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Abstract

In this paper, we achieve the general solution and generalized Ulam - Hyers stability of a n— dimensional
additive-quadratic-cubic-quartic (AQCQ) functional equation

n—1 n—1 n a1 .
f (Z% vi—i-Zan) +f (Z% Ui—20n> = 4f <20i> +4f (Z% vi—vn) —6f <21 Ui)
+ £ (20y) + f (—20y) — 4f (vn) — 4f (—v4)

where 1 is a positive integer with n > 3 in Banach Space (BS) via direct and fixed point methods. The stability
results are discussed in two different ways by assuming 7 is an odd positive integer and # is an even positive
integer.
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1 Introduction

The education of stability problems for functional equations is tied to a question of Ulam [61] regarding the sta-
bility of group homomorphisms and certainly answered for a additive functional equation on Banach spaces
by Hyers [30] and Aoki [3]. It was further generalized and marvelous outcome obtained by number of authors
[24] 144,53} [58].

The general solution and the generalized Hyers-Ulam-Rassias stability of the generalized mixed type of
functional equation

Pl an) +f (o) = k) )2 (1) () .
T oy 4 (~20) — 4 ()~ 4F (). |

for fixed integers a4 with a # 0, £1 having solution additive, quadratic, cubic and quartic was discussed by K.
Ravi et. al., [59] . Its generalized Ulam-Hyers stability in multi-Banach spaces and non-Archimedean normed
spaces via fixed point approach was respectively investigated by T.Z. Xu et. al [62] 63].

Very recently, Choonkil Park and Jung Rye Lee [42] proved the Hyers - Ulam stability of the following
additive - quadratic - cubic - quartic functional equation

fla+2y) + f(x = 2y) = 4f (x +y) +4f(x —y) = 6f(x) + f(2y) + f(=2y) —4f(y) — 4f (=) (1.2)
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in paranormed spaces.

During the last seven decades, the stability problems of various functional equations in several spaces have
been broadly investigated by number of mathematicians [4] - [18], [20] - [23], [25] - [29], [32] - [34], [39, 40, 43]],
[48]] - [52], [56, 57].

Now, we will recall the fundamental results in fixed point theory [36].

Theorem 1.1. (Banach’s contraction principle) Let (X, d) be a complete metric space and consider a mapping T : X —
X which is strictly contractive mapping, that is

(A1) d(Tx, Ty) < Ld(x,y) for some (Lipschitz constant) L < 1. Then,
(i) The mapping T has one and only fixed point x* = T(x*);
(ii)The fixed point for each given element x* is globally attractive, that is

(A2) limy o T"x = x*, for any starting point x € X;
(iii) One has the following estimation inequalities:

(A3) d(T"x,x*) < ﬁd(T”x, T 1x),Vn>0,¥Y x € X;

(A4) d(x,x*) < {17 d(x,x*),V x € X.

Theorem 1.2. Suppose that for a complete generalized metric space (), 8) and a strictly contractive mapping T : QO —
Q with Lipschitz constant L. Then, for each given x € (), either

d(T'x, T"Mx)=c0 V¥V n>0,

or there exists a natural number ng such that

(FP1) d(T"x, T"1x) < oo forall n > ng ;

(FP2) The sequence (T"x) is convergent to a fixed to a fixed point y* of T

(FP3) y* is the unique fixed point of T in the set A = {y € Q) : d(T™x,y) < co};
(FP4) d(y*,y) < 127d(y, Ty) forall y € A.

In this paper, we established the generalized Ulam - Hyers stability of a n— dimensional additive-quadratic-
cubic-quartic (AQCQ) functional equation

f (Evi—kan) +f (Evi —20n> = 4f (iu) +4f (n_lvl- —vn> —6f (ni:lvl)
i=1 i=1 i=1 i=1 i=1
+ f (200) + f (=2vn) — 4f (vn) — 4f (—0n) (1.3)

where 7 is a positive integer with n > 3 in Banach Space (BS) via direct and fixed point methods. The stability
results are discussed in two different ways by assuming 7 is an odd positive integer and 7 is an even positive
integer.

In section 2, the general solution of is present.

In Sections 3 and 4, the generalized Ulam-Hyers stability of the functional equation where n is an
odd positive integer and 7 is an even positive integer in Banach space using direct method are discussed,
respectively.

In Sections 5 and 6, we investigate the generalized Ulam-Hyers stability of the functional equation (1.3)
where 7 is an odd positive integer and 7 is an even positive integer in Banach space using fixed point methods,
respectively.

In Section 7, we conclude with the non stable cases for the functional equation .

2 General Solution

In this section, we provide the general solution of the function equation (1.3). To prove this, let us take Z and
J be real vector spaces.

Lemma 2.1. Ifa function f : T — 7 fulfills (L.3) for all v, - - - ,v, € T ifand only if f : T — T satisfies (1.2) for all
x,y €l
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Proof. Let f : T — J be a function fulfills (L.3). Replacing (v1,v2,03- -+ ,vy-1,0) by (x,0,0,---,0,y) in
(1.3), we get as desired. Conversely, let f : Z — J be a function satisfying . Changing (x,y) by
(v1+v2 403 - +0,_1,0,)in (1.2), we arrive as desired. O

Lemma 2.2. If f : T — J be an odd mapping fulfills and let a : T — J be a mapping given by
a(v) = f(20) —8f(v) 1)

forallv € T then
a(2v) = 2a(v) (2.2)

forall v € T such that a is additive.
Proof. Using oddness of f in (L.3), we arrive
n—1 n—1 n n—1 n—1
f (Z vi+2vn> +f (Z v; —20n> =4f <Zvi> +4f (Z v; —vn) —6f (Z v,~> (2.3)
i=1 i=1 i=1 i=1 i=1

forallvy,---,v, € Z. Letting (vq, -+ ,v,) by (0,- -+ ,0) in (2.3), we find that

f(0)=0. 2.4)
Also, replacing (v, v3, -+ ,v,-1) by (0,0,---,0) in (2.3), we get
f(v1+20,) + f(v1 —2v,) =4f (v1 +0n) +4f (v1 —vy) — 6f (V1) (2.5)
for all v1,v, € Z. Changing (v1,v,) by (v,v) in , we obtain
f(3v) = 4f(20) - 5f(v) (2.6)
forall v € Z. Again changing (v, v,) by (20,v) in and using (2.4), (2.6), we arrive
f(4v) =4f(3v) — 6f(20) +4f(v) (2.7)
forallv € 7. Using in (2.7), we get
f(40) = 10f(20) — 16f(0) (2.8)
forall v € Z. From (2.1), we have
a(2v) — 2a(v) = f(4v) — 10f(20) + 16f(v) (2.9)
forallv € Z. Using in (2.9), we desired our result. O

Lemma 2.3. If f : 7 — J be an odd mapping fulfills and let ¢ : T — J be a mapping given by

(v) = £(20) —2f(0) 2.10)
forallv € T then
c(2v) = 8¢(v) (2.11)
forall v € T such that c is cubic.
Proof. It follows from that
c(2v) — 8¢c(v) = f(4v) —10f(2v) + 16f(v) (2.12)
forall u € Z. Using in (2.12), we desired our result. O
Lemma 2.4. If f : T — J be an even mapping fulfills and let g : T — J be a mapping given by
92(v) = f(20) —16f(v) (2.13)
forallv € T then
92(20) = 4q2(v) (2.14)

forall v € T such that qy is quadratic.
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Proof. Using evenness of f in (1.3), we get

f (Evi—FZvn) +f (nilvi —20n> = 4f (iv,) +4f <nz_11;l- —vn> —6f (n_lvi>
i=1 i=1 i=1 i=1 i=1

+2f (20n) — 8f (vn) (2.15)
forallvy,---,v, € Z. Letting (v1,- -+ ,v,) by (0, - - ,0) in (2.15), we obtain
£(0) = 0. (2.16)
Replacing (v, v3,- -+ ,v,—1) by (0,0,---,0) in , we arrive
f(v1420,) + f (v1 —2vn) = 4f (v1 +05) +4f (v1 —vn) — 6f (V1) +2f (204) — 8f (vn) (2.17)
for all v, v, € Z. Setting (v1,v,) by (v,v) in (2.17), we have
£(30) = 6f(20) — 15f(0) (2.18)
for all v € Z. Again setting (v1,0v,) by (20,v) in (2.17) and using (2.16), (2.18), we arrive
F(40) = 4f (30) — 4f(20) — 4f(0) (2.19)
forallv € 7. Using in (2.19), we get
f(40) = 20f(20) — 64f(v) (2.20)
forall v € Z. From (2.13), we establish
72(20) — 402(0) = f(40) — 20f(20) + 64£(0) (.21)
forallv € Z. Using in (2.21), we desired our result. O

Lemma 2.5. If f : T — J be an even mapping fulfills and let q4 : T — J be a mapping given by

q4(0) = f(20) = 4f(0) (222)
forallv € T then
q4(20) = 1644 (v) (2.23)
forall v € T such that q4 is quartic.
Proof. It follows from that
94(20) — 4q4(v) = f(4v) —20f(20) + 64f(0) (2.24)
forall v € 7. Using in (2.24), we desired our result. O

Remark 2.1. If f : T — J be a mapping fulfills then there exists fo, fe : T — J and let a,q,¢,q4 : T — J bea
mapping defined in 2.1), 2.10), (2.13) and (2.22), we have

fo(©) = 5(84(0) — 2(0)) 2.25)
and .
folo) = ¢ (c(2) ~ a(®)) 2.26)
forallv € I. Also if we define
£(@) = fo(@) + fol0) 227)
£(0) = 15(04(0) — 2(0)) + £ (e(2) — a(2)) 2.29)

forallv € T.
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Throughout this paper, let we consider ) be a normed space and Z be a Banach space. Define a mapping

Dfuch:y%Zby
n—1 n—1
thlch(vlf"' ,On) = f <2 vi+20n> +f (2 0; —20n>

—4f <201> —4f (2 v; —vn> +6f <n21101>

— fQ2oy) — f(=2v,) +4f (vn) +4f (—vn)

forallvy, -+ ,v, € Y.

3 Stability Results - Direct Method: n Odd Positive Integer

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (1.3) where n is

an odd positive integer in Banach space using direct method.

31 fIS AN ODD FUNCTION
Theorem 3.3. Let g = £1and w, Q) : Y" — [0, 00) be functions such that

lim w (quvll A /quvn) _
p—oo 2pr9

forallvy, -+ vy € Y. Let Dfggeq : Y — Z be an odd function satisfying the inequality
||Dfuch(vlz‘ o /Un)H <w (01/' o /vi’l)
forall vy, --- v, € Y. Then there exists a unique additive function A :Y — 2Z which satisfies and

Q(2"v,2"v,- - - ,—2"9,0,2"v)

I40) @)l = [4@) ~ (520) ~8fw} < 5 3

e
where (Y (2"v,2"v, - - -, —2"v,0,2"v) and A(v) are defined by

O(2",2"v, -, —2"9,0,2"v)
= 4w (2"0,2"0,- -+ ,—2"9v,0,2"0) + wy (2 - 2"0,2"0, - - -, —2"1v,0,2"v)

=4w | 2"v, 2"v,2"y,... 2"y ,-2"y, —2"y,... ,=2"v ,0,2"0v

n—3 ¢ n—3 ;-
—5= times —5*= times

4w 2 2"y, 2"My,2"v,... 2"y ,-2"y,—2"y,... ,=2"v ,0,2"v

% times ”2;3 times
o (2¢0) £(2-2010) — 8f (2710)
. a (4% . . V) — 0
A(v) = lim =25 = lim, 2P

forallv € Y, respectively.

Proof. Case (i): Assume g = 1.
Given, f is an odd function. Using oddness of f in (3.2), we arrive

(gr)or (o) o (i)
i=1 i=1 i=1
—4f (nzlvi —vn> +6f <nzlvi>
i=1 i=1

(U('Ul,"' /Un)

3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)
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for all v1,v2,v3,v4, -+ ,Uy—1,0n € V. Replacing

(01102103104/ T /vnflrvn) = 9,990,:---,0,—0,—0,---, _vlolv
S—_— Y—™——
% times ”T*S times

in (3.6), we get

Hf(?)v)—élf(Zv)—i-Sf(v)H <wl|o, L ) ,0,v

% times % times
= (Ul(v, U, , 0, O/ U) (37)
forallv € Y. Again replacing
(UlIUZI 03,04, ,O0p—1, vi’l) = 2’U/ 0,0,-+,0,—0,—0, -, _U,O,U
—_—
”2;3 times "T’S times

in (3.6), we obtain

4v) —4f(3v) +6f(2v) —4f (v ng 2v, v,v,---,v ,—v,—0,---,—0v ,0,0
| F(a0) — 4 (30) + 6f (20) — 4 (0)
%times %times

= w1 (20,0, ,—0,0,0) (3.8)
forall v € Y. It follows from (3.7) and (3.5),
|f(40) = 10f(20) + 16f(0) |
= ||£(40) — 4£(30) + 4f (30) + 6/ (20) — 16f (20) +20f (0) — 4f (o)
< 4] f(30) — 4f(20) +5f(0) | + | f(40) — 4 (30) + 6 (20) — 4/ (0) |

< 4wy (v,0,-+-,-0,0,0) + w1 (20,9, -+ ,—0,0,0) (3.9)
for all v € ). Define
Q(v,v,--+,-v,0,v) = 4w (v,v, -+ ,—0,0,0) + w1(2v,0,- -+ ,—0,0,0) (3.10)
forallv € Y. Using in , we have
Hf(4v) —10f(20) + 16f(v)H <Q(v,0,- -, ~0,0,0) (3.11)

for all v € Y. It follows from (3.11), we reach

H {f(4v) - 8f(2v)} - 2{f(2v) — 8f(0) } H <Q(0,0,-+,~0,0,0) (3.12)
forallv € Y. Using in , we land
Ha(Zv) — 211(0)H <QO(v,v,---,-0,0,0) (3.13)

for all v € Y. It follows from (3.13)) that
Q(v,v,--+,—10,0,0)

H a(2v)

2 _”(U)H =

(3.14)
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for all v € Y. Now, replacing v by 2v and dividing by 2 in (3.14), we have

a(2?v)  a(2v) Q(2v,2v0,---,—-2v,0,20)
H SR b 7 ®15)
forallv € Y. From (3.14) and (3.15), we obtain
a(2%v) a(2’v)  a(2v) a(2v)
_ < _ _
22 ”(Z’)H <| 2 2 | +] 2 ()|
< % [Q(U, o, —0,0,0) + 2202 - 20.0, U)} (3.16)
for all v € Y. Generalizing, for a positive integer p, we reach
a(2vv) 172 0,270, ,—20,0,270)
_ < Z 17
> a(v)|l < 5 r;) % (3.17)

a(2Pv)
2r

for all v € Y. Thus, the sequence { } is a Cauchy in Z and so it converges.

9P
Indeed, to prove the convergence of the sequence {a( zpv) }, replacing v by 2°v and dividing by 2° in
(3.17), for any p,s > 0, we get
a2k 5v) a(2v)|| 1 |[a(2P-2%) s
0 || o )

PRELS L Q220,27 250, -+, =27 - 250,0,2" - 2°0)

- »24 2r
13 Q225,20 - 250, -+, =27+ 250,0,2" - 250)

S Z 27‘ . 25

—0 as s > o0

for all v € ). Since Z is complete, we see that a mapping A(v) : Y — Z defined by

.. a(2Pv)
Alv) = plg];lo 2°

forall v € Y. Letting p — oo in (3.17), we see that holds for all v € Y. In order to show that A satisfies
(1.3), replacing (vy, - - - ,v,) by (201, - - - ,2Pv,) and dividing by 27 in (3.2), we have

1
|A(vy, -+ ,on)]| = lim = ||Dfach (2Pvy,- -+ ,2P0,)|| < lim 2w(2pvl, -, 2Pvy,)

p—roo 2 p—o0

forallvy,---,v, € Y and so the mapping A is additive. Hence, A satisfies (1.3), for all vy, - -- ,v, € V.
To prove that A is unique, we assume now that there is A’ as another additive mapping satisfying (1.3)
and the inequality (3.3). Then it follows easily that

A20) =P A®),  A(20) =2 A (0)
forallv € Y and all s € IN. Thus
| A@) ~ A@)]| = 5 | AZD) ~ A(2%0)]|
= > {1AZ0) —a(z0) +a(2'0) - A (20}

l 5 {IIA(2°0) —a(2°0)|| + [|a(270) — A'(2°0) | }

> Q(2"-2%0,2" - 250, - - ,—2"-259,0,2" - 2°0)
S Z 2(r+s)

/\
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forall v € Y. Letting s — oo, in the above inequality, we achieve uniqueness of .A. Hence the theorem holds

forg=1.
Case (ii): Assume g = —1.

Now replacing v by % in (3.13), we get

o2 3)| =0 (G5 303)
for all v € J. Now, replacing v by § and multiply by 2 in (3.18), we have

()% 0 5o
forallv € Y. From (3.18) and (3.19), we obtain

H“@) ~ % (27) H <ot 20 (3)] +[2e (3) -2 () |

SQ(;,;,-~,—;,O,§)+2Q(2%,2%,...,_%,0,%)

for all v € Y. Generalizing, for a positive integer p, we reach

oo~z (35)| < E70 (3.5 -50.5)

(3.18)

(3.19)

(3.20)

(3.21)

forall v € ). The rest of the proof is similar to that of case 4 = 1. Hence for ¢4 = —1 also the theorem holds.

This completes the proof of the theorem.

O

The following corollary is an immediate consequence of Theorem [3.3|concerning the Hyers - Ulam, Hyers

- Ulam - Rassias and Ulam - JMRassias stabilities of (1.3).

Corollary 3.1. Let D fageq 1 ¥ — Z be an odd mapping. If there exists real numbers b and d such that
b,
b Y- o] 141
HDfach(Ulz"' /Un)H < i=1 Y ’
3 iy nd
o{ I loill* + £ [}, nd 21
i= i=

forall vy, --- v, € Y, then there exists a unique additive function A : Y — Z such that

5b,

b||v||d(5n — 6+ 2“1)
la(v) — A(v)|| < 12— 24| ’

b||v||”d(5n — 6+ Zmd)

|2 — 21d|
forallve Y.
Theorem 3.4. Let g = £1and w, Q) : Y" — [0, 00) be functions such that

lim w (quyll c.. ,2pqyn) _
p—roo 23pq

forallvy,--- vy € Y. Let Dfageq : Y — Z be an odd function satisfying the inequality
||Dfach(vlz s /Un)H <w (v, ,0n)
forallvy,--- ,v, € Y. Then there exists a unique cubic function C : ) — 2 which satisfies and

(29,2, - - -, —2"0,0,2"0)

Ie@) el = o ~ {f20) 2@}l < 5 L X -

r=14
where (20,20, - - -, —2"10,0,2"70) is defined in (3.4) and C(v) is defined by

pq .2P4p) — Pq
C(v) = lim c(2P) _ g f(2-2P10) — 2f(2P1v)
p—oo  23pq p—roo 23pq

forallv € Y, respectively.

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)
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Proof. It follows from (3.11)), we reach

H {Fa0) —2f(20)} —8{ f(20) ~2f(0) } H < Q0 ,-0,0,0) (3.28)
forallv € Y. Using in (3.28), we land
HC(ZU) — 8C(U)H <O(v,v,---,—0,0,0) (3.29)

for all v € Y. The rest of the proof is similar to that of Theorem [3.3]. This completes the proof of the theorem.
O

The following corollary is an immediate consequence of Theorem [3.4]concerning the Hyers - Ulam, Hyers
- Ulam - Rassias and Ulam - JMRassias stabilities of (1.3).

Corollary 3.2. Let D fageq : Y — Z be an odd mapping. If there exists real numbers b and d such that
b,

n
b 0j d/ d 3,
||Dfﬂch(01/ - ’U”)H < igl H z|| # (3.30)
n n
o {1l + £ 1o}, na 23,
1= 1=

forallvy,--- v, € Y, then there existss a unique cubic function C : Y — Z such that

5b
o .

Jetw) - el < § AR, 31
b||o||"™ (5n — 6 + 2"4)

|8 — 2nd|
forallv e Y.

Theorem 3.5. Let q = £1 and w, Q) : Y" — [0, c0) be functions satisfying and forallvy,--- v, € ).
Let Dfageq : Y — Z be an odd function satisfying the inequality

||Dfach(vl/"' /Un)H <w(vy, -, 0n) (3.32)

for all vy,--- ,v, € Y. Then there exists a unique additive function A : Y — 2Z and a unique cubic function

C:Y — Z which satisfies and

1 i Q(2"9,2"y, - - -, —2"9,0,2"v)
2 & 21
r=

-4
2

1f(v) = A(v) = C(v)

O\\H

+ (3.33)

[ee]

Z 4 4 7
T

19 21

==

1 O(2"v,2"y, -, —2"y, 0,2”70)}
8

where (2,20, - - -, —2"v,0,2"1v), A(v) and C(v) is defined in (3.4), and (3.27) for all v € Y, respectively.

Proof. Case (i): For ¢ = 1. Given f is an odd function.
If f : Y — Z satisfies (3.32) then by Theorem 3.3 there exists a unique additive function A’ : Y — Z such
that
1 & Q2,20,---,-2"0,0,2"0
| A@)  (F(20) - 87())] < 2 ) - ) (334
r=0

forallv e ).
Also, if f : Y — Z satisfies (3.32) then by Theorem [3.4] there exists a unique cubic function C’ : Y — Z

such that o . .
1& 02,2, ,-2"0,0,2"0
¢') = (f20) =26 @) < § & = ) (3.35)
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for allv € Y. Combining (3.34) and (3.35)), we achieve

40 - i@~ f)

B Hé%) ~ §f(20) — ) = €(©) + £F o)~ £ (0

< |01 - gur@) s + | s - g +2r)|

AN =

< % {|]A"(v) = (f(20) = 8f(0))|| +||C () = (f(20) = 2f (v))||}
1)]1& QQ20,20,---,-20,0,20v) 1 & Q20,20+ ,-2"0,0,2"0)
<% {2 )y > TsL > }

forall v € Y. Defining
1 -1
A(v) = EA’(U); C(v) = ?C(v)
we arrive (3.33) as desired. Similarly, we can prove for j = —1. Hence the proof is complete. O

The following corollary is an immediate consequence of Theorem [3.5|concerning the Hyers - Ulam, Hyers
- Ulam - Rassias and Ulam - JMRassias stabilities of (1.3).

Corollary 3.3. Let D fageq : ¥ — Z be an odd mapping. If there exists real numbers b and d such that
b,

n
by vl d+1,3;
HDfach(vlr"‘ rvn)H < z‘);lH il 7 (3.36)
n n
o{ ot £ 1loll}, nd 21,3
1= 1=

forallvy,--- v, € ), then there exists a unique additive function A : Y — Z and a unique cubic functionC : Y — Z
such that

5b 1
PO
bl|v]|*(5n — 6 +2™%) < 1 1 )
1f(v) = A(v) = C(v)| < : P + 527 (3.37)
b||v] " (5n — 6 4 24 ( o1 )
6 2 —2md] " |8 —2nd|
forallv e Y.
3.2 fIS AN EVEN FUNCTION
Theorem 3.6. Let g = £1and w, Q) : Y" — [0, 00) be functions such that
Pay, ... 2Pq
Jim <2700, 2M00) (3.38)

p—roo 22pq
forallvy, -, vy € Y. Let Dfggeq : Y — Z be an even function satisfying the inequality
1D fageq(v1,- -+ ,on)|| S w (01, ,vn) (3.39)
forallvy, -+ ,v, € Y. Then there exists a unique quadratic function Qp : Y — Z which satisfies and

1 & Q2M9,2M0,- -, —2M0,0,2"0
102(0) ~ g2(0)] = 1€2(0) — {(20) — 165()} < 5 3 X - ) o)
where Q(2"0,2"v, - - - ,—2"0,0,2"0) is defined in and Q,(v) are defined by
(@) f(2-2P70) — 16f(2PT0)
Q2(0) = i, o = 22 G40

forallv € Y, respectively.
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Proof. Given, f is an even function. Using evenness of f in (3.39), we arrive

Hf (EviJern) +f <nzllv,-20n> —4f (iu) —4f (Emw)
i=1 i=1 i=1 i=1

n—1
+6f<z vi> —2f 2uy) +8f (vn)|| < w (vy,- -+ ,vn) (3.42)
i=1
for all v1,v7,0v3,04, - -+ ,Uy—1,04 € V. Replacing
<01102/U3/U4/ e /’Unfl/’vn) = 909, ,9,—0,—0, -, _U/O/U
—_— ——
”7*3 times % times

in (3.42), we get

Hf(BU)—6f(20)+15f(U)H <wl|v, vv,---,v ,—0,—v,---,—v ,0,0

% times % times
=w(v,0,--+,-0,0,0) (3.43)
forall v € Y. Again replacing
(01102103/ V4, ,/O0p—1,s Ui’l) = 20/ 0,0,-++,0,—0,—0, -+, —'U,O,U
—_—
% times % times

in (3.42), we obtain

Hf(40)—4f(3v)—0—4f(20)+4f(0)H <w | 29, 09,0, Y0, 0 ,0,0
"2;3times "2;3times

= w1 (20,0, -+ ,—0,0,0) (3.44)
forall o € V. It follows from (343) and (344),
H F(40) — 20 (20) + 64f (0v)
= ||f(40) — 4f(30) + 4f (30) + 4f (20) — 24f (20) + 60f (0) + 4f (0) |
< 4] f(30) — 6£(20) + 15f(0) | + || f(40) — 4f(30) +4f(20) + 41 (0) |

<4wi(v,0,-++,-0,0,0) + w1 (20,0, -+, —0,0,0) (3.45)
for allv € ). Define
Q(v,v,--+,-9v,0,v) = 4wy (v,v, -+ ,—0,0,0) + w1(20,0,- -+ ,—0,0,0) (3.46)
forallv € ). Using in (3.45), we have
Hf(4v) — 20£(20) + 64f (0) H <Q(v,0,-+,~0,0,0) (3.47)
for all v € Y. It follows from (3.47)), we reach
H{ (40) — 16f( 2v)} 4{f(2v) —16f(v }H <Q(v,0,--,—0,0,0) (3.48)
forallv € Y. Using (2.13) in (3.48), we land
(20) — 4qz(v)H <Q(v,0,---,-0,0,0) (3.49)

for all v € ). The rest of the proof is similar to that of Theorem [.3]. This completes the proof of the theorem.
O
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The following corollary is an immediate consequence of Theorem [3.6|concerning the Hyers - Ulam, Hyers

- Ulam - Rassias and Ulam - JMRassias stabilities of (1.3).

Corollary 3.4. Let D fageq 1 ¥V — Z be an even mapping. If there exists real numbers b and d such that
b,
szmW d#2

| Dfageq (01, on) || <
{H||vld+z|v||nd}, wi £,

forallvy,--- v, €, then there exists a unique quadratic function Qp : Y — Z such that

5b
lj3|)|| ||4(5n — 6 +2")
v n—6+
— <
192(0) — Q2(v) | < T ,
b||v||”d(5n—6+2’”d)

|4 — 2nd|
forallv e Y.
Theorem 3.7. Let g = £1and w, Q) : Y" — [0, 00) be functions such that

lim w (quvll ... ,quvn) _
p—roo 24pq

forallvy, - vy € V. Let Dfggeq : Y — Z be an even function satisfying the inequality
HDfanq(Ull ce /Un)H <w (01,~ .. ,z)n)

forallvy,--- v, € Y. Then there exists a unique quartic function Qy : Y — 2 which satisfies and

1 & Q20,2M0, -, —2",0,2"0
194(0) ~0a(2)] = 194(0) ~ £20) 4@} < 5 3 ~ )
1-
r=14
where Q(2"0,2"v, - - - ,—2"0,0,2"0) is defined in and Q4 (v) is defined by
_ iy 1aP0) L f(2-2P10) — 4f(2770)
Qu(v) = plgl;lo 24pg plgrt}o 24pq

forallv € Y, respectively.
Proof. It follows from (3.47), we reach

H{ —4f( 20)} - 16{f(2v) —4f(v)}H <O(v,v,---,-70,0,0)
forall v € ). Using (2.22) in (3.56] , we land
Hq4(20) — 16q4(v)H <O(v,v,---,-70,0,0)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

for all v € ). The rest of the proof is similar to that of Theorem B.3]. This completes the proof of the theorem.

O

The following corollary is an immediate consequence of Theorem [3.7|concerning the Hyers - Ulam, Hyers

- Ulam - Rassias and Ulam - JMRassias stabilities of (1.3).
Corollary 3.5. Let D fageq 1 ¥ — Z be an even mapping. If there exists real numbers b and d such that
b,
< d
b L [oill", d # 4
i=

D fageq(v1,- -+ ,vn) || <
- d ¢ nd
b{l—llei +):1\|Ui|| } nd # 4;
1= 1=

(3.58)
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forallvy, -+ v, € ), then there exists a unique quartic function Q4 : Y — Z such that

5b.
|15/
b||v]|4(5n — 6 +2')

194(v) — Qu(v)] < 16— 24 , (3.59)
b|[o||" (5n — 6 4 277)

|16 — 24|
forallv e Y.

Theorem 3.8. Let g = +1and w, Q) : Y" — [0, 00) be functions satisfying (3.38) and (3.52) for all vy, - - , v, € V.
Let Dfageq : Y — Z be an even function satisfying the inequality

||Dfanq(vll"' /UH)H Sw(vll"' /vi’l) (360)

forall vy,--- ,v, € Y. Then there exists a unique quadratic function Q : Y — Z and a unique quartic function

Q4 : Y — Z which satisfies and

Q(2"v,2"0,- .- ,—2"9,0,2"v)

oo

Z 7 7 7
2

1 qu

1
1f(0) = Qa(0) = Qu(o)]| < 5 {4r

(3.61)

=
1 & O2"9,2"My,---,—-2"7v,0,2"0)
+E Z 24rq }

where (270,20, - - -, —2"1v,0,2"10), Q(v) and Qu(v) is defined in (3.4), and (3.55) for all v € Y, respec-
tively.

Proof. Case (i): For ¢ = 1. Given f is an even function.

If f:Y — Z satisfies (3.60) then by Theorem there exists a unique quadratic function Q) : Y — Z

such that )
(2"v,2"v,- -+ ,—2"0,0,2"v
Z 227 (3.62)

1Q2(0) = (f(20) - 4f(v))|| <

)-lk \

forallve ).
Also, if f : Y — Z satisfies 1i then by Theorem there exists a unique cubic function Qﬁl Y = Z
such that

|Q4(2) — (F(20) ~ 16£(0))]| < 12 i (o2, 22002 (3.63)
forallv € ). Combining and (3.63), we achieve
Hf%(v) - £Q(0) ~ £(v)

= | 53980 f3/20) — 1370) = 15 Q4l0) + 13 20) = 1370
< H 1300 = 1670) + | 13 (o) - 112<f<2v>+4f< o)
<5 {HQz — (f(20) = 16f(0)) || + [| Q4(v) — (f(2v o)}

> (20,20, -+ ,—2"v,0,2"v ) 1& Q2,2,---,—2"0,0,2"0)

< ﬁ {2 rg(:) 22r é ; 24r }

for all v € ). Defining
1, -1
(o) = EQz(v); Q4(v) = 594(0)

we arrive (3.61) as desired. Similarly, we can prove for j = —1. Hence the proof is complete. O
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The following corollary is an immediate consequence of Theorem [3.8|concerning the Hyers - Ulam, Hyers
- Ulam - Rassias and Ulam - JMRassias stabilities of (1.3).

Corollary 3.6. Let D fageq 1 Y — Z be an even mapping. If there exist real numbers b and d such that

b,

n
b 19, d#2,4;
||Dfach(01,"' ,Un)H < i§1||vl|| 7 (3.64)

n n
b{q||vi|d+,>:lvi||ﬂd}, nd £ 2,4
1= 1=

forall vy,---,v, € ), then there exists a unique quadratic function Q : Y — Z and a unique quartic function
Q4 : Y — Z such that

(1, 1

12 \ 3] ~ |15] )’

d n— rd
1£0) - Qa(e) - Qo)) < § AP ZEXZ (1D L, 669)

b||v]["4(5n — 6 + 24 11
12 |4 —2nd| * |16 —2nd|

forallv e Y.

3.3 fIS AN ODD - EVEN FUNCTION

Theorem 3.9. Let g = +1 and w, Q) : Y" — [0, 00) be functions satisfying and forallvy,--- v, € ).
Let Dfageq : YV — Z be a function satisfying the inequality

1D fageq(v1,- -+ ,on)|| S w (01, ,vn) (3.66)

forall vy,---,v, € Y. Then there exists a unique additive function A : Y — Z, a unique quadratic function
Qy 1 Y — Z, aunique cubic function C : Y — Z and a unique quartic function Q4 : ¥ — Z which satisfies and

|f(v) = A(v) = Q2(v) — C(v) — Qa(v) ||
< 111 1 i M (2"Mv,2"0, - - - ,—2"v,0,2"0) 1 i 03(2"v,2"v, - - ,—2"v,0,2"v)
—21612 T 219 8 ™, 23rq
T:T r= 3
n 111 i 0, (2"9,2"v,- - - ,—2"v,0,2"v) i i 0y(2"9,2"v, -+ ,—2"v,0,2"0)
12 (4 &, 22m 16 =, 24rq
r:T :T

(3.67)

where
(29,2, - -+ ,—2"v,0,2"0v) = Q(2"0,2"0, - -+ ,—2"1v,0,2"v) + Q(—-2"v, —2"v, - - - 2"v,0, —2"0)

fort =1,2,3,4and Q(2"v,2"v, - -, —2"19,0,2"1v), A(v), Q2(v), C(v) and Q4(v) is defined in (3.4), (3.5), ,
B.27), and forall v € Y, respectively.
Proof. Let we define

fopp(v) = flo) = fzo) —zf(—v)

forallv € Y. Then fopp(0) = 0 and fopp(—v) = —fopp(v) for allv € Y. Hence

w(vll T /Un) + w(_vll Tty _Un)
2 2

IDfopp(v1, -+, on)|l < (3.68)
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forallvq,---,v, € Y. By Theorem 3.5, we have

| foop(v) — A(v) — C(v)||

< 1]1(1 i Q(2"v,2"y, - -+, —2"9,0,2"v) n Q(-2"v,—2"vp,- - 2"y,0, —2"v)
— 21612 T 219 2
==
L1 (021,20, —2'10,0,20) | Q(=20, 2, 20,0, ~2'I0)
8 ;q 23rq 23rq
=
< 1)1 (1 i 04 (2",2"y, - -, —2"7v,0,2"v) +1 i O3(2"v,2"v, - ~3~ ,—2"v,0,2"0v)
2161\2 T 219 8 T4 2°1q
T‘:T r=—
(3.69)
forallv e ).
Also, let
v)+ f(—v
feven(v) = flo)+ /(=) 2f( )
forallv € Y. Then fryen(0) = 0and feven(—v) = feven(v) forallv € Y. Hence
w(vy, - ,0n) | w(=v1,--,—0n)
IDfeven(o1, -+ o)l < 7 + 5 (3.70)

for all v € . By Theorem 3.8, we have

| fEven (v) — Q2(v) — Qu(0)||
11 (1 & [0@,27,. .-, —21,0,20)  Q(=20,—2"0, - - -2"1v,0, —2"0)
- - Z +
2 4
.
Q

22747 22rq

1
-2
1 & (2"v,2"v ,—2"v,0,2"v)  Q(2"v,2"v,--- ,—2"v,0,2"v)
+— ) +
16 ~ 24rq 24rq
e
< 1/1 (1 i 0, (2"9,2"y, - - -, —2"1v,0,2"v) i i 04 (2"9,2"y, - - - ,—2"v,0,2"0)
T2)12\4 4, 22rq T 16 - 24”7
r=31 r==51
(3.71)
for all v € ). Define
f(v) = feven(v) + foop(v) (3.72)
for allv € Y. From (3.69),(3.71) and (3.72), we arrive our result. O

The following corollary is an immediate consequence of Theorem .9 concerning the Hyers - Ulam, Hyers
- Ulam - Rassias and Ulam - JMRassias stabilities of (1.3).

Corollary 3.7. Let Dfageq : Y — Z be a mapping. If there exists real numbers b and d such that

b,

n
b Y |loil|?, d#1,2,3,4
i=1

||Dfﬂch(vl/' e /Un)H < (3.73)

1 i, < d
b{nlnviu + £ ol } nd £1,2,34
1= 1=

for all vy,--- ,v, € Y, then there existss a unique additive function A : Y — Z, a unique quadratic function
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Qs 1 Y — Z, a unique cubic function C : Y — Z and a unique quartic function Q4 : Y — Z such that

1f(v) = A(v) = Qa(v) = C(v) — Qu(0) ||

5217{12“14 |15} |7|]}

1
n

b||v||d(5n 6 +2) {1[ 1 }4_1[ 1.1 ]}
12 || 2d |16—2d| 6 [|2—29 " [8—24]] )’

4—
b||v||”d( 6+2’”d 1 1 1 1 1
12 a+ il te T d
12 2n| |16 —2nd| | ~ 6 | |2 —2nd] |8 —2nd]

IN

forallv e Y.

4 Stability Results - Banach Space : 7 is an Even Positive Integer

217

(3.74)

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (1.3) where n is

an even positive integer in Banach space using direct method.

The proof of the following theorems and corollaries are similar to that of proofs of Section 3. Hence the

details of the proofs are omitted.

41 fIS AN ODD FUNCTION

Theorem 4.10. Let g = £1 and w, Q) : Y" — [0, 00) be functions such that

lim & (2P9pq, - - -, 2P0,) _
p—roo 27

forallvy,--- v, € Y. Let Dfageq : Y — Z be an odd function satisfying the inequality
||Df11ch(vl/ tet /Un)H <w (Ulr‘ e rvn)
forallvy,--- ,v, € Y. Then there exists a unique additive function A : Y — Z which satisfies and

[ A() ~a(o)| = | A() ~ {f(20) ~8f (@)} < 3 ) DETETo 22020

where (2", 2"y, - - -, —2"v,2"v) and A(v) are defined by
O(2"0,2"v, -, =2"v,2"v)
= 4w1(2"0,2"0,- -+, =2"9,2"0) + w, (2 - 2"0,2"0, - - -, —2"1v,2"v)

=4w | 2"y, 2"y, 2"My,... 2"y , 2"y, —2"y,... , 2"y 2"y

n—2 4 n—2 ;-
== times == times

+w|2-2"v, 2Mv,2"0,-.. 2"y , 2"y, —-2"y,... ,=2"p 2"y

”2;2 times % times
" (2010) £(2-2010) — 8f(2770)
. a 0 . . v)— 0
Av) = ph—I>l:>10 2p0 plgl;lo P4

forallv € Y, respectively.
Corollary 4.8. Let D fageq : Y — Z be an odd mapping. If there exists real numbers b and d such that

b,
n
by [loil|%, d# 1
iz
.. ”
1D fageq (01, -+ ,om) || < b 1T ||vi]]%, nd # 1;
i=1
b TT 1o 19 + 3 |10 |7 d+41:
‘I—[1||01H +):1\|vl|| , nd #1;
i= i=

4.1)

4.2)

(4.3)

(4.4)

(4.5)

(4.6)
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forallvy,--- v, € Y, then there existss a unique additive function A : Y — Z such that

5b,
b||v||¥(5n — 1 +2'%)
|2 27| '
la(e) = A@)]| < 4 blJo||4(4 +2™)
2 —2md|
b||v||"d(5n—3+2”i+27”d)
12— 2nd|

forallv e Y.
Theorem 4.11. Let g = 1 and w, Q) : Y" — [0, 00) be functions such that

lim w (2}7‘701’ . ’quvn) —0
p—roo 23pq

forallvy,--- vy €Y. Let Dfageq : Y — Z be an odd function satisfying the inequality
||Dfach(7]1/' e /Un)H <w(vy, -+ ,0n)
forallvy,--- v, € Y. Then there exists a unique cubic function C : Y — 2Z which satisfies and

2

r==5

1

IC(0) = c(@)] = lIC(v) = {f(20) = 2f(v)}]| <

x|

O(2"v,2"y, - - -, —2"p,2"0v)
q 21

where (2", 2", - - -, —2"v,2"v) is defined in and C(v) is defined by

pq . oPiy) — pq
C(0) = lim c(2P1v) ~ lim f(2-2P70) — 2f(2P0)
p—oo  23pq p—oo 23pq

forallv € Y, respectively.

Corollary 4.9. Let D fageq : ¥ — Z be an odd mapping. If there exists real numbers b and d such that

b,
- d
bZlIIvill, d #3;
1=
IDSfagen (@1, ou)| < bfll||vi||d/ nd # 3;
= . , . )
o{ 1T It + £ 110"}, na 23
1= 1=

forallvy,--- v, €, then there exists a unique cubic function C : Y — Z such that

5b
7’
b|[v]|*(5n — 14 2")
g —24 ’
HC(U) 70(0)” < b||de}4+2rr|1d)
|8 —2md|
b||and(51’l—3+2rd+2md)
8 — 27|

forallv e Y.

Theorem 4.12. Let ¢ = +1and w, Q) : Y" — [0,00) be functions satisfying and forall vy, - - -

Let Dfageq : Y — Z be an odd function satisfying the inequality

HDfach(Z)ll- .. ,z)n)H < w(vl’. .. ’vn)

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

4.12)

(4.13)

/vn ey

(4.14)
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for all vy,--- ,v, € Y. Then there exists a unique additive function A : Y — 2Z and a unique cubic function
C: Y — Z which satisfies and

1f(@) = A(v) = C(0)] <

1 & Q2" 2"y, - ,—2"y,2"M0)
2 ; 211
r= ;q

(4.15)

(20,250, - - -, —2"p,2My)
23rq

where (2,20, - - -, —2"19,2"v), A(v) and C(v) is defined in (4.4), and forallv € Y, respectively.

Corollary 4.10. Let Dfaqeq : YV — Z be an odd mapping. If there exists real numbers b and d such that

b,
L d
b L il d#1,3
1=
n
R B I D wd £ 1,3 (416)
1=
b4 I ol + % |[os] " d+#1,3
TL{[oil [+ X lloall™ g, nd #1,3;
1= 1=

forallvy,--- v, € ), then there exists a unique additive function A : Y — Z and a unique cubic functionC : Y — Z
such that

ib <1+1
6 71)’
b||v||?(5n — 1 4 2'7) 1 1
6 (2—zd+|8—zd|>’
[f(v) —A(v) —C(o)| < b||v||d(4+2rnd) 1 1 (4.17)
6 2—21 " j8—27] )
b|[o||™ (5n + 3 4 274 4 2rd) 1 1
6 (7= * =)

forallv e ).

42 fIS AN EVEN FUNCTION
Theorem 4.13. Let g = £1 and w, Q) : Y" — [0, 00) be function such that

w (2]9‘77]1, S rzp‘h)n) -

plgrolo 201 (4.18)
forallvy,--- vy € Y. Let Dfageq : ¥ — Z be an even function satisfying the inequality
HDfach(Ull"'/Un)H <w (v, ,0n) (4.19)
forallvy,--- v, € Y. Then there exists a unique quadratic function Qp : Y — Z which satisfies and
1 & O2Mv,2"Mv,--- ,—2"v,2"0
1Q2(0) = q2(0)|| = [|Qa(v) — {f(20) —16f(0)}] < 7 ) ( 274 ) (4.20)
where Q)(2"v,2"v, - - -, —2"v,2"v) is defined in and Qy(v) are defined by
Pq . 2Pp) — pq
0y(v) = lim 2270) _ yyp, f(2:270) ~ 16f(2M0) (4.21)

p—eo  22P4 p—roo 22pq

forallv € Y, respectively.
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Corollary 4.11. Let Dfpqeq : YV — Z be an even mapping. If there exists real numbers b and d such that

b,
L d
b ¥ Il d+2;
1=
|Dfageg(er,-- - on)| < bﬁ”vin/ nd #2;
z—n ) . )
o{ IT It + £ 11"}, na 22
1= 1=

forallvy,--- v, € ), then there exists a unique quadratic function Qp : Y — Z such that

%
3]
b||v||*(5n — 1 4 2)
4—2d ’
Ha(v) - QE(U)H < b||v||”i(4—0—2|md)
|4 —2nd|
b||v||”d(5n+3+27d+2md)
|4 —2nd]|

forallv e Y.
Theorem 4.14. Let g = 1 and w, Q) : Y" — [0, 00) be functions such that
w (2P9py, - -+, 2P90,)

lim =
p—rco 24pq

forallvy,--- vy, €Y. Let Dfageq : Y — Z be an even function satisfying the inequality

||Df”ch(vl/' o /Un)H < (U(Ul,~ .. ,Z)n)

forallvy, - ,v, € Y. Then there exists a unique quartic function Q4 : Y — Z which satisfies and

1 & O2"v,2"y,. .. ,—2"v,2Mv
124(2) ~ 44(o) = | Qs(0) — 1£(20) ~af (@)} < 7 - X - :
1
==
where Q(2"v,2"v, - - -, —2"v,2"0) is defined in and Q4 (v) is defined by
L m@M) L f(220) — 52
Qu(v) = plglc}o 24pq plgrolo 24pq

forall v € Y, respectively.

Corollary 4.12. Let Dfpqeq : YV — Z be an even mapping. If there exists real numbers b and d such that

b,
- d
b'leUiH , d # 4;
i=
||Dfuch(01,~.. ,Z)n)H < bﬁHvin/ nd # 4;

l—n d " d

o {1l + £ 1o}, na £,
1= 1=

forallvy, -+ v, € ), then there exists a unique quartic function Qq : Y — Z such that

5b

@/

b||v||?(5n — 14 2'7)
_nd ’

1940) = Qu(o) < {411 s 4 300

116 —2nd|

b|[v] "4 (5n 4 3 + 274 4 27d)

116 — 2|

forallv e Y.

4.22)

(4.23)

(4.24)

(4.25)

(4.26)

4.27)

(4.28)

(4.29)
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Theorem 4.15. Let g = +1and w,Q : Y — [0,00) be functions satisfying and forallvy,- -+ 0, € V.
Let D fageq = YV — Z be an even function satisfying the inequality

||Dfuch(vll"' /Un)H <w(vy,---,0n) (4.30)

forall vy,--- ,v, € ). Then there exists a unique quadratic function Q : ¥ — Z and a unique quartic function

Q4 : Y — Z which satisfies and

® (20,20, - -, —2"0,2"0)
; 22rq

| f(v) — Q2(v) — Qu(0)|| < 1 {i

1 i 020,20, - - -, —2"9,2"0) } (4.31)

24rq

where (20,2, - - -, —2"0,2"1v), Qy(v) and Qu(v) is defined in (4.4), and @.27) forall v € Y, respectively.
Corollary 4.13. Let Dfaqcq 2 YV — Z be an even mapping. If there exists real numbers b and d such that

b,
L d

blelvill , d #2,4;
1=

HDfﬂqu(Ulr' .. ,Un)” < blﬁl ||vi||d1 nd 7& 2,4; (4.32)

I i, d

b{-nl””"' + £ " } nd £2,4
1= 1=

forall vy,---,v, € Y, then there exists a unique quadratic function Qy : Y — Z and a unique quartic function

Q4 : Y — Z such that
sb(1 1
12 \ |3] |15 )’

b||v||?(5n — 1 4 2'7) ( 1,1 )
12 4 24 16 —24| )’
1f(v) = Qa2(v) — Qu(v)| < b||and(4 +2rnd) ( |1 +| |1 ) | (4.33)
12 J4—2d| |16 — 24| )’

b|[v||™ (5n + 3 4 274 4 2rd) 11
12 |4 —2nd| © |16 — 2|

forallv e Y.

43 fIS AN ODD - EVEN FUNCTION

Theorem 4.16. Let g = +1and w,Q : Y — [0,0) be functions satisfying and forallvy, -+ v, € V.
Let Dfageq : YV — Z be a function satisfying the inequality

|Dfageq(v1,- -+ ,vn)|| < w (01, ,0n) (4.34)

forall vi,--- ,v, € Y. Then there exists a unique additive function A : Y — Z, a unique quadratic function
Qy Y — Z, aunique cubic function C : Y — Z and a unique quartic function Q4 : Y — Z which satisfies and

1f(v) = A(v) = Qa(v) = C(v) — Qu(0)]

1)1 [1 i 041(2"0,2"0, - -+, =2"v,2"7) +1 i O33(2"0,2"0, - - -, —2"70,2"70)]
8
1 1

rq 23rq

22rq 16 24rq

1 & Op(2M,2"Mv,---,=2"y,2"v) 1 & ygu(2"0,2"0,- - ,—2"0,2"0)
iy TR

(4.35)
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where
Oy (20,20, - -+, =2"9,2"v) = Q(2"0,2"0, - - -, —2"9,2"0) + Q(—2"T0, —2"v, - - - 2", —2"v)

for tt = 1,2,3,4 and Q(2"70,2"v, - - -, —2"0,2"v), A(v), Q2(v), C(v) and Qu(v) is defined in {.4), (4.5), }
and forallv € Y, respectively.

Corollary 4.14. Let Dfaqeq : YV — Z be a mapping. If there exists real numbers b and d such that

b,
n

by [loill, d#1,2,3,4
i=1

n
||Dfach(vll ,Un)” < b H Hvinr nd # 1; (4.36)

171’1 , ; ]

o{ IT It + £ 11"}, nt 21,238

i=1 i=1

forallvy,--- ,v, €Y, then there exists a unique additive function A : Y — 2, a unique quadratic function Qp : J —
Z, a unique cubic function C : Y — Z and a unique quartic function Q4 : Y — Z such that

1f(v) = A(v) = Qa(v) = C(v) — Qu(v)

50 (1 [1 1 1,1
2\ 12 |3+|15|}+6{ +|7”'
bl[v]|*(5n —142%) [ 1 1 1 1 1 1
(el sl )
- 2 12 [|4—29] " [16—24|| "6 |[2—24] ' |8—24] 437)
=\ bllo||" 4 +2m) (1 1o, 1 1 1 1 '
2 12 |[a—2 |16—2d|}+6{2—2d+|8—2d| /
b|[o||™ (5n + 3 + 27 +2rd) (1 1 1 1
2 {12{|4—2”d+|16—2”d +6{2—2”d|+|8—2”d| ’
forallv e Y.

5 Stability Results - Fixed Point Method: n Odd Positive Integer

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (1.3) where 7 is
an odd positive integer in Banach space using fixed point method.

51 fIS AN ODD FUNCTION

Theorem 5.17. Let D fageq : Y — Z be a odd mapping for which there exist a function w, ) : Y" — [0, 00) with the
condition

w (K]’?vl, N ,K]’f’vn)
lim =0

psoo 7 (5.1)
forallvy,--- v, € Y where
3y
such that the functional inequality
|Dfageq(v1, - -+ ,on)|| < w (01, -+, vn) (5.3)
forallvy,--- v, € Y. If there exists L = L(i) such that the function
¥(v,0,---,—0,0,0) =Q (;, ;, ,—;,0,;) ,
has the property
Y(v,v,--+,—0,0,0) = £ b4 (KjU, Kjv, -, —K;0,0, KjU) . (5.4)

Kj
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forallv € Y. Then there exists a unique additive function A : Y — Z which satisfies and

-
[ A(v) —a(@)|| = [|A(v) = {f(20) = 8f(0)}]| < 1L_ ]L‘Y(v,v,- -+, =0,0,0)

forallve ).

Proof. Consider the set
I={p/p:Y =2 p(0)=0}

and introduce the generalized metricon T,
d(p,q) = inf{K € (0,00) :|| p(v) — 4(v) || < Kyp(0),v € V}.

It is easy to see that (T, d) is complete.
DefineY : I' — I by

Yp(o) = ,jj;a(w),

223

(5.5)

forallv € Y. Now p,q € T, by [36], we have d(Yp, Yq) < Ld(p,q), i.e., T is a strictly contractive mapping on

I' with Lipschitz constant L.
From (3.13), we arrive

Ha(Zv) — Za(v)H <QO(v,v,---,-0,0,0)
forall v € Y. It follows from that

a(2v)

o) e
) ao) (v,0,---,-9,0,0)

2

<

forallv € Y. Using for the case j = 0 it reduces to

a(2v)
2

— a(U)H < L¥(v,0,--+,—0,0,0)

forallve ),
ie, d(Yaa) <L=d(Yaa) <L=L!<co.

Again replacing v = g in , we get
v Y v v
o -2 () <035 -505)
forallv € Y. Using for the case j = 1 it reduces to

Ha(v) —2a (g) H <¥(v,v,---,-v,0,0)

forallv € ),
ie, d(a,Ya)<1=d(a,Ya)<1=L"< co.

From (5.8) and (5.10), we arrive ‘
d(a,Ya) < L'

Therefore (FP1) holds.
By (FP2), it follows that there exists a fixed point A of Y in I such that
a(xf'v)
A(v) = lim 7]}7, Voel.
p—eo K]-

(5.6)

(.7)

(5.8)

(5.9)

(5.10)

(5.11)

To order to prove A satisfies the functional equation (1.3), the proof is similar to the of Theorem By

(FP3), A is the unique fixed point of Y in the set

A={AET:d(a A) < oo},
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such that
|a(v) = A(v)|| < Kyp(v)

forallv € Y and K > 0. Finally by (FP4), we obtain

1
<
d(a, A) 1 Ld(a,Ya)

this implies

da, ) < 2
@A) =37
which yields
L'
la(o) — A@)I < {1 ¥ (@2, ,~2,0,0)
this completes the proof of the theorem. O

The following corollary is an immediate consequence of Theorem concerning the stability of (1.3).

Corollary 5.15. Let Dfageq : Y — Z be an odd mapping. If there exists real numbers b and d satisfying for all
vy, -+, 0y € ), then there exists a unique additive function A : Y — Z such that

5b,
b|[v||4(5n — 6 + 2'%)
la(v) — A(v)]| < 12— 24| ’ (5.12)
b|[v||™ (51 — 6 + 2")
|2 — 2nd|
forallv € Y.
Proof. Taking
b,
n
b v;| |4,
w(one o) — 4 P Il

" d, v d
b{nviu 5 ol }
i=1 i=1

for all v € ). Now,

%, —0as p— oo,
1 by (P ld
70‘;(1{’?01,1(’,7...’1(40”): K742||K]‘vi||' = —0as p — o,
! j j ] sl "

b P.d P ||nd

K]p {i_lHKjle +i§1||7{jvlH }’ —0as p — oo.

Thus, is holds. But we have
¥(v,0,---,-0,0,0) =Q (%,

has the property

L
Y(v,0,---,-0,0,0) = = ¥ (K]'ZJ,KjU, -, —Kj2,0, Kj?])

5b,

b(5n — 6+ 2™
Log) =1

b@n—6+?mM|d
B o||*.
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Now,
@
K

jl
1 b(5n — 6+ 2"
;T (KjU,K]'Z},-.. ,—K]'U,O,K]‘U) — g
I ]
Kj

]

K;ll}f(vr O,-, _U,O, U)I
||K]'ZJHd, = K;?*l‘i’(v, v,---,—0,0,0)

||Kjv||ndr Kﬂd_l‘{j(v/ [ 7?),0, U).

225

Hence the inequality 1i holds either, L =27 'ifi =0and L = 2%1 ifi = 1. Now from 1i we prove the

following cases for condition (7).
Case:x1 L=2"ifi =0
27D
l[a(v) — A(o)|| < 11K Y(v,0,---,~v,0,0) = 5b.

Case:2 L = 2%1ifi:1

1 1-1
(2”) d—1 _
la(v) — A(v)|| < EEma Y¥(v,0,--+,—v,0,0) = —5b.
1

Also the inequality holds either, L = 291 ford < 1ifi = 0and L = zdlj ford > 1ifi = 1. Now from

(5.5), we prove the following cases for condition (ii).
Case:3 L =29"1ford < 1ifi =0

-1\
lla(v) — A(v)]| < ()‘I’(v,v,~ -, —1,0,0) =

1 —2(d-1) 224

Case:4 L:%ford>lifi:1

(o) b(5n — 6+ 2ol

d—1 .

la(o) = A@)]| < “2 (0,0, ,—0,0,0) = 220 E2Z NI
1-2@5 202

The proof of condition (iii) is similar to that of condition (i7). Hence the proof is complete.

b(5n — 6 +2")||o| |

O

The proofs of the subsequent theorems and corollaries are similar to that of Theorem and Hence

the details of the proofs are omitted.

Theorem 5.18. Let D fageq : ¥ — Z be a odd mapping for which there exists a function w, Q) : Y" — [0, 00) with the

condition
w (or, -, o)
lim 3 =0
p—roo P
]
forallvy,--- v, € Y where x; is defined such that the functional inequality

HDfach(Ull- .. ’v”)H < a)(vlr. .. ,vn)

forallvy,--- ,v, € Y. If there exists L = L(i) such that the function

0

11I('U/’U/"' /7010/'0) :Q(gr%r 17%1 /%)/

has the property

L
Y(v,0,---,—0v,0,0v) ==Y (x;v,x;0,---,—x;0,0,%;0) .

( ) K;’ ( 1777 ] ] )
forallv € Y. Then there exists a unique cubic function C : Y — Z which satisfies and

o
I6(0) — <) = (@) - {£(20) = 2f @)}] < ;— F(o.0,++,~0,0,0)

forallx € Y.

(5.13)

(5.14)

(5.15)

(5.16)
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Corollary 5.16. Let D fageq : Y — Z be an odd mapping. If there exists real numbers b and d satisfying for all
vy, ,Un €Y, then there exists a unique cubic function C : Y — Z such that

5b,
b||v||?(5n — 6 4 2'7)

[e(v) = C(v)]| < 8 — 24| ' (5.17)
b| \v|\”"l(5n — 6+ Zmd)

|8 — 2nd|
forallv € Y.

Theorem 5.19. Let D fageq : V) — Z be a odd mapping for which there exist a function w, ) : Y™ — [0,00) with the
conditions and forallvy,--- v, € Y where x; is defined such that the functional inequality

HDfach(vlz' e /vn)H <w (vl;' e rvi’l) (5‘18)

forallvy,--- v, € Y. If there exists L = L(i) such that the function

0

00 0 0
‘Y(U/U/"' I_UIO/U) _Q<§/§/“'1_§/ /E)/

has the properties and and

Y(v,0,--+,—0,0,0) = K£ b4 (KjU, Kjv, -, —K;0,0, Kjv) . (5.19)
]

forallv € Y. Then there exists a unique additive function A : Y — Z and a unique cubic function C : Y — Z which

satisfies and
-
I£(0) = A®) = o) < g =g ¥(00 =000 (5.20)

forallx € Y.

Corollary 5.17. Let D fageq = ¥ — Z be an odd mapping. If there exists real numbers b and d satisfying (3.36) for all
vy, -+, 0y € ), then there exists a unique additive function A : Y — Z unique cubic function C : ) — Z such that

5b 1
Z 1+m 7
b|[v||*(5n — 6 4 2'7) 1 1
— — < )
[f(v) = A(v) = C(o)[| < 3 22 + 521 )’ (5.21)
b|[v||" (5n — 6 + 2'"4) 1o, 1
6 2 —2nd| |8 —2nd|

forallv € Y.

5.2 fIS AN EVEN FUNCTION

Theorem 5.20. Let Dfygeq : YV — Z be a even mapping for which there exists a function w, Q) : Y™ — [0, o0) with the
condition

w (K%L e ,Kr’vn)
] i —~0

r}gr;o 2 (5.22)
]
forallvy, -+, vn € Y where ; is defined such that the functional inequality
1D fageq (w1, -, on)|| < w (01, -, on) (5.23)

forallvy,--- ,v, € ). If there exists L = L(i) such that the function

0

Y(v,0,--+,—0,0,0) :Q(g,g,-“,*;, ,g),
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has the property
L
Y(v,0,---,—0,0,v) = =¥ (xv,x0,---,—x;0,0,%;0) . 5.24
( ) K}Z ( 1777 ] ] ) ( )
forallv € Y. Then there exists a unique quadratic function Qy : Y — Z which satisfies and

L1
1-L

1Q2(0) = 42(v)[| = [|Q2(v) = {f(20) +16f(0)}]| < ¥(v,0,---,-0,0,0) (5.25)

forallx € ).

Corollary 5.18. Let D faqeq : YV — Z be an even mapping. If there exists real numbers b and d satisfying for all
vy, ,Un € Y, then there exists a unique quadratic function Qp : Y — Z such that

5b

4

7
b|[v]|%(5n — 6 +2')
192(v) = Q2(v)]| < 14— 27] / (5.26)

b||v||”d(5n — 6+ 2”"1)
|4 —2nd|

forallv € Y.

Theorem 5.21. Let D fuch 1 Y — Z be a even mapping for which there exists a function w, () : Y" — [0, 00) with the
condition

w (or, -, o,
lim - =0 (5.27)
p—o0 K'P
]
forallvy,--- v, € Y where x; is defined
such that the functional inequality
HDfach(Ull"' /Un)H <w(vy, 0, 0n) (5.28)
forall vy, - ,v, € Y. If there exists L = L(i) such that the function
v v v v
‘P(U/U/' o /_U/O/U) — Q (E/E/' . /_E/O/ E) 7
has the property
L
Y(v,0,--,-0,0,0) = I Y (xj0, /0, -+, —Kj9,0, Kjv) . (5.29)
]
forallv € Y. Then there exists a unique quartic function Q4 : Y — Z which satisfies and
L
1Q4(v) = q4(v) || = [|Qa(v) — {f(20) —4f (V)}]| < 7 —7¥(v, 0, -, —0,0,0) (5.30)

forallx € Y.

Corollary 5.19. Let D fageq : Y — Z be an even mapping. If there exists real numbers b and d satisfying for all
vy, ,Un € Y, then there exists a unique quartic function Q4 : Y — 2 such that

5b
15’
b||v]|*(5n — 6 4 2'%)
Hq4(0> - Q4<U)H < |16 _ 2d| ’ (5.31)
bl ol (51 — 6+ 27)
|16—2”d|

forallv € Y.
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Theorem 5.22. Let D fach : Y — Z be a even mapping for which there exists a function w, () : Y"* — [0, 00) with the
conditions and forallvy,--- v, € Y where x; is defined such that the functional inequality

1D fageq (w1, -, on)|| < w (01, on) (5.32)

forall vy, - ,v, € ). If there exists L = L(i) such that the function

T(’UI’UI. o /_UIO/U) == Q (gl g/' s /_;/Olg) 7
has the properties and and
L
Y(v,0,---,-0,0,0) = —¥ (KjU, Kjv, -, —K;0,0, KjU) . (5.33)

Kj

forall v € Y. Then there exists a unique quadratic function Qp : Y — Z and a unique quartic function Qy : Y — 2

which satisfies and

-
I£(0) = Q2(0) = Qo) < =gy ¥(0.0,-, —0,0,0) (534)

forallve Y.

Corollary 5.20. Let Dfaqeq : Y — Z be an even mapping. If there exists real numbers b and d satisfying for all
vy, -+, Uy € ), then there exists a unique quadratic function Qp : Y — Z and a unique quartic function Q4 : Y — Z
such that

sh(1 1
12 \ 3] © |15 )’
b|[v||?(5n — 1+ 2"%) 1 1
_ _ < .
b|[v||" (51 — 1 +2/"4) o1
12 |4 —2md| " |16 — 2|

forallv € Y.

5.3 fIS AN ODD - EVEN FUNCTION

Theorem 5.23. Let Dfogeq : YV — Z be a mapping for which there exists a function w, Q) : Y" — [0,00) with the

conditions , , and forall vy,--- v, € ) where k; is defined such that the functional

inequality
||Dfﬂqu(vll"' /UH)H Sw(vll"' /Un) (536)
forallvy, -+ v, € Y. If there exists L = L(i) such that the function

Y(v,0,---,-0,0,0) = Q(

has the properties (5.4), (5-24), (5.15) and (5-29) and

(", [ (Y
E/E/"'/_EIO/E)/

Y(v,0,--+,—0,0,0) = K£ b4 (KjU, Kjv, -, —K;0,0, KjU) . (5.37)
]

forall v € Y. Then there exists a unique additive function A : Y — Z a unique quadratic function Qp : Y — Z a
unique cubic function C : Y — Z and a unique quartic function Q4 : Y — Z which satisfies and

1 1

I£0) = A(e) = a(6) = C(0) = (o < =15 (5 + 33 ) YO+ —000) 639

forallve Y.
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Corollary 5.21. Let Dfageq : Y — Z be a mapping. If there exists real numbers b and d satisfying for all
vy, ,Un € ), then there exists a unique additive function A : Y — Z a unique quadratic function Q; : Y — Za
unique cubic function C : Y — Z and a unique quartic function Qy : Y — 2 such that

1f(v) = () Qz() ||

Sb (11 +1

2 E |15\ 6 |7|

b||v||d 5n 14 2m) 1 1 1 1 1
< — = .
= - 2d| |16 2| T | 2=27 Tis=27) ) (5.39)

b||v||"(5n 1+2’"d) l 1 L1 L

12 |4 — 2nd| [16—2md|| "6 [|2—20d] " |8 —2md[]| [’
forallv € Y.

6 Stability Results - Fixed Point Method: n Even Positive Integer

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (1.3) where n is
an even positive integer in Banach space using fixed point method.

6.1 fIS AN ODD FUNCTION

Theorem 6.24. Let D fayeq : Y — Z be a odd mapping for which there exists a function w, ) : Y — [0, 00) with the
condition

w (K%l,. . ,K%H)
] ] -0

r}l_r}l; 7 (6.1)
forallvy,--- ,v, € Y where
2 if j=0;
Kj = o (6.2)
/ { 3 if i=1
such that the functional inequality
||Dfach(01/"' /Un)H <w(vy, -, 0n) (6.3)
forallvy,--- v, € Y. If there exists L = L(i) such that the function
(2 (Y
1]Er(v/v/' v /7'0/'0) — Q (Erir 17515) 7
has the property
L
Y(v,0,--,—0,0) = K—] Y (0,0, -, —Kjv, kD) . (6.4)
forallv € Y. Then there exists a unique additive function A : Y — 2Z which satisfies and
L1*
[A(0) —a()]| = [ A(v) = {f(20) = 8f()}]| = ;=7 ¥(v, 0, -, —0,0) (6.5)

forallve Y.

Corollary 6.22. Let Dfageq : YV — Z be an odd mapping. If there exists real numbers b and d fulfilling for all
vy, ,Un €Y, then there exists a unique additive function A : Y — Z such that

5b,
b||o||%(5n — 1+ 2™)
12— 27 '
la(0) = A(@)]| < §  bllol1*(4+2) (6.6)
2 —2md|
b||v||"d(5n—3+2rd+27”d)
12— 2nd]|

forallv € Y.
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Theorem 6.25. Let Dfageq : ¥ — Z be a odd mapping for which there exists a function w, Q) : Y" — [0, 00) with the
condition

w (o1, o)
lim 3 =0
p—roo K}P

]
forallvy,- -, v, € Y where x; is defined in such that the functional inequality

Hngch(vl,"',vn)H Sw(vl,"‘,vn) (6.8)
forallvy,--- v, € Y. If there existss L = L(i) such that the function

6.7)

‘Y(v,v,---,—v,v):Q(v v v U),

2222
has the property
L
= Y (kjo, k0, -+, —Kj0, Kjv) . (6.9)
]
forallv € Y. Then there exists a unique cubic function C : Y — Z which satisfies and
L'
C(0) — @)l = [C(2) — {f(20) ~2f (@)} < ;T ¥(@2,+,~0,0) (6.10)

Y(v,0, -+ ,—0v,0) =

forallve Y.

Corollary 6.23. Let Dfaqeq : YV — Z be an odd mapping. If there exists real numbers b and d fulfilling for all
vy, ,Un € Y, then there exists a unique cubic function C : Y — Z such that

5b,
bl[o]|(5n — 1 +2'%)
|8 — 24| '
le(v) =C(o)|| < § bllo]|*(4+2™) (6.11)
e
bl[o]|™ (5n + 3 + 27 + 27
18— 2nd]

forallv € Y.

Theorem 6.26. Let D foyeq : Y — Z be a odd mapping for which there exists a function w, ) : Y — [0, 00) with the
conditions and forallvy,--- v, € Y where x; is defined in such that the functional inequality

| Dfach(vl/"' /Un)H Sw(vlz"' /vn) (6.12)
forall vy, - ,v, € ). If there exists L = L(i) such that the function

‘I’(U,v,--~,—v,v):0<v v g U>,

272722
has the properties and forall v € Y. Then there exists a unique additive function A : Y — Z a unique cubic
function C : Y — Z which satisfies and

1)~ A) - @) € g ¥ (oo 00 (613)

forallv e Y.

Corollary 6.24. Let Dfggeq : YV — Z be an odd mapping. If there exists real numbers b and d fulfilling for all
vy, ,Un € Y, then there exists a unique additive function A : Y — Z a unique cubic function C : Y — Z such that

5b  5b
l)6||v||d7(gn—1+2’d) b||o]|4(5n — 1 + 21)
6[2 — 24| * 6/8 — 24| ’
la(v) — A(v)|| < b||v||d(4+2md) b||v||d(4+2md) (6.14)
6|2 — 2| 6|8 —2md| '
b|[v]["(5n 4 3 + 274 4-24)  p||o||™ (5n + 3 + 2 4 2rd)
6|2 — 2nd| 6|8 — 21|

forallv € Y.
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6.2 fIS AN EVEN FUNCTION

Theorem 6.27. Let D fageq : YV — Z be a even mapping for which there exists a function w, Q) : Y™ — [0, 00) with the
condition

w (Kr?vl,. . ,Kt’vn)
i j —0

plgr;o e (6.15)
]
forallvy, -+ o € Y where j is defined in such that the functional inequality
||Dfuch(01/"' /Un)H SW(UL"' /Un) (6.16)
forallvy,--- v, € Y. If there exists L = L(i) such that the function
v v v v
III<vrvl' t ,_U,U) =0 (E/E/ /_EIE) ’
has the property
L
T sy Uy, — 0, :7T U, R0, =, — K0, Ry . 617
(v,v v,0) K]Z (10, kjo K0, Kj0) (6.17)
forallv € Y. Then there exists a unique quadratic function Qy : Y — Z which satisfies and
L
1Q2(v) = q2(v) || = [|Q2(v) — {f(20) —16f ()} < T — ¥ (w0, -, —0,0) (6.18)

forallv e Y.

Corollary 6.25. Let Dfggeq : V — Z be an even mapping. If there exists real numbers b and d fulfilling for all
vy, ,0n € ), then there exists a unique quadratic function Qp : Y — Z such that

5b,
b|[v||?(5n — 1 +27)
|4 —27] '
192(0) = Qa(0)[| < ¢ b[o||*(4+2) (6.19)
|4 —2md] 7
b||v||™ (5n + 3 + 2% 4 2rnd)
4 —2nd|

forallv € Y.

Theorem 6.28. Let D fagcq : YV — Z be a even mapping for which there exists a function w, Q) : Y — [0, 00) with the
condition

w (K%l,. . ,Kf’vn)
j j —0

Jim K;*” (6.20)
forallvy,--- vy € Y where «; is defined in such that the functional inequality
1D fageq(v1,- -+ ,on)|| S w (01, ,vn) (6.21)
forallvy,--- v, € Y. If there exists L = L(i) such that the function
T )
has the property
Y(v,0,-,—0,0) = KL;; ¥ (xjv, x50, -, —Kjv, kD) . (6.22)
forallv € Y. Then there exists a unique quartic function Q4 : ¥ — Z which satisfies and
L1
19:(0) ~ @) = [ Qa(0) ~ {f(20) ~ 4F (@)} < 1= ¥(@,0, -, ~0,0) 623)

forallve Y.
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Corollary 6.26. Let D fageq : Y — Z be an even mapping. If there exists real numbers b and d fulfilling for all
vy, ,Un €Y, then there exists a unique quartic function Qq : Y — 2 such that

50,
b[o]|4(5n — 1 +27)
6 —24]
194(v) — Qa(@)[| < ¢ bl[o[|"(4 +2"7) (6.24)
6 —2nd|
b||0||nd(51’l—|—3+27d+2md)
116 — 21|

forallv € Y.

Theorem 6.29. Let D faycq : YV — Z be a even mapping for which there exists a function w, Q) : Y™ — [0, c0) with the
conditions and forallvy,--- v, € Y where x; is defined in such that the functional inequality

||Dfﬂqu(z]1/... /Un)H Sw(01,~~~ /vn) (625)
forallvy,--- v, € Y. If there existss L = L(i) such that the function

‘Y(v,v,---,—v,v):()(v Y ¢ v),

22" 2’2
has the properties and forallv € Y. Then there exists a unique quadratic function Qp : Y — Z a unique
quartic function Qy : Y — Z which satisfies and

o
I£(0) = Q2(0) = Q4(0)] < =7 ¥(0.0,-+,—0,0) (626)

forallve Y.

Corollary 6.27. Let D fageq : Y — Z be an even mapping. If there exists real numbers b and d fulfilling for all
vy, ,0n € Y, then there exists a unique quadratic function Qp : Y — Z a unique quartic function Qq : Y — 2
such that

5b,
bl[o]|*(5n —1+2%)  b[o]|(5n — 1+ 27)
12427 T e —2
1f(v) = Qa(v) — Qa(v)[| < { Dbllo|[“(4+2")  bllo]|?(4+2™) (6.27)
12]4 — 27d] 1216 — 27|
b||o]|™(5n 43 427 +24)  b[v||"(5n 4 3 + 27 + 2d)
12/4— 2| * 12]16 — 27|

forallv € Y.

6.3 fIS AN ODD - EVEN FUNCTION

Theorem 6.30. Let Dfoyeq : YV — Z be a mapping for which there exists a function w,Q) : Y" — [0,00) with the

conditions (6.1), (6.15), and (6.20) for all vy,--- ,v, € Y where x; is defined in (6.2) such that the functional
]

inequality
IDfageq (01, on)| < w (o1, on) (6.28)
forallvy,--- ,v, € Y. If there exists L = L(i) such that the function

‘Y(v,v,.--,—v,v)zﬂ(v v o U),

2222
has the properties (6.4), (6.17), and forall v € ). Then there exists a unique additive function A : Y — Z

a unique quadratic function Qp 1 Y — 2 a unique cubic function C : Y — 2 a unique quartic function Q4 : Y — 2

which satisfies and

L
I0) = A(e) = Qa(0) = C(0) = (o < =3 (5 + 33 ) ¥@o oo m00) (629

forallve Y.
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Corollary 6.28. Let Dfyeq : Y — Z be a mapping and if there exists real numbers b and d fulfilling for all
vy, ,Un € ), then there exists a unique additive function A : Y — Z a unique quadratic function Q; : Y — Za
unique cubic function C : Y — Z a unique quartic function Q4 : Y — Z such that

1f(v) = A(v) = Qa(v) = C(v) — Qa(0) ||

SL) SR IR S T B PR S
2 112 3] "15]) "6 711

bllel|"Gn—1+2") (1] 1 L I !
< 2 12 [[4—24] " [16—-27] "6 [[2—27] = |8—29| (6.30)
=) dlelf@2r 1 IEY T T |
2 2 [Ja—2m] " 16 —2%[] "6 []2—2n] " |§—2nd]

bljo]|"(5n =342 +2md) (1 11 L1 1o, 1
2 12 [|4—2md| " [16—2m|] "6 [|2—2nd| |8 —2nd|] [’

forallv € Y.

7 Counter Examples For Non Stable Cases

Now, we will provide an example to illustrate that the functional equation (1.3) is not stable for d = 1 in

condition (ii) of Corollaries and

Example 7.1. Let w : R — R be a function defined by
w(v) = { pv, if Jo] <1
o, otherwise
where p > 0 is a constant, and define a function f : R — R by

a(v) = f(2v) — 8f(v) = i aJ(Z’v), forall veR.

r
r=0 2

Then f satisfies the functional inequality

n-1 n—1 n n—1
f(Z% Ui+20n> +f <Z1 vi—20n> —4f (;711) —4f <Zl Ui—Un>

n—1
+6f (Z vl) — f Qun) — f (—20y) +4f (vn) +4f (—vn)

i=1

n
< 52p Z |vi] (7.1)
i=1

forall v € R. Then there do not exist a additive mapping A : R — R and a constant 5 > 0 such that

|A(v) — {f(2v) — 8f(v)}| < n|v|, forall veR. (7.2)
Proof. Now

w e}
(o)) = If20) - 87(o)| < 1 zgf
r=0 | n=0
Therefore, we see that a is bounded We are going to prove that a satisfies
If v = 0 then (7.1) is trivial. If Z lv;| > 1 then the left hand side of is less than 52p. Now suppose that

n 1
0< Y |vi] < 5 Then there exists a positive integer k such that
i=1

1 _ 1
1:1

1
so that 28" 10;(i = 1,2,--- ,n) < 5 and consequently

n—1 n—1 n n—1
-1 Y v+ 20, [ ok=1 Y v — 20, [ ok=1 Y v ,2k-1 Y vi—vn ],
i=1 i=1 i=1 i=1

2k 1 (Z ) Zk 1 ZU,,,),Zk_l (—27),1),2"_1 (Un>,2k_1 <_Un) c (_111)
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Therefore foreachr =0,1,...,k — 1, we have

2 (nzl v; +271n> ,2" (1121 v; —20n> 2 (i v,-) 2 <nzl v; — Un) ,
i=1 = i=1 i=1
2’f<z v,), (204),2" (=204),2" (v4),2" (o) € (—1,1)

and

n—1 n—1 n n—1
w <2r Y vi—}—Zr-ZUn) +w (2’ ) Ui—Zr'ZUn> — 4w <2r20i> — 4w <2r Y v —2%,1)
i=1 i=1 i=1 i=1
n—1
+ 6w (2’ ) Ui> —w (2" 20,) —w (=2"-20y) + 4w (2'vy) +4wf (—2"v,) =0
i=1

forr=0,1,...,k— 1. From the definition of a and (7.3), we obtain that
n—1 n—1 n n—1
a Zvi+221n +a Zvi—Zvn —4a Zvi —4a Zvi—vn
i=1 i=1 i=1 i=1
n—1
al Y v | —a(2uy) —a(—2v,)+4a(vy) +4a(—v,)
i=1
| n—1 n—1 n
sz 2"Y 0i+2 20 | 4w (27) v —2" 20, | —4w | 27) v
= i=1 i=1

n—1 n—1
— 4w <2r Y vi— ern> + 6w (27 ) vi> —w (2" 20,) —w (=2 20y)

i=1 i=1

+4w (2'vy) +4wf (—2"vy)

© 1 n—1 n—1 n
<) 5w (2’ Zvi+zf-2vn> +w (2* Zvi—2’-20n> — 4w (2’2@)
r=k i=1 i=1 i=1
n—-1 n—1
—4w (27Y 0 =20, | +6w (27) v | —w (27 20,) —w (2" 20,)

i=1 i=1

+4w (2'vy) +4wf (—2"vy,)

—2 X 260 =260 X <52p2|vl|

1
Thus a satisfies (7.1) for all x € R with 0 < E lo;| < = 2

We claim that the additive functional equatlon is not stable for r = 1 in condition (ii) of Corollary 3.1}
Suppose on the contrary that there exist a additive mapping A : R — R and a constant 1 > 0 satisfying (7.2).
Since a is bounded and continuous for all x € R, A is bounded on any open interval containing the origin and
continuous at the origin. In view of Theorem A must have the form A(v) = cv for any v in R. Thus, we
obtain that

la(@)] < (7 +Iel) [o]- (7.4)
But we can choose a positive integer s with sp > 1 + |c|.
Ifve (0, = 1) then2'v € (0,1) forallr =0,1,...,s — 1. For this v, we get

w@0) i el2v)

7 Ta

=spv > (17 +c|)v

which contradicts (7.4). Therefore the additive functional equation (1.3) is not stable in sense of Ulam, Hyers
and Rassias if r = 1, assumed in the inequality condition (if). O
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Now, we will provide an example to illustrate that the functional equation (1.3) is not stable for d = % in
condition (iii) of Corollaries and condition (iv) of Corollaries {4.8{and

Example 7.2. Let w : R — R be a function defined by

: 1
_ [ v ol <y
w(v) = { £, otherwise

where p > 0 is a constant, and define a function f : R — R by

a(v) = f(2v) — 8f(v) = i w(zz:v)’ forall veR.
r=0

Then f satisfies the functional inequality

‘f <nzlvi—|—20n> +f <”Zlvi_27)n> —4f <ivi> —4f (”Zlvi —Un>
i=1 i1 iz i

n—1 52P n 1
+6f (Z vi> = f(200) = £ (=20n) +4f (0n) +4f (—va)| < == ; ik (7.5)

i=1

forall v € R. Then there do not exist a additive mapping A : R — R and a constant 5 > 0 such that

|A(v) - {f(20) —8f(0)}| <ylols,  forall vER. (7.6)
Now, we will provide an example to illustrate that the functional equation (1.3) is not stable for d = 2 in
condition (ii) of Corollaries and
Example 7.3. Let w : R — IR be a function defined by
2 .
(o) = { ov%, if[o] <1
0, otherwise

where p > 0 is a constant, and define a function f : R — R by

72(v) = f(20) = 3f(v) = i w(222:v), forall veR.

r=0

Then f satisfies the functional inequality

’f <nzlvi+20n> +f (gvi20n> —4f (Xn:vi> —4f <n1vivn>
i=1 i=1 i=1 i=1

n—1 2 n
+6f (g ) = Qo) (200) +4f () +4f (o) S EEE Nl 0D

forall v € R. Then there do not exist a quadratic mapping Qy : R — R and a constant 1 > 0 such that
|Q2(v) — {f(20) —16f(v)}| < 57v/?, forall veR. (7.8)
Now, we will provide an example to illustrate that the functional equatio is not stable for d = % in
condition (iii) of Corollaries and condition (iv) of Corollaries {4.8{and
Example 7.4. Let w : R — R be a function defined by
(o) = { pv, iflol <

2”—’), otherwise
where p > 0 is a constant, and define a function f : R — R by

72(v) = f(20) — 16f(v) = i w(222:v), forall veR.

r=0
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Then f satisfies the functional inequality

|f (”i:l (2 +20n> +f ("il U — 2Z)n> —4f <i Ui) —4f <ni:l v — Un>
i=1 i=1 i=1 =

n—1 2 n
+6f (;vz) — [ (20n) — f (=204) +4f (vn) +4f (—on 52p x4 2| uil 7 (7.9)

forall v € R. Then there do not exist a quadratic mapping Qy : R — R and a constant 1 > 0 such that

102(0) — {f(20) — 16f(v)}| < n]o|7, forall veR. (7.10)

Now, we will provide an example to illustrate that the functional equation (1.3) is not stable for d = 3 in

condition (ii) of Corollaries and

Example 7.5. Let w : R — R be a function defined by

)= { P2 Tl

p,  otherwise

where p > 0 is a constant, and define a function f : R — R by

w(2"v)
23r 7

agk

c(v) = f(20) =3f(v) =

forall velR.

~=
Il
o

Then f satisfies the functional inequality

n—1 n—1 n n—1
‘f <Z; vi+20n> +f <Z; vi—20n> —Af (Z;vl) —4f<; vi—vn>

nl 260 x 8% Lo
+6f <Z vi) = f (2on) = £ (=20n) +4f (0n) +4f (~0n)| <= ——— Y [vil (7.11)
i=1 i=1

forall v € R. Then there do not exist a cubic mapping C : R — R and a constant 5 > 0 such that

IC(v) — {f(20) —2f(v)}| < n7|v)?, forall veR. (7.12)

Now, we will provide an example to illustrate that the functional equation is not stable for d = % in
condition (iii) of Corollaries and condition (iv) of Corollaries 4.8)and

Example 7.6. Let w : R — R be a function defined by

ooy | oo RIS
=, otherwise

where p > 0 is a constant, and define a function f : R — R by

w(2v)
23r 7

agk

c(v) = f(20) = 2f(v) =

forall veR.

<
o

Then f satisfies the functional inequality

‘f (ylzlviJern) +f (712101-20,1> —4f <ivi> —4f (nzlvivn>
i=1 i=1 i=1 i=1

n—1
+6f (Z vi> — £ (20n) — f (=20y) + Af (vn) +4f (—vn)

n
3
< —— E 10 7.13
= — 71’1 y |vl| ( )

forall v € R. Then there do not exist a cubic mapping C : R — R and a constant n > 0 such that

IC(v) — {f(20) —2f(0)}| < n]o|*, forall ve€R. (7.14)
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Now, we will provide an example to illustrate that the functional equation (1.3) is not stable for d = 2 in

condition (ii) of Corollaries and

Example 7.7. Let w : R — R be a function defined by

v, iflv
w(U):{p , iflof <1

o,  otherwise

where p > 0 is a constant, and define a function f : R — R by

gs(v) = f(20) —4f(v) = i)w(;:v)l forall veR.

Then f satisfies the functional inequality

|f (Evi—i—Zvn) +f<nilvi—20n> —4f (ivl) —4f <Evi—yn>
i=1 i=1 i=1 i=1

+6f (Evl) 20y — F(—204) +Af (v0) +4f (—0n)| < 26P X4

Z |o;|* (7.15)

forall v € R. Then there do not exist a quartic mapping Q4 : R — R and a constant y > 0 such that
|04(v) — {f(20) —4f(0)}| < y]v|*, forall veR. (7.16)

Now, we will provide an example to illustrate that the functional equation 1D is not stable for d = % in
condition (iii) of Corollaries and condition (iv) of Corollaries 4.8 and

Example 7.8. Let w : R — R be a function defined by

o(0) :{ pv, if[o] <3

4 .
£, otherwise

where p > 0 is a constant, and define a function f : R — R by

72(v) = f(20) —4f(v) = i w(;:v)’ forall v€ER.
r=0

Then f satisfies the functional inequality

n—1 n—1 n n—1
‘f (Z% vi+20n> +f <Z%vi—20n> —4f (Z%u) —Af (Z%vi—vn>

n—1 2 n
+6f<Zivi> — F (200) — f (~200) +4f (on) +4f (~on)| < LN ot g17)

i=1

forall v € R. Then there do not exist a quartic mapping Q4 : R — R and a constant y > 0 such that

104(v) — {f(20) — 4f(0)}| < ylo|", forall ve€R. (7.18)
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