v, · · · ,−v, 0, v) +

Ω(2v, 2v, · · · ,−2v, 0, 2v)
2

]
(3.16)

for all v ∈ Y . Generalizing, for a positive integer p, we reach∥∥∥∥ a(2pv)
2p − a(v)

∥∥∥∥ ≤ 1
2

p−1

∑
r=0

Ω(2rv, 2rv, · · · ,−2rv, 0, 2rv)
2r (3.17)

for all v ∈ Y . Thus, the sequence
{

a(2pv)
2p

}
is a Cauchy in Z and so it converges.

Indeed, to prove the convergence of the sequence
{

a(2pv)
2p

}
, replacing v by 2sv and dividing by 2s in

(3.17), for any p, s > 0 , we get∥∥∥∥ a(2p+sv)
2(p+s)

− a(2sv)
2s

∥∥∥∥ =
1
2s

∥∥∥∥ a(2p · 2sv)
2p − a(2sv)

∥∥∥∥
≤ 1

2s
1
2

p−1

∑
r=0

Ω(2r · 2sv, 2r · 2sv, · · · ,−2r · 2sv, 0, 2r · 2sv)
2r

≤ 1
2

∞

∑
r=0

Ω(2r · 2sv, 2r · 2sv, · · · ,−2r · 2sv, 0, 2r · 2sv)
2r · 2s

→ 0 as s→ ∞

for all v ∈ Y . Since Z is complete, we see that a mapping A(v) : Y → Z defined by

A(v) = lim
p→∞

a(2pv)
2p

for all v ∈ Y . Letting p → ∞ in (3.17), we see that (3.3) holds for all v ∈ Y . In order to show that A satisfies
(1.3), replacing (v1, · · · , vn) by (2pv1, · · · , 2pvn) and dividing by 2p in (3.2), we have

‖A(v1, · · · , vn)‖ = lim
p→∞

1
2

∥∥D faqcq(2pv1, · · · , 2pvn)
∥∥ ≤ lim

p→∞

1
2

ω(2pv1, · · · , 2pvn)

for all v1, · · · , vn ∈ Y and so the mapping A is additive. Hence, A satisfies (1.3), for all v1, · · · , vn ∈ Y .
To prove that A is unique, we assume now that there is A′ as another additive mapping satisfying (1.3)

and the inequality (3.3). Then it follows easily that

A(2sv) = 2sA(v), A′(2sv) = 2sA′(v)

for all v ∈ Y and all s ∈N. Thus∥∥A(v)−A′(v)∥∥ =
1
2s

∥∥A(2sv)−A′(2sv)
∥∥

=
1
2s

{∥∥A(2sv)− a(2sv) + a(2sv)−A′(2sv)
∥∥}

≤ 1
2s

{
‖A(2sv)− a(2sv)‖+

∥∥a(2sv)−A′(2sv)
∥∥}

≤
∞

∑
r=0

Ω(2r · 2sv, 2r · 2sv, · · · ,−2r · 2sv, 0, 2r · 2sv)
2(r+s)
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for all v ∈ Y . Letting s → ∞, in the above inequality, we achieve uniqueness of A. Hence the theorem holds
for q = 1.
Case (ii): Assume q = −1.

Now replacing v by
v
2

in (3.13), we get∥∥∥a(v)− 2a
(v

2

)∥∥∥ ≤ Ω
(v

2
,

v
2

, · · · ,−v
2

, 0,
v
2

)
(3.18)

for all v ∈ Y . Now, replacing v by v
2 and multiply by 2 in (3.18), we have∥∥∥2a

(v
2

)
− 22a

( v
22

) ∥∥∥ ≤ 2Ω
( v

22 ,
v
22 , · · · ,− v

22 , 0,
v
22

)
(3.19)

for all v ∈ Y . From (3.18) and (3.19), we obtain∥∥∥a(v)− 22a
( v

22

)∥∥∥ ≤ ∥∥∥a(v)− 2a
(v

2

)∥∥∥+ ∥∥∥2a
(v

2

)
− 22a

( v
22

) ∥∥∥
≤ Ω

(v
2

,
v
2

, · · · ,−v
2

, 0,
v
2

)
+ 2Ω

( v
22 ,

v
22 , · · · ,− v

22 , 0,
v
22

)
(3.20)

for all v ∈ Y . Generalizing, for a positive integer p, we reach∥∥∥a(v)− 2pa
( v

2p

)∥∥∥ ≤ p−1

∑
r=1

2rΩ
( v

2r ,
v
2r , · · · ,− v

2r , 0,
v
2r

)
(3.21)

for all v ∈ Y . The rest of the proof is similar to that of case q = 1. Hence for q = −1 also the theorem holds.
This completes the proof of the theorem.

The following corollary is an immediate consequence of Theorem 3.3 concerning the Hyers - Ulam, Hyers
- Ulam - Rassias and Ulam - JMRassias stabilities of (1.3).

Corollary 3.1. Let D faqcq : Y → Z be an odd mapping. If there exists real numbers b and d such that

∥∥D faqcq(v1, · · · , vn)
∥∥ ≤


b,

b
n
∑

i=1
||vi||d, d 6= 1;

b
{

n
∏
i=1
||vi||d +

n
∑

i=1
||vi||nd

}
, nd 6= 1;

(3.22)

for all v1, · · · , vn ∈ Y , then there exists a unique additive function A : Y → Z such that

‖a(v)−A(v)‖ ≤


5b,
b||v||d(5n− 6 + 2rd)

|2− 2d|
,

b||v||nd(5n− 6 + 2rnd)

|2− 2nd|

(3.23)

for all v ∈ Y .

Theorem 3.4. Let q = ±1 and ω, Ω : Yn → [0, ∞) be functions such that

lim
p→∞

ω (2pqv1, · · · , 2pqvn)

23pq = 0 (3.24)

for all v1, · · · , vn ∈ Y . Let D faqcq : Y → Z be an odd function satisfying the inequality∥∥D faqcq(v1, · · · , vn)
∥∥ ≤ ω (v1, · · · , vn) (3.25)

for all v1, · · · , vn ∈ Y . Then there exists a unique cubic function C : Y → Z which satisfies (1.3) and

‖C(v)− c(v)‖ = ‖C(v)− { f (2v)− 2 f (v)}‖ ≤ 1
8

∞

∑
r= 1−q

2

Ω(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv)
2rq (3.26)

where Ω(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv) is defined in (3.4) and C(v) is defined by

C(v) = lim
p→∞

c(2pqv)
23pq = lim

p→∞

f (2 · 2pqv)− 2 f (2pqv)
23pq (3.27)

for all v ∈ Y , respectively.
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Proof. It follows from (3.11), we reach∥∥∥{ f (4v)− 2 f (2v)
}
− 8
{

f (2v)− 2 f (v)
}∥∥∥ ≤ Ω(v, v, · · · ,−v, 0, v) (3.28)

for all v ∈ Y . Using (2.10) in (3.28), we land∥∥∥c(2v)− 8c(v)
∥∥∥ ≤ Ω(v, v, · · · ,−v, 0, v) (3.29)

for all v ∈ Y . The rest of the proof is similar to that of Theorem 3.3 . This completes the proof of the theorem.

The following corollary is an immediate consequence of Theorem 3.4 concerning the Hyers - Ulam, Hyers
- Ulam - Rassias and Ulam - JMRassias stabilities of (1.3).

Corollary 3.2. Let D faqcq : Y → Z be an odd mapping. If there exists real numbers b and d such that

∥∥D faqcq(v1, · · · , vn)
∥∥ ≤


b,

b
n
∑

i=1
||vi||d, d 6= 3;

b
{

n
∏
i=1
||vi||d +

n
∑

i=1
||vi||nd

}
, nd 6= 3;

(3.30)

for all v1, · · · , vn ∈ Y , then there existss a unique cubic function C : Y → Z such that

‖c(v)− C(v)‖ ≤



5b
|7| ,

b||v||d(5n− 6 + 2rd)

|8− 2d|
,

b||v||nd(5n− 6 + 2rnd)

|8− 2nd|

(3.31)

for all v ∈ Y .

Theorem 3.5. Let q = ±1 and ω, Ω : Yn → [0, ∞) be functions satisfying (3.1) and (3.24) for all v1, · · · , vn ∈ Y .
Let D faqcq : Y → Z be an odd function satisfying the inequality∥∥D faqcq(v1, · · · , vn)

∥∥ ≤ ω (v1, · · · , vn) (3.32)

for all v1, · · · , vn ∈ Y . Then there exists a unique additive function A : Y → Z and a unique cubic function
C : Y → Z which satisfies (1.3) and

‖ f (v)−A(v)− C(v)‖ ≤ 1
6

1
2

∞

∑
r= 1−q

2

Ω(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv)
2rq

+
1
8

∞

∑
r= 1−q

2

Ω(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv)
2rq

 (3.33)

where Ω(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv), A(v) and C(v) is defined in (3.4), (3.5) and (3.27) for all v ∈ Y , respectively.

Proof. Case (i): For q = 1. Given f is an odd function.
If f : Y → Z satisfies (3.32) then by Theorem 3.3, there exists a unique additive function A′ : Y → Z such

that ∥∥A′(v)− ( f (2v)− 8 f (v))
∥∥ ≤ 1

2

∞

∑
r=0

Ω(2rv, 2rv, · · · ,−2rv, 0, 2rv)
2r (3.34)

for all v ∈ Y .
Also, if f : Y → Z satisfies (3.32) then by Theorem 3.4, there exists a unique cubic function C ′ : Y → Z

such that ∥∥C ′(v)− ( f (2v)− 2 f (v))
∥∥ ≤ 1

8

∞

∑
r=0

Ω(2rv, 2rv, · · · ,−2rv, 0, 2rv)
2r (3.35)
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for all v ∈ Y . Combining (3.34) and (3.35), we achieve∥∥∥∥1
6
A′(v)− 1

6
C ′(v)− f (v)

∥∥∥∥
=

∥∥∥∥1
6
A′(v)− 1

6
f (2v)− 8

6
f (v)− 1

6
C ′(v) + 1

6
f (2v)− 2

6
f (v)

∥∥∥∥
≤
∥∥∥∥1

6
A′(v)− 1

6
( f (2v)− 8 f (v))

∥∥∥∥+ ∥∥∥∥1
6
C ′(v)− 1

6
( f (2v) + 2 f (v))

∥∥∥∥
≤ 1

6
{∥∥A′(v)− ( f (2v)− 8 f (v))

∥∥+ ∥∥C ′(v)− ( f (2v)− 2 f (v))
∥∥}

≤ 1
6

{
1
2

∞

∑
r=0

Ω(2rv, 2rv, · · · ,−2rv, 0, 2rv)
2r +

1
8

∞

∑
r=0

Ω(2rv, 2rv, · · · ,−2rv, 0, 2rv)
2r

}
for all v ∈ Y . Defining

A(v) = 1
6
A′(v); C(v) = −1

6
C(v)

we arrive (3.33) as desired. Similarly, we can prove for j = −1. Hence the proof is complete.

The following corollary is an immediate consequence of Theorem 3.5 concerning the Hyers - Ulam, Hyers
- Ulam - Rassias and Ulam - JMRassias stabilities of (1.3).

Corollary 3.3. Let D faqcq : Y → Z be an odd mapping. If there exists real numbers b and d such that

∥∥D faqcq(v1, · · · , vn)
∥∥ ≤


b,

b
n
∑

i=1
||vi||d, d 6= 1, 3;

b
{

n
∏
i=1
||vi||d +

n
∑

i=1
||vi||nd

}
, nd 6= 1, 3;

(3.36)

for all v1, · · · , vn ∈ Y , then there exists a unique additive functionA : Y → Z and a unique cubic function C : Y → Z
such that

‖ f (v)−A(v)− C(v)‖ ≤



5b
6

(
1 +

1
|7|

)
,

b||v||d(5n− 6 + 2rd)

6

(
1

|2− 2d|
+

1
|8− 2d|

)
,

b||v||nd(5n− 6 + 2rnd)

6

(
1

|2− 2nd|
+

1
|8− 2nd|

) (3.37)

for all v ∈ Y .

3.2 f IS AN EVEN FUNCTION

Theorem 3.6. Let q = ±1 and ω, Ω : Yn → [0, ∞) be functions such that

lim
p→∞

ω (2pqv1, · · · , 2pqvn)

22pq = 0 (3.38)

for all v1, · · · , vn ∈ Y . Let D faqcq : Y → Z be an even function satisfying the inequality∥∥D faqcq(v1, · · · , vn)
∥∥ ≤ ω (v1, · · · , vn) (3.39)

for all v1, · · · , vn ∈ Y . Then there exists a unique quadratic function Q2 : Y → Z which satisfies (1.3) and

‖Q2(v)− q2(v)‖ = ‖Q2(v)− { f (2v)− 16 f (v)}‖ ≤ 1
4

∞

∑
r= 1−q

2

Ω(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv)
2rq (3.40)

where Ω(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv) is defined in (3.4) and Q2(v) are defined by

Q2(v) = lim
p→∞

q2(2pqv)
22pq = lim

p→∞

f (2 · 2pqv)− 16 f (2pqv)
22pq (3.41)

for all v ∈ Y , respectively.
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Proof. Given, f is an even function. Using evenness of f in (3.39), we arrive∥∥∥∥∥ f

(
n−1

∑
i=1

vi + 2vn

)
+ f

(
n−1

∑
i=1

vi − 2vn

)
− 4 f

(
n

∑
i=1

vi

)
− 4 f

(
n−1

∑
i=1

vi − vn

)

+6 f

(
n−1

∑
i=1

vi

)
− 2 f (2vn) + 8 f (vn)

∥∥∥∥∥ ≤ ω (v1, · · · , vn) (3.42)

for all v1, v2, v3, v4, · · · , vn−1, vn ∈ Y . Replacing

(v1, v2, v3, v4, · · · , vn−1, vn) =

v, v, v, · · · , v︸ ︷︷ ︸
n−3

2 times

,−v,−v, · · · ,−v︸ ︷︷ ︸
n−3

2 times

, 0, v


in (3.42), we get

∥∥∥ f (3v)− 6 f (2v) + 15 f (v)
∥∥∥ ≤ ω

v, v, v, · · · , v︸ ︷︷ ︸
n−3

2 times

,−v,−v, · · · ,−v︸ ︷︷ ︸
n−3

2 times

, 0, v


= ω1(v, v, · · · ,−v, 0, v) (3.43)

for all v ∈ Y . Again replacing

(v1, v2, v3, v4, · · · , vn−1, vn) =

2v, v, v, · · · , v︸ ︷︷ ︸
n−3

2 times

,−v,−v, · · · ,−v︸ ︷︷ ︸
n−3

2 times

, 0, v


in (3.42), we obtain

∥∥∥ f (4v)− 4 f (3v) + 4 f (2v) + 4 f (v)
∥∥∥ ≤ ω

2v, v, v, · · · , v︸ ︷︷ ︸
n−3

2 times

,−v,−v, · · · ,−v︸ ︷︷ ︸
n−3

2 times

, 0, v


= ω1(2v, v, · · · ,−v, 0, v) (3.44)

for all v ∈ Y . It follows from (3.43) and (3.44),∥∥∥ f (4v)− 20 f (2v) + 64 f (v)
∥∥∥

=
∥∥∥ f (4v)− 4 f (3v) + 4 f (3v) + 4 f (2v)− 24 f (2v) + 60 f (v) + 4 f (v)

∥∥∥
≤ 4

∥∥∥ f (3v)− 6 f (2v) + 15 f (v)
∥∥∥+ ∥∥∥ f (4v)− 4 f (3v) + 4 f (2v) + 4 f (v)

∥∥∥
≤ 4ω1(v, v, · · · ,−v, 0, v) + ω1(2v, v, · · · ,−v, 0, v) (3.45)

for all v ∈ Y . Define

Ω(v, v, · · · ,−v, 0, v) = 4ω1(v, v, · · · ,−v, 0, v) + ω1(2v, v, · · · ,−v, 0, v) (3.46)

for all v ∈ Y . Using (3.46) in (3.45), we have∥∥∥ f (4v)− 20 f (2v) + 64 f (v)
∥∥∥ ≤ Ω(v, v, · · · ,−v, 0, v) (3.47)

for all v ∈ Y . It follows from (3.47), we reach∥∥∥{ f (4v)− 16 f (2v)
}
− 4
{

f (2v)− 16 f (v)
}∥∥∥ ≤ Ω(v, v, · · · ,−v, 0, v) (3.48)

for all v ∈ Y . Using (2.13) in (3.48), we land∥∥∥q2(2v)− 4q2(v)
∥∥∥ ≤ Ω(v, v, · · · ,−v, 0, v) (3.49)

for all v ∈ Y . The rest of the proof is similar to that of Theorem 3.3 . This completes the proof of the theorem.
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The following corollary is an immediate consequence of Theorem 3.6 concerning the Hyers - Ulam, Hyers
- Ulam - Rassias and Ulam - JMRassias stabilities of (1.3).

Corollary 3.4. Let D faqcq : Y → Z be an even mapping. If there exists real numbers b and d such that

∥∥D faqcq(v1, · · · , vn)
∥∥ ≤


b,

b
n
∑

i=1
||vi||d, d 6= 2;

b
{

n
∏
i=1
||vi||d +

n
∑

i=1
||vi||nd

}
, nd 6= 2;

(3.50)

for all v1, · · · , vn ∈ Y , then there exists a unique quadratic function Q2 : Y → Z such that

‖q2(v)−Q2(v)‖ ≤



5b
|3| ,

b||v||d(5n− 6 + 2rd)

|4− 2d|
,

b||v||nd(5n− 6 + 2rnd)

|4− 2nd|

(3.51)

for all v ∈ Y .

Theorem 3.7. Let q = ±1 and ω, Ω : Yn → [0, ∞) be functions such that

lim
p→∞

ω (2pqv1, · · · , 2pqvn)

24pq = 0 (3.52)

for all v1, · · · , vn ∈ Y . Let D faqcq : Y → Z be an even function satisfying the inequality∥∥D faqcq(v1, · · · , vn)
∥∥ ≤ ω (v1, · · · , vn) (3.53)

for all v1, · · · , vn ∈ Y . Then there exists a unique quartic function Q4 : Y → Z which satisfies (1.3) and

‖Q4(v)− q4(v)‖ = ‖Q4(v)− { f (2v)− 4 f (v)}‖ ≤ 1
16

∞

∑
r= 1−q

2

Ω(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv)
2rq (3.54)

where Ω(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv) is defined in (3.4) and Q4(v) is defined by

Q4(v) = lim
p→∞

q4(2pqv)
24pq = lim

p→∞

f (2 · 2pqv)− 4 f (2pqv)
24pq (3.55)

for all v ∈ Y , respectively.

Proof. It follows from (3.47), we reach∥∥∥{ f (4v)− 4 f (2v)
}
− 16

{
f (2v)− 4 f (v)

}∥∥∥ ≤ Ω(v, v, · · · ,−v, 0, v) (3.56)

for all v ∈ Y . Using (2.22) in (3.56), we land∥∥∥q4(2v)− 16q4(v)
∥∥∥ ≤ Ω(v, v, · · · ,−v, 0, v) (3.57)

for all v ∈ Y . The rest of the proof is similar to that of Theorem 3.3 . This completes the proof of the theorem.

The following corollary is an immediate consequence of Theorem 3.7 concerning the Hyers - Ulam, Hyers
- Ulam - Rassias and Ulam - JMRassias stabilities of (1.3).

Corollary 3.5. Let D faqcq : Y → Z be an even mapping. If there exists real numbers b and d such that

∥∥D faqcq(v1, · · · , vn)
∥∥ ≤


b,

b
n
∑

i=1
||vi||d, d 6= 4;

b
{

n
∏
i=1
||vi||d +

n
∑

i=1
||vi||nd

}
, nd 6= 4;

(3.58)
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for all v1, · · · , vn ∈ Y , then there exists a unique quartic function Q4 : Y → Z such that

‖q4(v)−Q4(v)‖ ≤



5b
|15| ,

b||v||d(5n− 6 + 2rd)

|16− 2d|
,

b||v||nd(5n− 6 + 2rnd)

|16− 2nd|

(3.59)

for all v ∈ Y .

Theorem 3.8. Let q = ±1 and ω, Ω : Yn → [0, ∞) be functions satisfying (3.38) and (3.52) for all v1, · · · , vn ∈ Y .
Let D faqcq : Y → Z be an even function satisfying the inequality∥∥D faqcq(v1, · · · , vn)

∥∥ ≤ ω (v1, · · · , vn) (3.60)

for all v1, · · · , vn ∈ Y . Then there exists a unique quadratic function Q2 : Y → Z and a unique quartic function
Q4 : Y → Z which satisfies (1.3) and

‖ f (v)−Q2(v)−Q4(v)‖ ≤
1

12

1
4

∞

∑
r= 1−q

2

Ω(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv)
22rq

+
1

16

∞

∑
r= 1−q

2

Ω(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv)
24rq

 (3.61)

where Ω(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv), Q2(v) and Q4(v) is defined in (3.4), (3.41) and (3.55) for all v ∈ Y , respec-
tively.

Proof. Case (i): For q = 1. Given f is an even function.

If f : Y → Z satisfies (3.60) then by Theorem 3.6, there exists a unique quadratic function Q′2 : Y → Z
such that ∥∥Q′2(v)− ( f (2v)− 4 f (v))

∥∥ ≤ 1
4

∞

∑
r=0

Ω(2rv, 2rv, · · · ,−2rv, 0, 2rv)
22r (3.62)

for all v ∈ Y .
Also, if f : Y → Z satisfies (3.60) then by Theorem 3.7, there exists a unique cubic function Q′4 : Y → Z

such that ∥∥Q′4(v)− ( f (2v)− 16 f (v))
∥∥ ≤ 1

16

∞

∑
r=0

Ω(2rv, 2rv, · · · ,−2rv, 0, 2rv)
24r (3.63)

for all v ∈ Y . Combining (3.62) and (3.63), we achieve∥∥∥∥ 1
12
Q′2(v)−

1
12
Q′4(v)− f (v)

∥∥∥∥
=

∥∥∥∥ 1
12
Q′2(v)−

1
12

f (2v)− 16
12

f (v)− 1
12
Q′4(v) +

1
12

f (2v)− 4
12

f (v)
∥∥∥∥

≤
∥∥∥∥ 1

12
Q′2(v)−

1
12

( f (2v)− 16 f (v))
∥∥∥∥+ ∥∥∥∥ 1

12
Q′4(v)−

1
12

( f (2v) + 4 f (v))
∥∥∥∥

≤ 1
12
{∥∥Q′2(v)− ( f (2v)− 16 f (v))

∥∥+ ∥∥Q′4(v)− ( f (2v)− 4 f (v))
∥∥}

≤ 1
12

{
1
2

∞

∑
r=0

Ω(2rv, 2rv, · · · ,−2rv, 0, 2rv)
22r +

1
8

∞

∑
r=0

Ω(2rv, 2rv, · · · ,−2rv, 0, 2rv)
24r

}

for all v ∈ Y . Defining

Q2(v) =
1

12
Q′2(v); Q4(v) =

−1
12
Q′4(v)

we arrive (3.61) as desired. Similarly, we can prove for j = −1. Hence the proof is complete.
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The following corollary is an immediate consequence of Theorem 3.8 concerning the Hyers - Ulam, Hyers
- Ulam - Rassias and Ulam - JMRassias stabilities of (1.3).

Corollary 3.6. Let D faqcq : Y → Z be an even mapping. If there exist real numbers b and d such that

∥∥D faqcq(v1, · · · , vn)
∥∥ ≤


b,

b
n
∑

i=1
||vi||d, d 6= 2, 4;

b
{

n
∏
i=1
||vi||d +

n
∑

i=1
||vi||nd

}
, nd 6= 2, 4;

(3.64)

for all v1, · · · , vn ∈ Y , then there exists a unique quadratic function Q2 : Y → Z and a unique quartic function
Q4 : Y → Z such that

‖ f (v)−Q2(v)−Q4(v)‖ ≤



5b
12

(
1
|3| +

1
|15|

)
,

b||v||d(5n− 6 + 2rd)

12

(
1

|4− 2d|
+

1
|16− 2d|

)
,

b||v||nd(5n− 6 + 2rnd)

12

(
1

|4− 2nd|
+

1
|16− 2nd|

) (3.65)

for all v ∈ Y .

3.3 f IS AN ODD - EVEN FUNCTION

Theorem 3.9. Let q = ±1 and ω, Ω : Yn → [0, ∞) be functions satisfying (3.32) and (3.60) for all v1, · · · , vn ∈ Y .
Let D faqcq : Y → Z be a function satisfying the inequality∥∥D faqcq(v1, · · · , vn)

∥∥ ≤ ω (v1, · · · , vn) (3.66)

for all v1, · · · , vn ∈ Y . Then there exists a unique additive function A : Y → Z , a unique quadratic function
Q2 : Y → Z , a unique cubic function C : Y → Z and a unique quartic functionQ4 : Y → Z which satisfies (1.3) and

‖ f (v)−A(v)−Q2(v)− C(v)−Q4(v)‖

≤ 1
2

1
6

1
2

∞

∑
r= 1−q

2

Ω1(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv)
2rq +

1
8

∞

∑
r= 1−q

2

Ω3(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv)
23rq


+

1
12

1
4

∞

∑
r= 1−q

2

Ω2(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv)
22rq +

1
16

∞

∑
r= 1−q

2

Ω4(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv)
24rq


(3.67)

where

Ωt(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv) = Ω(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv) + Ω(−2rqv,−2rqv, · · · 2rqv, 0,−2rqv)

for t = 1, 2, 3, 4 and Ω(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv), A(v), Q2(v), C(v) and Q4(v) is defined in (3.4), (3.5), (3.41),
(3.27), and (3.55) for all v ∈ Y , respectively.

Proof. Let we define

fODD(v) =
f (v)− f (−v)

2

for all v ∈ Y . Then fODD(0) = 0 and fODD(−v) = − fODD(v) for all v ∈ Y . Hence

‖D fODD(v1, · · · , vn)‖ ≤
ω(v1, · · · , vn)

2
+

ω(−v1, · · · ,−vn)

2
(3.68)
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for all v1, · · · , vn ∈ Y . By Theorem 3.5, we have

‖ fODD(v)−A(v)− C(v)‖

≤ 1
2

1
6

1
2

∞

∑
r= 1−q

2

[
Ω(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv)

2rq +
Ω(−2rqv,−2rqv, · · · 2rqv, 0,−2rqv)

2rq

]

+
1
8

∞

∑
r= 1−q

2

[
Ω(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv)

23rq +
Ω(−2rqv,−2rqv, · · · 2rqv, 0,−2rqv)

23rq

]
≤ 1

2

1
6

1
2

∞

∑
r= 1−q

2

[
Ω1(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv)

2rq

]
+

1
8

∞

∑
r= 1−q

2

[
Ω3(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv)

23rq

]
(3.69)

for all v ∈ Y .
Also, let

fEVEN(v) =
f (v) + f (−v)

2

for all v ∈ Y . Then fEVEN(0) = 0 and fEVEN(−v) = fEVEN(v) for all v ∈ Y . Hence

‖D fEVEN(v1, · · · , vn)‖ ≤
ω(v1, · · · , vn)

2
+

ω(−v1, · · · ,−vn)

2
(3.70)

for all v ∈ Y . By Theorem 3.8, we have

‖ fEVEN(v)−Q2(v)−Q4(v)‖

≤ 1
2

 1
12

1
4

∞

∑
r= 1−q

2

[
Ω(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv)

22rq +
Ω(−2rqv,−2rqv, · · · 2rqv, 0,−2rqv)

22rq

]

+
1

16

∞

∑
r= 1−q

2

[
Ω(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv)

24rq +
Ω(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv)

24rq

]
≤ 1

2

 1
12

1
4

∞

∑
r= 1−q

2

[
Ω2(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv)

22rq

]
+

1
16

∞

∑
r= 1−q

2

[
Ω4(2rqv, 2rqv, · · · ,−2rqv, 0, 2rqv)

24rq

]
(3.71)

for all v ∈ Y . Define

f (v) = fEVEN(v) + fODD(v) (3.72)

for all v ∈ Y . From (3.69),(3.71) and (3.72), we arrive our result.

The following corollary is an immediate consequence of Theorem 3.9 concerning the Hyers - Ulam, Hyers
- Ulam - Rassias and Ulam - JMRassias stabilities of (1.3).

Corollary 3.7. Let D faqcq : Y → Z be a mapping. If there exists real numbers b and d such that

∥∥D faqcq(v1, · · · , vn)
∥∥ ≤


b,

b
n
∑

i=1
||vi||d, d 6= 1, 2, 3, 4;

b
{

n
∏
i=1
||vi||d +

n
∑

i=1
||vi||nd

}
, nd 6= 1, 2, 3, 4;

(3.73)

for all v1, · · · , vn ∈ Y , then there existss a unique additive function A : Y → Z , a unique quadratic function
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Q2 : Y → Z , a unique cubic function C : Y → Z and a unique quartic function Q4 : Y → Z such that

‖ f (v)−A(v)−Q2(v)− C(v)−Q4(v)‖

≤



5b
2

{
1
12

[
1
|3| +

1
|15|

]
+

1
6

[
1 +

1
|7|

]}
,

b||v||d(5n− 6 + 2rd)

2

{
1
12

[
1

|4− 2d|
+

1
|16− 2d|

]
+

1
6

[
1

|2− 2d|
+

1
|8− 2d|

]}
,

b||v||nd(5n− 6 + 2rnd)

2

{
1

12

[
1

|4− 2nd|
+

1
|16− 2nd|

]
+

1
6

[
1

|2− 2nd|
+

1
|8− 2nd|

]}
,

(3.74)

for all v ∈ Y .

4 Stability Results - Banach Space : n is an Even Positive Integer

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (1.3) where n is
an even positive integer in Banach space using direct method.

The proof of the following theorems and corollaries are similar to that of proofs of Section 3. Hence the
details of the proofs are omitted.

4.1 f IS AN ODD FUNCTION

Theorem 4.10. Let q = ±1 and ω, Ω : Yn → [0, ∞) be functions such that

lim
p→∞

ω (2pqv1, · · · , 2pqvn)

2pq = 0 (4.1)

for all v1, · · · , vn ∈ Y . Let D faqcq : Y → Z be an odd function satisfying the inequality∥∥D faqcq(v1, · · · , vn)
∥∥ ≤ ω (v1, · · · , vn) (4.2)

for all v1, · · · , vn ∈ Y . Then there exists a unique additive function A : Y → Z which satisfies (1.3) and

‖A(v)− a(v)‖ = ‖A(v)− { f (2v)− 8 f (v)}‖ ≤ 1
2

∞

∑
r= 1−q

2

Ω(2rqv, 2rqv, · · · ,−2rqv, 2rqv)
2rq (4.3)

where Ω(2rqv, 2rqv, · · · ,−2rqv, 2rqv) and A(v) are defined by

Ω(2rqv, 2rqv, · · · ,−2rqv, 2rqv)

= 4ω1(2rqv, 2rqv, · · · ,−2rqv, 2rqv) + ω1(2 · 2rqv, 2rqv, · · · ,−2rqv, 2rqv)

= 4ω

2rqv, 2rqv, 2rqv, · · · , 2rqv︸ ︷︷ ︸
n−2

2 times

,−2rqv,−2rqv, · · · ,−2rqv︸ ︷︷ ︸
n−2

2 times

, 2rqv



+ ω

2 · 2rqv, 2rqv, 2rqv, · · · , 2rqv︸ ︷︷ ︸
n−2

2 times

,−2rqv,−2rqv, · · · ,−2rqv︸ ︷︷ ︸
n−2

2 times

, 2rqv

 (4.4)

and

A(v) = lim
p→∞

a(2pqv)
2pq = lim

p→∞

f (2 · 2pqv)− 8 f (2pqv)
2pq (4.5)

for all v ∈ Y , respectively.

Corollary 4.8. Let D faqcq : Y → Z be an odd mapping. If there exists real numbers b and d such that

∥∥D faqcq(v1, · · · , vn)
∥∥ ≤



b,

b
n
∑

i=1
||vi||d, d 6= 1;

b
n
∏
i=1
||vi||d, nd 6= 1;

b
{

n
∏
i=1
||vi||d +

n
∑

i=1
||vi||nd

}
, nd 6= 1;

(4.6)
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for all v1, · · · , vn ∈ Y , then there existss a unique additive function A : Y → Z such that

‖a(v)−A(v)‖ ≤



5b,
b||v||d(5n− 1 + 2rd)

|2− 2d|
,

b||v||d(4 + 2rnd)

|2− 2nd|
,

b||v||nd(5n− 3 + 2rd + 2rnd)

|2− 2nd|

(4.7)

for all v ∈ Y .

Theorem 4.11. Let q = ±1 and ω, Ω : Yn → [0, ∞) be functions such that

lim
p→∞

ω (2pqv1, · · · , 2pqvn)

23pq = 0 (4.8)

for all v1, · · · , vn ∈ Y . Let D faqcq : Y → Z be an odd function satisfying the inequality∥∥D faqcq(v1, · · · , vn)
∥∥ ≤ ω (v1, · · · , vn) (4.9)

for all v1, · · · , vn ∈ Y . Then there exists a unique cubic function C : Y → Z which satisfies (1.3) and

‖C(v)− c(v)‖ = ‖C(v)− { f (2v)− 2 f (v)}‖ ≤ 1
8

∞

∑
r= 1−q

2

Ω(2rqv, 2rqv, · · · ,−2rqv, 2rqv)
2rq (4.10)

where Ω(2rqv, 2rqv, · · · ,−2rqv, 2rqv) is defined in (4.4) and C(v) is defined by

C(v) = lim
p→∞

c(2pqv)
23pq = lim

p→∞

f (2 · 2pqv)− 2 f (2pqv)
23pq (4.11)

for all v ∈ Y , respectively.

Corollary 4.9. Let D faqcq : Y → Z be an odd mapping. If there exists real numbers b and d such that

∥∥D faqcq(v1, · · · , vn)
∥∥ ≤



b,

b
n
∑

i=1
||vi||d, d 6= 3;

b
n
∏
i=1
||vi||d, nd 6= 3;

b
{

n
∏
i=1
||vi||d +

n
∑

i=1
||vi||nd

}
, nd 6= 3;

(4.12)

for all v1, · · · , vn ∈ Y , then there exists a unique cubic function C : Y → Z such that

‖c(v)− C(v)‖ ≤



5b
|7| ,

b||v||d(5n− 1 + 2rd)

|8− 2d|
,

b||v||d(4 + 2rnd)

|8− 2nd|
,

b||v||nd(5n− 3 + 2rd + 2rnd)

|8− 2nd|

(4.13)

for all v ∈ Y .

Theorem 4.12. Let q = ±1 and ω, Ω : Yn → [0, ∞) be functions satisfying (4.1) and (4.8) for all v1, · · · , vn ∈ Y .
Let D faqcq : Y → Z be an odd function satisfying the inequality∥∥D faqcq(v1, · · · , vn)

∥∥ ≤ ω (v1, · · · , vn) (4.14)
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for all v1, · · · , vn ∈ Y . Then there exists a unique additive function A : Y → Z and a unique cubic function
C : Y → Z which satisfies (1.3) and

‖ f (v)−A(v)− C(v)‖ ≤ 1
6

1
2

∞

∑
r= 1−q

2

Ω(2rqv, 2rqv, · · · ,−2rqv, 2rqv)
2rq

+
1
8

∞

∑
r= 1−q

2

Ω(2rqv, 2rqv, · · · ,−2rqv, 2rqv)
23rq

 (4.15)

where Ω(2rqv, 2rqv, · · · ,−2rqv, 2rqv), A(v) and C(v) is defined in (4.4), (4.5) and (4.11) for all v ∈ Y , respectively.

Corollary 4.10. Let D faqcq : Y → Z be an odd mapping. If there exists real numbers b and d such that

∥∥D faqcq(v1, · · · , vn)
∥∥ ≤



b,

b
n
∑

i=1
||vi||d, d 6= 1, 3;

b
n
∏
i=1
||vi||d, nd 6= 1, 3;

b
{

n
∏
i=1
||vi||d +

n
∑

i=1
||vi||nd

}
, nd 6= 1, 3;

(4.16)

for all v1, · · · , vn ∈ Y , then there exists a unique additive functionA : Y → Z and a unique cubic function C : Y → Z
such that

‖ f (v)−A(v)− C(v)‖ ≤



5b
6

(
1 +

1
|7|

)
,

b||v||d(5n− 1 + 2rd)

6

(
1

|2− 2d|
+

1
|8− 2d|

)
,

b||v||d(4 + 2rnd)

6

(
1

|2− 2d|
+

1
|8− 2d|

)
,

b||v||nd(5n + 3 + 2rd + 2rnd)

6

(
1

|2− 2nd|
+

1
|8− 2nd|

)
(4.17)

for all v ∈ Y .

4.2 f IS AN EVEN FUNCTION

Theorem 4.13. Let q = ±1 and ω, Ω : Yn → [0, ∞) be function such that

lim
p→∞

ω (2pqv1, · · · , 2pqvn)

22pq = 0 (4.18)

for all v1, · · · , vn ∈ Y . Let D faqcq : Y → Z be an even function satisfying the inequality∥∥D faqcq(v1, · · · , vn)
∥∥ ≤ ω (v1, · · · , vn) (4.19)

for all v1, · · · , vn ∈ Y . Then there exists a unique quadratic function Q2 : Y → Z which satisfies (1.3) and

‖Q2(v)− q2(v)‖ = ‖Q2(v)− { f (2v)− 16 f (v)}‖ ≤ 1
4

∞

∑
r= 1−q

2

Ω(2rqv, 2rqv, · · · ,−2rqv, 2rqv)
22rq (4.20)

where Ω(2rqv, 2rqv, · · · ,−2rqv, 2rqv) is defined in (4.4) and Q2(v) are defined by

Q2(v) = lim
p→∞

q2(2pqv)
22pq = lim

p→∞

f (2 · 2pqv)− 16 f (2pqv)
22pq (4.21)

for all v ∈ Y , respectively.
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Corollary 4.11. Let D faqcq : Y → Z be an even mapping. If there exists real numbers b and d such that

∥∥D faqcq(v1, · · · , vn)
∥∥ ≤



b,

b
n
∑

i=1
||vi||d, d 6= 2;

b
n
∏
i=1
||vi||d, nd 6= 2;

b
{

n
∏
i=1
||vi||d +

n
∑

i=1
||vi||nd

}
, nd 6= 2;

(4.22)

for all v1, · · · , vn ∈ Y , then there exists a unique quadratic function Q2 : Y → Z such that

‖a(v)−Q∈(v)‖ ≤



5b
|3| ,

b||v||d(5n− 1 + 2rd)

|4− 2d|
,

b||v||nd(4 + 2rnd)

|4− 2nd|
,

b||v||nd(5n + 3 + 2rd + 2rnd)

|4− 2nd|

(4.23)

for all v ∈ Y .

Theorem 4.14. Let q = ±1 and ω, Ω : Yn → [0, ∞) be functions such that

lim
p→∞

ω (2pqv1, · · · , 2pqvn)

24pq = 0 (4.24)

for all v1, · · · , vn ∈ Y . Let D faqcq : Y → Z be an even function satisfying the inequality∥∥D faqcq(v1, · · · , vn)
∥∥ ≤ ω (v1, · · · , vn) (4.25)

for all v1, · · · , vn ∈ Y . Then there exists a unique quartic function Q4 : Y → Z which satisfies (1.3) and

‖Q4(v)− q4(v)‖ = ‖Q4(v)− { f (2v)− 4 f (v)}‖ ≤ 1
16

∞

∑
r= 1−q

2

Ω(2rqv, 2rqv, · · · ,−2rqv, 2rqv)
24rq (4.26)

where Ω(2rqv, 2rqv, · · · ,−2rqv, 2rqv) is defined in (4.4) and Q4(v) is defined by

Q4(v) = lim
p→∞

q4(2pqv)
24pq = lim

p→∞

f (2 · 2pqv)− 4 f (2pqv)
24pq (4.27)

for all v ∈ Y , respectively.

Corollary 4.12. Let D faqcq : Y → Z be an even mapping. If there exists real numbers b and d such that

∥∥D faqcq(v1, · · · , vn)
∥∥ ≤



b,

b
n
∑

i=1
||vi||d, d 6= 4;

b
n
∏
i=1
||vi||d, nd 6= 4;

b
{

n
∏
i=1
||vi||d +

n
∑

i=1
||vi||nd

}
, nd 6= 4;

(4.28)

for all v1, · · · , vn ∈ Y , then there exists a unique quartic function Q4 : Y → Z such that

‖q4(v)−Q4(v)‖ ≤



5b
|15| ,

b||v||d(5n− 1 + 2rd)

|16− 2d|
,

b||v||nd(4 + 2rnd)

|16− 2nd|
,

b||v||nd(5n + 3 + 2rd + 2rnd)

|16− 2nd|

(4.29)

for all v ∈ Y .
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Theorem 4.15. Let q = ±1 and ω, Ω : Yn → [0, ∞) be functions satisfying (4.18) and (4.24) for all v1, · · · , vn ∈ Y .
Let D faqcq : Y → Z be an even function satisfying the inequality∥∥D faqcq(v1, · · · , vn)

∥∥ ≤ ω (v1, · · · , vn) (4.30)

for all v1, · · · , vn ∈ Y . Then there exists a unique quadratic function Q2 : Y → Z and a unique quartic function
Q4 : Y → Z which satisfies (1.3) and

‖ f (v)−Q2(v)−Q4(v)‖ ≤
1
12

1
4

∞

∑
r= 1−q

2

Ω(2rqv, 2rqv, · · · ,−2rqv, 2rqv)
22rq

+
1

16

∞

∑
r= 1−q

2

Ω(2rqv, 2rqv, · · · ,−2rqv, 2rqv)
24rq

 (4.31)

where Ω(2rqv, 2rqv, · · · ,−2rqv, 2rqv),Q2(v) andQ4(v) is defined in (4.4), (4.21) and (4.27) for all v ∈ Y , respectively.

Corollary 4.13. Let D faqcq : Y → Z be an even mapping. If there exists real numbers b and d such that

∥∥D faqcq(v1, · · · , vn)
∥∥ ≤



b,

b
n
∑

i=1
||vi||d, d 6= 2, 4;

b
n
∏
i=1
||vi||d, nd 6= 2, 4;

b
{

n
∏
i=1
||vi||d +

n
∑

i=1
||vi||nd

}
, nd 6= 2, 4;

(4.32)

for all v1, · · · , vn ∈ Y , then there exists a unique quadratic function Q2 : Y → Z and a unique quartic function
Q4 : Y → Z such that

‖ f (v)−Q2(v)−Q4(v)‖ ≤



5b
12

(
1
|3| +

1
|15|

)
,

b||v||d(5n− 1 + 2rd)

12

(
1

|4− 2d|
+

1
|16− 2d|

)
,

b||v||nd(4 + 2rnd)

12

(
1

|4− 2d|
+

1
|16− 2d|

)
,

b||v||nd(5n + 3 + 2rd + 2rnd)

12

(
1

|4− 2nd|
+

1
|16− 2nd|

)
(4.33)

for all v ∈ Y .

4.3 f IS AN ODD - EVEN FUNCTION

Theorem 4.16. Let q = ±1 and ω, Ω : Yn → [0, ∞) be functions satisfying (4.14) and (4.30) for all v1, · · · , vn ∈ Y .
Let D faqcq : Y → Z be a function satisfying the inequality∥∥D faqcq(v1, · · · , vn)

∥∥ ≤ ω (v1, · · · , vn) (4.34)

for all v1, · · · , vn ∈ Y . Then there exists a unique additive function A : Y → Z , a unique quadratic function
Q2 : Y → Z , a unique cubic function C : Y → Z and a unique quartic functionQ4 : Y → Z which satisfies (1.3) and

‖ f (v)−A(v)−Q2(v)− C(v)−Q4(v)‖

≤ 1
2

1
6

1
2

∞

∑
r= 1−q

2

Ω11(2rqv, 2rqv, · · · ,−2rqv, 2rqv)
2rq +

1
8

∞

∑
r= 1−q

2

Ω33(2rqv, 2rqv, · · · ,−2rqv, 2rqv)
23rq


+

1
12

1
4

∞

∑
r= 1−q

2

Ω22(2rqv, 2rqv, · · · ,−2rqv, 2rqv)
22rq +

1
16

∞

∑
r= 1−q

2

Ω44(2rqv, 2rqv, · · · ,−2rqv, 2rqv)
24rq


(4.35)
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where

Ωtt(2rqv, 2rqv, · · · ,−2rqv, 2rqv) = Ω(2rqv, 2rqv, · · · ,−2rqv, 2rqv) + Ω(−2rqv,−2rqv, · · · 2rqv,−2rqv)

for tt = 1, 2, 3, 4 and Ω(2rqv, 2rqv, · · · ,−2rqv, 2rqv), A(v), Q2(v), C(v) and Q4(v) is defined in (4.4), (4.5), (4.21),
(4.11) and (4.27) for all v ∈ Y , respectively.

Corollary 4.14. Let D faqcq : Y → Z be a mapping. If there exists real numbers b and d such that

∥∥D faqcq(v1, · · · , vn)
∥∥ ≤



b,

b
n
∑

i=1
||vi||d, d 6= 1, 2, 3, 4;

b
n
∏
i=1
||vi||d, nd 6= 1;

b
{

n
∏
i=1
||vi||d +

n
∑

i=1
||vi||nd

}
, nd 6= 1, 2, 3, 4;

(4.36)

for all v1, · · · , vn ∈ Y , then there exists a unique additive functionA : Y → Z , a unique quadratic functionQ2 : Y →
Z , a unique cubic function C : Y → Z and a unique quartic function Q4 : Y → Z such that

‖ f (v)−A(v)−Q2(v)− C(v)−Q4(v)‖

≤



5b
2

{
1

12

[
1
|3| +

1
|15|

]
+

1
6

[
1 +

1
|7|

]}
,

b||v||d(5n− 1 + 2rd)

2

{
1

12

[
1

|4− 2d|
+

1
|16− 2d|

]
+

1
6

[
1

|2− 2d|
+

1
|8− 2d|

]}
,

b||v||nd(4 + 2rnd)

2

{
1

12

[
1

|4− 2d|
+

1
|16− 2d|

]
+

1
6

[
1

|2− 2d|
+

1
|8− 2d|

]}
,

b||v||nd(5n + 3 + 2rd + 2rnd)

2

{
1

12

[
1

|4− 2nd|
+

1
|16− 2nd|

]
+

1
6

[
1

|2− 2nd|
+

1
|8− 2nd|

]}
,

(4.37)

for all v ∈ Y .

5 Stability Results - Fixed Point Method: n Odd Positive Integer

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (1.3) where n is
an odd positive integer in Banach space using fixed point method.

5.1 f IS AN ODD FUNCTION

Theorem 5.17. Let D faqcq : Y → Z be a odd mapping for which there exist a function ω, Ω : Yn → [0, ∞) with the
condition

lim
p→∞

ω
(

κ
p
j v1, · · · , κ

p
j vn

)
κ

p
j

= 0 (5.1)

for all v1, · · · , vn ∈ Y where

κj =

{
2 i f j = 0;
1
2 i f j = 1,

(5.2)

such that the functional inequality ∥∥D faqcq(v1, · · · , vn)
∥∥ ≤ ω (v1, · · · , vn) (5.3)

for all v1, · · · , vn ∈ Y . If there exists L = L(i) such that the function

Ψ(v, v, · · · ,−v, 0, v) = Ω
(v

2
,

v
2

, · · · ,−v
2

, 0,
v
2

)
,

has the property

Ψ(v, v, · · · ,−v, 0, v) =
L
κj

Ψ
(
κjv, κjv, · · · ,−κjv, 0, κjv

)
. (5.4)
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for all v ∈ Y . Then there exists a unique additive function A : Y → Z which satisfies (1.3) and

‖A(v)− a(v)‖ = ‖A(v)− { f (2v)− 8 f (v)}‖ ≤ L1−j

1− L
Ψ(v, v, · · · ,−v, 0, v) (5.5)

for all v ∈ Y .

Proof. Consider the set
Γ = {p/p : Y → Z , p(0) = 0}

and introduce the generalized metric on Γ,

d(p, q) = inf{K ∈ (0, ∞) :‖ p(v)− q(v) ‖≤ Kψ(v), v ∈ Y}.

It is easy to see that (Γ, d) is complete.
Define Υ : Γ→ Γ by

Υp(v) =
1
κj

p(κjv),

for all v ∈ Y . Now p, q ∈ Γ, by [36], we have d(Υp, Υq) ≤ Ld(p, q), i.e., T is a strictly contractive mapping on
Γ with Lipschitz constant L.

From (3.13), we arrive ∥∥∥a(2v)− 2a(v)
∥∥∥ ≤ Ω(v, v, · · · ,−v, 0, v) (5.6)

for all v ∈ Y . It follows from (5.6) that∥∥∥∥ a(2v)
2
− a(v)

∥∥∥∥ ≤ Ω(v, v, · · · ,−v, 0, v)
2

(5.7)

for all v ∈ Y . Using (5.4) for the case j = 0 it reduces to∥∥∥∥ a(2v)
2
− a(v)

∥∥∥∥ ≤ LΨ(v, v, · · · ,−v, 0, v)

for all v ∈ Y ,
i.e., d(Υa, a) ≤ L⇒ d(Υa, a) ≤ L = L1 < ∞. (5.8)

Again replacing v =
v
2

in (5.6), we get∥∥∥a(v)− 2a
(v

2

)∥∥∥ ≤ Ω
(v

2
,

v
2

, · · · ,−v
2

, 0,
v
2

)
(5.9)

for all v ∈ Y . Using (5.4) for the case j = 1 it reduces to∥∥∥a(v)− 2a
(v

2

)∥∥∥ ≤ Ψ(v, v, · · · ,−v, 0, v)

for all v ∈ Y ,
i.e., d(a, Υa) ≤ 1⇒ d(a, Υa) ≤ 1 = L0 < ∞. (5.10)

From (5.8) and (5.10), we arrive
d(a, Υa) ≤ L1−j.

Therefore (FP1) holds.
By (FP2), it follows that there exists a fixed point A of Υ in Γ such that

A(v) = lim
p→∞

a(κp
j v)

κ
p
j

, ∀ v ∈ Y . (5.11)

To order to prove A satisfies the functional equation (1.3), the proof is similar to the of Theorem 3.3. By
(FP3), A is the unique fixed point of Υ in the set

∆ = {A ∈ Γ : d(a, A) < ∞},
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such that
‖a(v)− A(v)‖ ≤ Kψ(v)

for all v ∈ Y and K > 0. Finally by (FP4), we obtain

d(a, A) ≤ 1
1− L

d(a, Υa)

this implies

d(a, A) ≤ L1−j

1− L

which yields

‖a(v)− A(v)‖ ≤ L1−j

1− L
Ψ(v, v, · · · ,−v, 0, v)

this completes the proof of the theorem.

The following corollary is an immediate consequence of Theorem 5.17 concerning the stability of (1.3).

Corollary 5.15. Let D faqcq : Y → Z be an odd mapping. If there exists real numbers b and d satisfying (3.22) for all
v1, · · · , vn ∈ Y , then there exists a unique additive function A : Y → Z such that

‖a(v)−A(v)‖ ≤


5b,
b||v||d(5n− 6 + 2rd)

|2− 2d|
,

b||v||nd(5n− 6 + 2rnd)

|2− 2nd|

(5.12)

for all v ∈ Y .

Proof. Taking

ω (v1, · · · , vn) =


b,

b
n
∑

i=1
||vi||d,

b
{

n
∏
i=1
||vi||d +

n
∑

i=1
||vi||nd

}
,

for all v ∈ Y . Now,

1
κ

p
j

ω
(

κ
p
j v1, κ

p
j · · · , κ

p
j vn

)
=



b
κ

p
j

,

b
κ

p
j

n
∑

i=1
||κp

j vi||d,

b
κ

p
j

{
n
∏
i=1
||κp

j vi||d +
n
∑

i=1
||κp

j vi||nd
}

,

=



→ 0 as p→ ∞,

→ 0 as p→ ∞,

→ 0 as p→ ∞.

Thus, (5.1) is holds. But we have

Ψ(v, v, · · · ,−v, 0, v) = Ω
(v

2
,

v
2

, · · · − v
2

, 0,
v
2

)
,

has the property

Ψ(v, v, · · · ,−v, 0, v) =
L
κj

Ψ
(
κjv, κjv, · · · ,−κjv, 0, κjv

)
for all v ∈ Y . Hence

Ψ(v, v, · · · ,−v, 0, v) = Ω
(v

2
,

v
2

, · · · − v
2

, 0,
v
2

)
=


5b,
b(5n− 6 + 2rd)

2d ||v||d,

b(5n− 6 + 2rnd)

2d ||v||d.
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Now,

1
κj

Ψ
(
κjv, κjv, · · · ,−κjv, 0, κjv

)
=



5b
κj

,

b(5n− 6 + 2rd)

κj
||κjv||d,

b(5n− 6 + 2rnd)

κj
||κjv||nd,

=



κ−1
j Ψ(v, v, · · · ,−v, 0, v),

κd−1
j Ψ(v, v, · · · ,−v, 0, v)

κnd−1
j Ψ(v, v, · · · ,−v, 0, v).

Hence the inequality (5.4) holds either, L = 2−1 if i = 0 and L = 1
2−1 if i = 1. Now from (5.5), we prove the

following cases for condition (i).
Case:1 L = 2−1 if i = 0

‖a(v)− A(v)‖ ≤
(
2−1)1−0

1− 2−1 κd−1
j Ψ(v, v, · · · ,−v, 0, v) = 5b.

Case:2 L = 1
2−1 if i = 1

‖a(v)− A(v)‖ ≤

(
1

2−1

)1−1

1− 1
2−1

κd−1
j Ψ(v, v, · · · ,−v, 0, v) = −5b.

Also the inequality (5.4) holds either, L = 2d−1 for d < 1 if i = 0 and L = 1
2d−1 for d > 1 if i = 1. Now from

(5.5), we prove the following cases for condition (ii).
Case:3 L = 2d−1 for d < 1 if i = 0

‖a(v)− A(v)‖ ≤

(
2(d−1)

)1−0

1− 2(d−1)
Ψ(v, v, · · · ,−v, 0, v) =

b(5n− 6 + 2rd)||v||d
2− 2d .

Case:4 L = 1
2d−1 for d > 1 if i = 1

‖a(v)− A(v)‖ ≤

(
1

2(d−1)

)1−1

1− 1
2(d−1)

Ψ(v, v, · · · ,−v, 0, v) =
b(5n− 6 + 2rd)||v||d

2d − 2
.

The proof of condition (iii) is similar to that of condition (ii). Hence the proof is complete.

The proofs of the subsequent theorems and corollaries are similar to that of Theorem 5.17 and 5.15. Hence
the details of the proofs are omitted.

Theorem 5.18. Let D faqcq : Y → Z be a odd mapping for which there exists a function ω, Ω : Yn → [0, ∞) with the
condition

lim
p→∞

ω
(

κ
p
j v1, · · · , κ

p
j vn

)
κ

3p
j

= 0 (5.13)

for all v1, · · · , vn ∈ Y where κj is defined (5.2) such that the functional inequality∥∥D faqcq(v1, · · · , vn)
∥∥ ≤ ω (v1, · · · , vn) (5.14)

for all v1, · · · , vn ∈ Y . If there exists L = L(i) such that the function

Ψ(v, v, · · · ,−v, 0, v) = Ω
(v

2
,

v
2

, · · · ,−v
2

, 0,
v
2

)
,

has the property

Ψ(v, v, · · · ,−v, 0, v) =
L
κ3

j
Ψ
(
κjv, κjv, · · · ,−κjv, 0, κjv

)
. (5.15)

for all v ∈ Y . Then there exists a unique cubic function C : Y → Z which satisfies (1.3) and

‖C(v)− c(v)‖ = ‖C(v)− { f (2v)− 2 f (v)}‖ ≤ L1−j

1− L
Ψ(v, v, · · · ,−v, 0, v) (5.16)

for all x ∈ Y .
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Corollary 5.16. Let D faqcq : Y → Z be an odd mapping. If there exists real numbers b and d satisfying (3.30) for all
v1, · · · , vn ∈ Y , then there exists a unique cubic function C : Y → Z such that

‖c(v)− C(v)‖ ≤


5b,
b||v||d(5n− 6 + 2rd)

|8− 2d|
,

b||v||nd(5n− 6 + 2rnd)

|8− 2nd|

(5.17)

for all v ∈ Y .

Theorem 5.19. Let D faqcq : Y → Z be a odd mapping for which there exist a function ω, Ω : Yn → [0, ∞) with the
conditions (5.1) and (5.13) for all v1, · · · , vn ∈ Y where κj is defined (5.2) such that the functional inequality∥∥D faqcq(v1, · · · , vn)

∥∥ ≤ ω (v1, · · · , vn) (5.18)

for all v1, · · · , vn ∈ Y . If there exists L = L(i) such that the function

Ψ(v, v, · · · ,−v, 0, v) = Ω
(v

2
,

v
2

, · · · ,−v
2

, 0,
v
2

)
,

has the properties (5.4) and (5.15) and

Ψ(v, v, · · · ,−v, 0, v) =
L
κj

Ψ
(
κjv, κjv, · · · ,−κjv, 0, κjv

)
. (5.19)

for all v ∈ Y . Then there exists a unique additive function A : Y → Z and a unique cubic function C : Y → Z which
satisfies (1.3) and

‖ f (v)−A(v)− C(v)‖ ≤ L1−j

6(1− L)
Ψ(v, v, · · · ,−v, 0, v) (5.20)

for all x ∈ Y .

Corollary 5.17. Let D faqcq : Y → Z be an odd mapping. If there exists real numbers b and d satisfying (3.36) for all
v1, · · · , vn ∈ Y , then there exists a unique additive function A : Y → Z unique cubic function C : Y → Z such that

‖ f (v)−A(v)− C(v)‖ ≤



5b
6

(
1 +

1
|7|

)
,

b||v||d(5n− 6 + 2rd)

6

(
1

|2− 2d|
+

1
|8− 2d|

)
,

b||v||nd(5n− 6 + 2rnd)

6

(
1

|2− 2nd|
+

1
|8− 2nd|

) (5.21)

for all v ∈ Y .

5.2 f IS AN EVEN FUNCTION

Theorem 5.20. Let D faqcq : Y → Z be a even mapping for which there exists a function ω, Ω : Yn → [0, ∞) with the
condition

lim
p→∞

ω
(

κ
p
j v1, · · · , κ

p
j vn

)
κ

2p
j

= 0 (5.22)

for all v1, · · · , vn ∈ Y where κj is defined (5.2) such that the functional inequality∥∥D faqcq(v1, · · · , vn)
∥∥ ≤ ω (v1, · · · , vn) (5.23)

for all v1, · · · , vn ∈ Y . If there exists L = L(i) such that the function

Ψ(v, v, · · · ,−v, 0, v) = Ω
(v

2
,

v
2

, · · · ,−v
2

, 0,
v
2

)
,
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has the property

Ψ(v, v, · · · ,−v, 0, v) =
L
κ2

j
Ψ
(
κjv, κjv, · · · ,−κjv, 0, κjv

)
. (5.24)

for all v ∈ Y . Then there exists a unique quadratic function Q2 : Y → Z which satisfies (1.3) and

‖Q2(v)− q2(v)‖ = ‖Q2(v)− { f (2v) + 16 f (v)}‖ ≤ L1−j

1− L
Ψ(v, v, · · · ,−v, 0, v) (5.25)

for all x ∈ Y .

Corollary 5.18. Let D faqcq : Y → Z be an even mapping. If there exists real numbers b and d satisfying (3.50) for all
v1, · · · , vn ∈ Y , then there exists a unique quadratic function Q2 : Y → Z such that

‖q2(v)−Q2(v)‖ ≤



5b
7

,

b||v||d(5n− 6 + 2rd)

|4− 2d|
,

b||v||nd(5n− 6 + 2rnd)

|4− 2nd|

(5.26)

for all v ∈ Y .

Theorem 5.21. Let D faqcq : Y → Z be a even mapping for which there exists a function ω, Ω : Yn → [0, ∞) with the
condition

lim
p→∞

ω
(

κ
p
j v1, · · · , κ

p
j vn

)
κ

4p
j

= 0 (5.27)

for all v1, · · · , vn ∈ Y where κj is defined (5.2)
such that the functional inequality ∥∥D faqcq(v1, · · · , vn)

∥∥ ≤ ω (v1, · · · , vn) (5.28)

for all v1, · · · , vn ∈ Y . If there exists L = L(i) such that the function

Ψ(v, v, · · · ,−v, 0, v) = Ω
(v

2
,

v
2

, · · · ,−v
2

, 0,
v
2

)
,

has the property

Ψ(v, v, · · · ,−v, 0, v) =
L
κ4

j
Ψ
(
κjv, κjv, · · · ,−κjv, 0, κjv

)
. (5.29)

for all v ∈ Y . Then there exists a unique quartic function Q4 : Y → Z which satisfies (1.3) and

‖Q4(v)− q4(v)‖ = ‖Q4(v)− { f (2v)− 4 f (v)}‖ ≤ L1−j

1− L
Ψ(v, v, · · · ,−v, 0, v) (5.30)

for all x ∈ Y .

Corollary 5.19. Let D faqcq : Y → Z be an even mapping. If there exists real numbers b and d satisfying (3.58) for all
v1, · · · , vn ∈ Y , then there exists a unique quartic function Q4 : Y → Z such that

‖q4(v)−Q4(v)‖ ≤



5b
15

,

b||v||d(5n− 6 + 2rd)

|16− 2d|
,

b||v||nd(5n− 6 + 2rnd)

|16− 2nd|

(5.31)

for all v ∈ Y .
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Theorem 5.22. Let D faqcq : Y → Z be a even mapping for which there exists a function ω, Ω : Yn → [0, ∞) with the
conditions (5.22) and (5.27) for all v1, · · · , vn ∈ Y where κj is defined (5.2) such that the functional inequality∥∥D faqcq(v1, · · · , vn)

∥∥ ≤ ω (v1, · · · , vn) (5.32)

for all v1, · · · , vn ∈ Y . If there exists L = L(i) such that the function

Ψ(v, v, · · · ,−v, 0, v) = Ω
(v

2
,

v
2

, · · · ,−v
2

, 0,
v
2

)
,

has the properties (5.24) and (5.29) and

Ψ(v, v, · · · ,−v, 0, v) =
L
κj

Ψ
(
κjv, κjv, · · · ,−κjv, 0, κjv

)
. (5.33)

for all v ∈ Y . Then there exists a unique quadratic function Q2 : Y → Z and a unique quartic function Q4 : Y → Z
which satisfies (1.3) and

‖ f (v)−Q2(v)−Q4(v)‖ ≤
L1−j

12(1− L)
Ψ(v, v, · · · ,−v, 0, v) (5.34)

for all v ∈ Y .

Corollary 5.20. Let D faqcq : Y → Z be an even mapping. If there exists real numbers b and d satisfying (3.64) for all
v1, · · · , vn ∈ Y , then there exists a unique quadratic functionQ2 : Y → Z and a unique quartic functionQ4 : Y → Z
such that

‖ f (v)−Q2(v)−Q4(v)‖ ≤



5b
12

(
1
|3| +

1
|15|

)
,

b||v||d(5n− 1 + 2rd)

12

(
1

|4− 2d|
+

1
|16− 2d|

)
,

b||v||nd(5n− 1 + 2rnd)

12

(
1

|4− 2nd|
+

1
|16− 2nd|

) (5.35)

for all v ∈ Y .

5.3 f IS AN ODD - EVEN FUNCTION

Theorem 5.23. Let D faqcq : Y → Z be a mapping for which there exists a function ω, Ω : Yn → [0, ∞) with the
conditions (5.1), (5.22), (5.13) and (5.27) for all v1, · · · , vn ∈ Y where κj is defined (5.2) such that the functional
inequality ∥∥D faqcq(v1, · · · , vn)

∥∥ ≤ ω (v1, · · · , vn) (5.36)

for all v1, · · · , vn ∈ Y . If there exists L = L(i) such that the function

Ψ(v, v, · · · ,−v, 0, v) = Ω
(v

2
,

v
2

, · · · ,−v
2

, 0,
v
2

)
,

has the properties (5.4), (5.24), (5.15) and (5.29) and

Ψ(v, v, · · · ,−v, 0, v) =
L
κj

Ψ
(
κjv, κjv, · · · ,−κjv, 0, κjv

)
. (5.37)

for all v ∈ Y . Then there exists a unique additive function A : Y → Z a unique quadratic function Q2 : Y → Z a
unique cubic function C : Y → Z and a unique quartic function Q4 : Y → Z which satisfies (1.3) and

‖ f (v)−A(v)−Q2(v)− C(v)−Q4(v)‖ ≤
L1−j

(1− L)

(
1
6
+

1
12

)
Ψ(v, v, · · · ,−v, 0, v) (5.38)

for all v ∈ Y .
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Corollary 5.21. Let D faqcq : Y → Z be a mapping. If there exists real numbers b and d satisfying (3.73) for all
v1, · · · , vn ∈ Y , then there exists a unique additive function A : Y → Z a unique quadratic function Q2 : Y → Z a
unique cubic function C : Y → Z and a unique quartic function Q4 : Y → Z such that

‖ f (v)−A(v)−Q2(v)− C(v)−Q4(v)‖

≤



5b
2

{
1
12

[
1
|3| +

1
|15|

]
+

1
6

[
1 +

1
|7|

]}
,

b||v||d(5n− 1 + 2rd)

2

{
1
12

[
1

|4− 2d|
+

1
|16− 2d|

]
+

1
6

[
1

|2− 2d|
+

1
|8− 2d|

]}
,

b||v||nd(5n− 1 + 2rnd)

2

{
1

12

[
1

|4− 2nd|
+

1
|16− 2nd|

]
+

1
6

[
1

|2− 2nd|
+

1
|8− 2nd|

]}
,

(5.39)

for all v ∈ Y .

6 Stability Results - Fixed Point Method: n Even Positive Integer

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (1.3) where n is
an even positive integer in Banach space using fixed point method.

6.1 f IS AN ODD FUNCTION

Theorem 6.24. Let D faqcq : Y → Z be a odd mapping for which there exists a function ω, Ω : Yn → [0, ∞) with the
condition

lim
p→∞

ω
(

κ
p
j v1, · · · , κ

p
j vn

)
κ

p
j

= 0 (6.1)

for all v1, · · · , vn ∈ Y where

κj =

{
2 i f j = 0;
1
2 i f j = 1,

(6.2)

such that the functional inequality ∥∥D faqcq(v1, · · · , vn)
∥∥ ≤ ω (v1, · · · , vn) (6.3)

for all v1, · · · , vn ∈ Y . If there exists L = L(i) such that the function

Ψ(v, v, · · · ,−v, v) = Ω
(v

2
,

v
2

, · · · ,−v
2

,
v
2

)
,

has the property

Ψ(v, v, · · · ,−v, v) =
L
κj

Ψ
(
κjv, κjv, · · · ,−κjv, κjv

)
. (6.4)

for all v ∈ Y . Then there exists a unique additive function A : Y → Z which satisfies (1.3) and

‖A(v)− a(v)‖ = ‖A(v)− { f (2v)− 8 f (v)}‖ ≤ L1−j

1− L
Ψ(v, v, · · · ,−v, v) (6.5)

for all v ∈ Y .

Corollary 6.22. Let D faqcq : Y → Z be an odd mapping. If there exists real numbers b and d fulfilling (4.6) for all
v1, · · · , vn ∈ Y , then there exists a unique additive function A : Y → Z such that

‖a(v)−A(v)‖ ≤



5b,
b||v||d(5n− 1 + 2rd)

|2− 2d|
,

b||v||d(4 + 2rnd)

|2− 2nd|
,

b||v||nd(5n− 3 + 2rd + 2rnd)

|2− 2nd|

(6.6)

for all v ∈ Y .
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Theorem 6.25. Let D faqcq : Y → Z be a odd mapping for which there exists a function ω, Ω : Yn → [0, ∞) with the
condition

lim
p→∞

ω
(

κ
p
j v1, · · · , κ

p
j vn

)
κ

3p
j

= 0 (6.7)

for all v1, · · · , vn ∈ Y where κj is defined in (6.2) such that the functional inequality∥∥D faqcq(v1, · · · , vn)
∥∥ ≤ ω (v1, · · · , vn) (6.8)

for all v1, · · · , vn ∈ Y . If there existss L = L(i) such that the function

Ψ(v, v, · · · ,−v, v) = Ω
(v

2
,

v
2

, · · · ,−v
2

,
v
2

)
,

has the property

Ψ(v, v, · · · ,−v, v) =
L
κ3

j
Ψ
(
κjv, κjv, · · · ,−κjv, κjv

)
. (6.9)

for all v ∈ Y . Then there exists a unique cubic function C : Y → Z which satisfies (1.3) and

‖C(v)− c(v)‖ = ‖C(v)− { f (2v)− 2 f (v)}‖ ≤ L1−j

1− L
Ψ(v, v, · · · ,−v, v) (6.10)

for all v ∈ Y .

Corollary 6.23. Let D faqcq : Y → Z be an odd mapping. If there exists real numbers b and d fulfilling (4.12) for all
v1, · · · , vn ∈ Y , then there exists a unique cubic function C : Y → Z such that

‖c(v)− C(v)‖ ≤



5b,
b||v||d(5n− 1 + 2rd)

|8− 2d|
,

b||v||d(4 + 2rnd)

|8− 2nd|
,

b||v||nd(5n + 3 + 2rd + 2rnd)

|8− 2nd|

(6.11)

for all v ∈ Y .

Theorem 6.26. Let D faqcq : Y → Z be a odd mapping for which there exists a function ω, Ω : Yn → [0, ∞) with the
conditions (6.1) and (6.7) for all v1, · · · , vn ∈ Y where κj is defined in (6.2) such that the functional inequality∥∥D faqcq(v1, · · · , vn)

∥∥ ≤ ω (v1, · · · , vn) (6.12)

for all v1, · · · , vn ∈ Y . If there exists L = L(i) such that the function

Ψ(v, v, · · · ,−v, v) = Ω
(v

2
,

v
2

, · · · ,−v
2

,
v
2

)
,

has the properties (6.4) and (6.9) for all v ∈ Y . Then there exists a unique additive function A : Y → Z a unique cubic
function C : Y → Z which satisfies (1.3) and

‖ f (v)−A(v)− C(v)‖ ≤ L1−j

6(1− L)
Ψ(v, v, · · · ,−v, v) (6.13)

for all v ∈ Y .

Corollary 6.24. Let D faqcq : Y → Z be an odd mapping. If there exists real numbers b and d fulfilling (4.16) for all
v1, · · · , vn ∈ Y , then there exists a unique additive functionA : Y → Z a unique cubic function C : Y → Z such that

‖a(v)−A(v)‖ ≤



5b
6

+
5b
7.6

,

b||v||d(5n− 1 + 2rd)

6|2− 2d|
+

b||v||d(5n− 1 + 2rd)

6|8− 2d|
,

b||v||d(4 + 2rnd)

6|2− 2nd|
+

b||v||d(4 + 2rnd)

6|8− 2nd|
,

b||v||nd(5n + 3 + 2rd + 2rnd)

6|2− 2nd|
+

b||v||nd(5n + 3 + 2rd + 2rnd)

6|8− 2nd|

(6.14)

for all v ∈ Y .
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6.2 f IS AN EVEN FUNCTION

Theorem 6.27. Let D faqcq : Y → Z be a even mapping for which there exists a function ω, Ω : Yn → [0, ∞) with the
condition

lim
p→∞

ω
(

κ
p
j v1, · · · , κ

p
j vn

)
κ

2p
j

= 0 (6.15)

for all v1, · · · , vn ∈ Y where κj is defined in (6.2) such that the functional inequality∥∥D faqcq(v1, · · · , vn)
∥∥ ≤ ω (v1, · · · , vn) (6.16)

for all v1, · · · , vn ∈ Y . If there exists L = L(i) such that the function

Ψ(v, v, · · · ,−v, v) = Ω
(v

2
,

v
2

, · · · ,−v
2

,
v
2

)
,

has the property

Ψ(v, v, · · · ,−v, v) =
L
κ2

j
Ψ
(
κjv, κjv, · · · ,−κjv, κjv

)
. (6.17)

for all v ∈ Y . Then there exists a unique quadratic function Q2 : Y → Z which satisfies (1.3) and

‖Q2(v)− q2(v)‖ = ‖Q2(v)− { f (2v)− 16 f (v)}‖ ≤ L1−j

1− L
Ψ(v, v, · · · ,−v, v) (6.18)

for all v ∈ Y .

Corollary 6.25. Let D faqcq : Y → Z be an even mapping. If there exists real numbers b and d fulfilling (4.22) for all
v1, · · · , vn ∈ Y , then there exists a unique quadratic function Q2 : Y → Z such that

‖q2(v)−Q2(v)‖ ≤



5b,
b||v||d(5n− 1 + 2rd)

|4− 2d|
,

b||v||d(4 + 2rnd)

|4− 2nd|
,

b||v||nd(5n + 3 + 2rd + 2rnd)

|4− 2nd|

(6.19)

for all v ∈ Y .

Theorem 6.28. Let D faqcq : Y → Z be a even mapping for which there exists a function ω, Ω : Yn → [0, ∞) with the
condition

lim
p→∞

ω
(

κ
p
j v1, · · · , κ

p
j vn

)
κ

4p
j

= 0 (6.20)

for all v1, · · · , vn ∈ Y where κj is defined in (6.2) such that the functional inequality∥∥D faqcq(v1, · · · , vn)
∥∥ ≤ ω (v1, · · · , vn) (6.21)

for all v1, · · · , vn ∈ Y . If there exists L = L(i) such that the function

Ψ(v, v, · · · ,−v, v) = Ω
(v

2
,

v
2

, · · · ,−v
2

,
v
2

)
,

has the property

Ψ(v, v, · · · ,−v, v) =
L
κ4

j
Ψ
(
κjv, κjv, · · · ,−κjv, κjv

)
. (6.22)

for all v ∈ Y . Then there exists a unique quartic function Q4 : Y → Z which satisfies (1.3) and

‖Q4(v)− q4(v)‖ = ‖Q4(v)− { f (2v)− 4 f (v)}‖ ≤ L1−j

1− L
Ψ(v, v, · · · ,−v, v) (6.23)

for all v ∈ Y .
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Corollary 6.26. Let D faqcq : Y → Z be an even mapping. If there exists real numbers b and d fulfilling (4.28) for all
v1, · · · , vn ∈ Y , then there exists a unique quartic function Q4 : Y → Z such that

‖q4(v)−Q4(v)‖ ≤



5b,
b||v||d(5n− 1 + 2rd)

|16− 2d|
,

b||v||d(4 + 2rnd)

|16− 2nd|
,

b||v||nd(5n + 3 + 2rd + 2rnd)

|16− 2nd|

(6.24)

for all v ∈ Y .

Theorem 6.29. Let D faqcq : Y → Z be a even mapping for which there exists a function ω, Ω : Yn → [0, ∞) with the
conditions (6.15) and (6.20) for all v1, · · · , vn ∈ Y where κj is defined in (6.2) such that the functional inequality∥∥D faqcq(v1, · · · , vn)

∥∥ ≤ ω (v1, · · · , vn) (6.25)

for all v1, · · · , vn ∈ Y . If there existss L = L(i) such that the function

Ψ(v, v, · · · ,−v, v) = Ω
(v

2
,

v
2

, · · · ,−v
2

,
v
2

)
,

has the properties (6.17) and (6.22) for all v ∈ Y . Then there exists a unique quadratic function Q2 : Y → Z a unique
quartic function Q4 : Y → Z which satisfies (1.3) and

‖ f (v)−Q2(v)−Q4(v)‖ ≤
L1−j

12(1− L)
Ψ(v, v, · · · ,−v, v) (6.26)

for all v ∈ Y .

Corollary 6.27. Let D faqcq : Y → Z be an even mapping. If there exists real numbers b and d fulfilling (4.32) for all
v1, · · · , vn ∈ Y , then there exists a unique quadratic function Q2 : Y → Z a unique quartic function Q4 : Y → Z
such that

‖ f (v)−Q2(v)−Q4(v)‖ ≤



5b,
b||v||d(5n− 1 + 2rd)

12|4− 2d|
+

b||v||d(5n− 1 + 2rd)

12|16− 2d|
,

b||v||d(4 + 2rnd)

12|4− 2nd|
+

b||v||d(4 + 2rnd)

12|16− 2nd|
,

b||v||nd(5n + 3 + 2rd + 2rnd)

12|4− 2nd|
+

b||v||nd(5n + 3 + 2rd + 2rnd)

12|16− 2nd|

(6.27)

for all v ∈ Y .

6.3 f IS AN ODD - EVEN FUNCTION

Theorem 6.30. Let D faqcq : Y → Z be a mapping for which there exists a function ω, Ω : Yn → [0, ∞) with the
conditions (6.1), (6.15), (6.7) and (6.20) for all v1, · · · , vn ∈ Y where κj is defined in (6.2) such that the functional
inequality ∥∥D faqcq(v1, · · · , vn)

∥∥ ≤ ω (v1, · · · , vn) (6.28)

for all v1, · · · , vn ∈ Y . If there exists L = L(i) such that the function

Ψ(v, v, · · · ,−v, v) = Ω
(v

2
,

v
2

, · · · ,−v
2

,
v
2

)
,

has the properties (6.4), (6.17), (6.9) and (6.22) for all v ∈ Y . Then there exists a unique additive function A : Y → Z
a unique quadratic function Q2 : Y → Z a unique cubic function C : Y → Z a unique quartic function Q4 : Y → Z
which satisfies (1.3) and

‖ f (v)−A(v)−Q2(v)− C(v)−Q4(v)‖ ≤
L1−j

(1− L)

(
1
6
+

1
12

)
Ψ(v, v, · · · ,−v, v) (6.29)

for all v ∈ Y .
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Corollary 6.28. Let D faqcq : Y → Z be a mapping and if there exists real numbers b and d fulfilling (4.36) for all
v1, · · · , vn ∈ Y , then there exists a unique additive function A : Y → Z a unique quadratic function Q2 : Y → Z a
unique cubic function C : Y → Z a unique quartic function Q4 : Y → Z such that

‖ f (v)−A(v)−Q2(v)− C(v)−Q4(v)‖

≤



5b
2

{
1
12

[
1
|3| +

1
|15|

]
+

1
6

[
1 +

1
|7|

]}
,

b||v||d(5n− 1 + 2rd)

2

{
1
12

[
1

|4− 2d|
+

1
|16− 2d|

]
+

1
6

[
1

|2− 2d|
+

1
|8− 2d|

]}
,

b||v||d(4 + 2rnd)

2

{
1

12

[
1

|4− 2nd|
+

1
|16− 2nd|

]
+

1
6

[
1

|2− 2nd|
+

1
|8− 2nd|

]}
,

b||v||nd(5n− 3 + 2rd + 2rnd)

2

{
1

12

[
1

|4− 2nd|
+

1
|16− 2nd|

]
+

1
6

[
1

|2− 2nd|
+

1
|8− 2nd|

]}
,

(6.30)

for all v ∈ Y .

7 Counter Examples For Non Stable Cases

Now, we will provide an example to illustrate that the functional equation (1.3) is not stable for d = 1 in
condition (ii) of Corollaries 3.1, 4.8, 5.15 and 6.22.

Example 7.1. Let ω : R→ R be a function defined by

ω(v) =
{

ρv, if |v| <1
ρ, otherwise

where ρ > 0 is a constant, and define a function f : R→ R by

a(v) = f (2v)− 8 f (v) =
∞

∑
r=0

ω(2rv)
2r , f or all v ∈ R.

Then f satisfies the functional inequality∣∣∣∣∣ f
(

n−1

∑
i=1

vi + 2vn

)
+ f

(
n−1

∑
i=1

vi − 2vn

)
− 4 f

(
n

∑
i=1

vi

)
− 4 f

(
n−1

∑
i=1

vi − vn

)

+6 f

(
n−1

∑
i=1

vi

)
− f (2vn)− f (−2vn) + 4 f (vn) + 4 f (−vn)

∣∣∣∣∣ ≤ 52ρ
n

∑
i=1
|vi| (7.1)

for all v ∈ R. Then there do not exist a additive mapping A : R→ R and a constant η > 0 such that

|A(v)− { f (2v)− 8 f (v)}| ≤ η|v|, f or all v ∈ R. (7.2)

Proof. Now

|a(v)| = | f (2v)− 8 f (v)| ≤
∞

∑
r=0

|ω(2rv)|
|2r| =

∞

∑
n=0

ρ

2r = 2 ρ.

Therefore, we see that a is bounded. We are going to prove that a satisfies (7.1).

If v = 0 then (7.1) is trivial. If
n
∑

i=1
|vi| ≥

1
2

then the left hand side of (7.1) is less than 52ρ. Now suppose that

0 <
n
∑

i=1
|vi| <

1
2

. Then there exists a positive integer k such that

1
2k ≤

n

∑
i=1
|vi| <

1
2k−1 , (7.3)

so that 2k−1vi(i = 1, 2, · · · , n) <
1
2

and consequently

2k−1

(
n−1

∑
i=1

vi + 2vn

)
, 2k−1

(
n−1

∑
i=1

vi − 2vn

)
, 2k−1

(
n

∑
i=1

vi

)
, 2k−1

(
n−1

∑
i=1

vi − vn

)
,

2k−1 f

(
n−1

∑
i=1

vi

)
, 2k−1 (2vn) , 2k−1 (−2vn) , 2k−1 (vn) , 2k−1 (−vn) ∈ (−1, 1).
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Therefore for each r = 0, 1, . . . , k− 1, we have

2r

(
n−1

∑
i=1

vi + 2vn

)
, 2r

(
n−1

∑
i=1

vi − 2vn

)
, 2r

(
n

∑
i=1

vi

)
, 2r

(
n−1

∑
i=1

vi − vn

)
,

2r f

(
n−1

∑
i=1

vi

)
, 2r (2vn) , 2r (−2vn) , 2r (vn) , 2r (−vn) ∈ (−1, 1)

and

ω

(
2r

n−1

∑
i=1

vi + 2r · 2vn

)
+ ω

(
2r

n−1

∑
i=1

vi − 2r · 2vn

)
− 4ω

(
2r

n

∑
i=1

vi

)
− 4ω

(
2r

n−1

∑
i=1

vi − 2rvn

)

+ 6ω

(
2r

n−1

∑
i=1

vi

)
−ω (2r · 2vn)−ω (−2r · 2vn) + 4ω (2rvn) + 4ω f (−2rvn) = 0

for r = 0, 1, . . . , k− 1. From the definition of a and (7.3), we obtain that∣∣∣∣∣a
(

n−1

∑
i=1

vi + 2vn

)
+ a

(
n−1

∑
i=1

vi − 2vn

)
− 4a

(
n

∑
i=1

vi

)
− 4a

(
n−1

∑
i=1

vi − vn

)

+6a

(
n−1

∑
i=1

vi

)
− a (2vn)− a (−2vn) + 4a (vn) + 4a (−vn)

∣∣∣∣∣
≤

∞

∑
r=0

1
2r

∣∣∣ω(2r
n−1

∑
i=1

vi + 2r · 2vn

)
+ ω

(
2r

n−1

∑
i=1

vi − 2r · 2vn

)
− 4ω

(
2r

n

∑
i=1

vi

)

− 4ω

(
2r

n−1

∑
i=1

vi − 2rvn

)
+ 6ω

(
2r

n−1

∑
i=1

vi

)
−ω (2r · 2vn)−ω (−2r · 2vn)

+ 4ω (2rvn) + 4ω f (−2rvn)
∣∣∣

≤
∞

∑
r=k

1
2r

∣∣∣ω(2r
n−1

∑
i=1

vi + 2r · 2vn

)
+ ω

(
2r

n−1

∑
i=1

vi − 2r · 2vn

)
− 4ω

(
2r

n

∑
i=1

vi

)

− 4ω

(
2r

n−1

∑
i=1

vi − 2rvn

)
+ 6ω

(
2r

n−1

∑
i=1

vi

)
−ω (2r · 2vn)−ω (−2r · 2vn)

+ 4ω (2rvn) + 4ω f (−2rvn)
∣∣∣

=
∞

∑
r=k

1
2r × 26ρ = 26ρ× 2

2k ≤ 52ρ
n

∑
i=1
|vi|

Thus a satisfies (7.1) for all x ∈ R with 0 <
n
∑

i=1
|vi| <

1
2

.

We claim that the additive functional equation (1.3) is not stable for r = 1 in condition (ii) of Corollary 3.1.
Suppose on the contrary that there exist a additive mapping A : R→ R and a constant η > 0 satisfying (7.2).
Since a is bounded and continuous for all x ∈ R,A is bounded on any open interval containing the origin and
continuous at the origin. In view of Theorem 3.3, A must have the form A(v) = cv for any v in R. Thus, we
obtain that

|a(v)| ≤ (η + |c|) |v|. (7.4)

But we can choose a positive integer s with sρ > η + |c|.
If v ∈

(
0, 1

2s−1

)
, then 2rv ∈ (0, 1) for all r = 0, 1, . . . , s− 1 . For this v, we get

a(v) =
∞

∑
n=0

ω(2rv)
2r ≥

s−1

∑
r=0

ρ(2rv)
2r = sρv > (η + |c|) v

which contradicts (7.4). Therefore the additive functional equation (1.3) is not stable in sense of Ulam, Hyers
and Rassias if r = 1, assumed in the inequality condition (ii).
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Now, we will provide an example to illustrate that the functional equation (1.3) is not stable for d = 1
n in

condition (iii) of Corollaries 3.1,5.15 and condition (iv) of Corollaries 4.8 and 6.22.

Example 7.2. Let ω : R→ R be a function defined by

ω(v) =
{

ρv, if |v| < 1
n

ρ
n , otherwise

where ρ > 0 is a constant, and define a function f : R→ R by

a(v) = f (2v)− 8 f (v) =
∞

∑
r=0

ω(2rv)
2r , f or all v ∈ R.

Then f satisfies the functional inequality∣∣∣∣∣ f
(

n−1

∑
i=1

vi + 2vn

)
+ f

(
n−1

∑
i=1

vi − 2vn

)
− 4 f

(
n

∑
i=1

vi

)
− 4 f

(
n−1

∑
i=1

vi − vn

)

+6 f

(
n−1

∑
i=1

vi

)
− f (2vn)− f (−2vn) + 4 f (vn) + 4 f (−vn)

∣∣∣∣∣ ≤ 52ρ

n

n

∑
i=1
|vi|

1
n (7.5)

for all v ∈ R. Then there do not exist a additive mapping A : R→ R and a constant η > 0 such that

|A(v)− { f (2v)− 8 f (v)}| ≤ η|v|
1
n , f or all v ∈ R. (7.6)

Now, we will provide an example to illustrate that the functional equation (1.3) is not stable for d = 2 in
condition (ii) of Corollaries 3.1, 4.8, 5.15 and 6.22.

Example 7.3. Let ω : R→ R be a function defined by

ω(v) =
{

ρv2, if |v| <1
ρ, otherwise

where ρ > 0 is a constant, and define a function f : R→ R by

q2(v) = f (2v)− 3 f (v) =
∞

∑
r=0

ω(2rv)
22r , f or all v ∈ R.

Then f satisfies the functional inequality∣∣∣∣∣ f
(

n−1

∑
i=1

vi + 2vn

)
+ f

(
n−1

∑
i=1

vi − 2vn

)
− 4 f

(
n

∑
i=1

vi

)
− 4 f

(
n−1

∑
i=1

vi − vn

)

+6 f

(
n−1

∑
i=1

vi

)
− f (2vn)− f (−2vn) + 4 f (vn) + 4 f (−vn)

∣∣∣∣∣ ≤ 26ρ× 42

3

n

∑
i=1
|vi|2 (7.7)

for all v ∈ R. Then there do not exist a quadratic mapping Q2 : R→ R and a constant η > 0 such that

|Q2(v)− { f (2v)− 16 f (v)}| ≤ η|v|2, f or all v ∈ R. (7.8)

Now, we will provide an example to illustrate that the functional equation (1.3) is not stable for d = 2
n in

condition (iii) of Corollaries 3.1,5.15 and condition (iv) of Corollaries 4.8 and 6.22.

Example 7.4. Let ω : R→ R be a function defined by

ω(v) =

{
ρv, if |v| < 2

n
2ρ
n , otherwise

where ρ > 0 is a constant, and define a function f : R→ R by

q2(v) = f (2v)− 16 f (v) =
∞

∑
r=0

ω(2rv)
22r , f or all v ∈ R.
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Then f satisfies the functional inequality∣∣∣∣∣ f
(

n−1

∑
i=1

vi + 2vn

)
+ f

(
n−1

∑
i=1

vi − 2vn

)
− 4 f

(
n

∑
i=1

vi

)
− 4 f

(
n−1

∑
i=1

vi − vn

)

+6 f

(
n−1

∑
i=1

vi

)
− f (2vn)− f (−2vn) + 4 f (vn) + 4 f (−vn)

∣∣∣∣∣ ≤ 52ρ× 42

3n

n

∑
i=1
|vi|

2
n (7.9)

for all v ∈ R. Then there do not exist a quadratic mapping Q2 : R→ R and a constant η > 0 such that

|Q2(v)− { f (2v)− 16 f (v)}| ≤ η|v|
2
n , f or all v ∈ R. (7.10)

Now, we will provide an example to illustrate that the functional equation (1.3) is not stable for d = 3 in
condition (ii) of Corollaries 3.1, 4.8, 5.15 and 6.22.

Example 7.5. Let ω : R→ R be a function defined by

ω(v) =
{

ρv3, if |v| <1
ρ, otherwise

where ρ > 0 is a constant, and define a function f : R→ R by

c(v) = f (2v)− 3 f (v) =
∞

∑
r=0

ω(2rv)
23r , f or all v ∈ R.

Then f satisfies the functional inequality∣∣∣∣∣ f
(

n−1

∑
i=1

vi + 2vn

)
+ f

(
n−1

∑
i=1

vi − 2vn

)
− 4 f

(
n

∑
i=1

vi

)
− 4 f

(
n−1

∑
i=1

vi − vn

)

+6 f

(
n−1

∑
i=1

vi

)
− f (2vn)− f (−2vn) + 4 f (vn) + 4 f (−vn)

∣∣∣∣∣ ≤ 26ρ× 83

7

n

∑
i=1
|vi|3 (7.11)

for all v ∈ R. Then there do not exist a cubic mapping C : R→ R and a constant η > 0 such that

|C(v)− { f (2v)− 2 f (v)}| ≤ η|v|3, f or all v ∈ R. (7.12)

Now, we will provide an example to illustrate that the functional equation (1.3) is not stable for d = 3
n in

condition (iii) of Corollaries 3.1,5.15 and condition (iv) of Corollaries 4.8 and 6.22.

Example 7.6. Let ω : R→ R be a function defined by

ω(v) =

{
ρv, if |v| < 3

n
3ρ
n , otherwise

where ρ > 0 is a constant, and define a function f : R→ R by

c(v) = f (2v)− 2 f (v) =
∞

∑
r=0

ω(2rv)
23r , f or all v ∈ R.

Then f satisfies the functional inequality∣∣∣∣∣ f
(

n−1

∑
i=1

vi + 2vn

)
+ f

(
n−1

∑
i=1

vi − 2vn

)
− 4 f

(
n

∑
i=1

vi

)
− 4 f

(
n−1

∑
i=1

vi − vn

)

+6 f

(
n−1

∑
i=1

vi

)
− f (2vn)− f (−2vn) + 4 f (vn) + 4 f (−vn)

∣∣∣∣∣ ≤ 78ρ× 83

7n

n

∑
i=1
|vi|

3
n (7.13)

for all v ∈ R. Then there do not exist a cubic mapping C : R→ R and a constant η > 0 such that

|C(v)− { f (2v)− 2 f (v)}| ≤ η|v|
3
n , f or all v ∈ R. (7.14)
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Now, we will provide an example to illustrate that the functional equation (1.3) is not stable for d = 2 in
condition (ii) of Corollaries 3.1, 4.8, 5.15 and 6.22.

Example 7.7. Let ω : R→ R be a function defined by

ω(v) =
{

ρv4, if |v| <1
ρ, otherwise

where ρ > 0 is a constant, and define a function f : R→ R by

q4(v) = f (2v)− 4 f (v) =
∞

∑
r=0

ω(2rv)
24r , f or all v ∈ R.

Then f satisfies the functional inequality∣∣∣∣∣ f
(

n−1

∑
i=1

vi + 2vn

)
+ f

(
n−1

∑
i=1

vi − 2vn

)
− 4 f

(
n

∑
i=1

vi

)
− 4 f

(
n−1

∑
i=1

vi − vn

)

+6 f

(
n−1

∑
i=1

vi

)
− f (2vn)− f (−2vn) + 4 f (vn) + 4 f (−vn)

∣∣∣∣∣ ≤ 26ρ× 42

15

n

∑
i=1
|vi|4 (7.15)

for all v ∈ R. Then there do not exist a quartic mapping Q4 : R→ R and a constant η > 0 such that

|Q4(v)− { f (2v)− 4 f (v)}| ≤ η|v|4, f or all v ∈ R. (7.16)

Now, we will provide an example to illustrate that the functional equation (1.3) is not stable for d = 4
n in

condition (iii) of Corollaries 3.1,5.15 and condition (iv) of Corollaries 4.8 and 6.22.

Example 7.8. Let ω : R→ R be a function defined by

ω(v) =

{
ρv, if |v| < 4

n
4ρ
n , otherwise

where ρ > 0 is a constant, and define a function f : R→ R by

q2(v) = f (2v)− 4 f (v) =
∞

∑
r=0

ω(2rv)
24r , f or all v ∈ R.

Then f satisfies the functional inequality∣∣∣∣∣ f
(

n−1

∑
i=1

vi + 2vn

)
+ f

(
n−1

∑
i=1

vi − 2vn

)
− 4 f

(
n

∑
i=1

vi

)
− 4 f

(
n−1

∑
i=1

vi − vn

)

+6 f

(
n−1

∑
i=1

vi

)
− f (2vn)− f (−2vn) + 4 f (vn) + 4 f (−vn)

∣∣∣∣∣ ≤ 144ρ× 42

15n

n

∑
i=1
|vi|

4
n (7.17)

for all v ∈ R. Then there do not exist a quartic mapping Q4 : R→ R and a constant η > 0 such that

|Q4(v)− { f (2v)− 4 f (v)}| ≤ η|v|
4
n , f or all v ∈ R. (7.18)
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