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Abstract

In this paper, the authors proved the generalized Ulam-Hyers stability of 2-variable Additive-Quadratic-
Cubic-Quartic functional equation

f (x + 2y, u + 2v) + f (x− 2y, u− 2v) =4 f (x + y, u + v)− 4 f (x− y, u− v)− 6 f (x, u) + f (2y, 2v)

+ f (−2y,−2v)− 4 f (y, v)− 4 f (−y,−v)

using fixed point method.
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1 Introduction and Preliminaries

Under what condition is there a homomorphism near an approximately homomorphism between a group
and a metric group? This is called the stability problem of functional equations which was first raised by S. M.
Ulam [49] in 1940. In next year, D. H. Hyers [24] answers the problem of Ulam under the assumption that the
groups are Banach spaces. A generalized version of the theorem of Hyers for approximately linear mappings
was given by T. Aoki [2] and Th. M. Rassias [44], respectively. The terminology Hyers- Ulam-Rassias stability
originates from this historical background. Since then, a great deal of work has been done by a number of
authors (for instance, [11, 13, 25, 40–42, 45, 47]).

The stability of mixed type functional equations have been extensively investigated by a number of math-
ematicians in referenes (see [3–5, 14–22, 28–31, 33–38, 43, 48, 50–52]). In 2003, V. Radu [39] introduced a new
method, successively developed in ([7–10]), to obtaining the existence of the exact solutions and the error
estimations, based on the fixed point alternative.

Now we will recall the fundamental results in fixed point theory.

Theorem 1.1. (Banach’s contraction principle) Let (X, d) be a complete metric space and consider a mapping T : X →
X which is strictly contractive mapping, that is

(A1) d(Tx, Ty) ≤ Ld(x, y) for some (Lipschitz constant) L < 1. Then,
(i) The mapping T has one and only fixed point x∗ = T(x∗);
(ii)The fixed point for each given element x∗ is globally attractive, that is
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(A2) limn→∞Tnx = x∗, for any starting point x ∈ X;
(iii) One has the following estimation inequalities:

(A3) d(Tnx, x∗) ≤ 1
1−L d(Tnx, Tn+1x), ∀ n ≥ 0, ∀ x ∈ X;

(A4) d(x, x∗) ≤ 1
1−L d(x, x∗), ∀ x ∈ X.

Theorem 1.2. [12](The alternative of fixed point) Suppose that for a complete generalized metric space (X, d) and a
strictly contractive mapping T : X → X with Lipschitz constant L. Then, for each given element x ∈ X, either
(B1) d(Tnx, Tn+1x) = ∞ ∀ n ≥ 0,
or
(B2) there exists a natural number n0 such that:
(i) d(Tnx, Tn+1x) < ∞ for all n ≥ n0 ;
(ii)The sequence (Tnx) is convergent to a fixed point y∗ of T
(iii) y∗ is the unique fixed point of T in the set Y = {y ∈ X : d(Tn0 x, y) < ∞};
(iv) d(y∗, y) ≤ 1

1−L d(y, Ty) for all y ∈ Y.

Recently, M. Arunkumar et al. introduced and investigated the general solution and generalized Ulam-
Hyers stability of 2-Variable AQCQ Functional equation

f (x + 2y, u + 2v) + f (x− 2y, u− 2v) = 4 f (x + y, u + v)− 4 f (x− y, u− v)− 6 f (x, u) + f (2y, 2v)

+ f (−2y,−2v)− 4 f (y, v)− 4 f (−y,−v) (1.1)

using direct method.
In this paper, the authors proved the generalized Ulam-Hyers stability of 2-variable Additive-Quadratic-

Cubic-Quartic functional equation (1.1) using fixed point method.
Through out this paper, let X be a normed space and Y be a Banach space respectively. Define a mapping

D f : X → Y by

D f (x, y, u, v) = f (x + 2y, u + 2v) + f (x− 2y, u− 2v)− 4 f (x + y, u + v) + 4 f (x− y, u− v) + 6 f (x, u)

− f (2y, 2v)− f (−2y,−2v) + 4 f (y, v) + 4 f (−y,−v)

for all x, y, u, v ∈ X.

2 Stability Results: Odd Case

In this section, the authors presented the generalized Ulam-Hyers stability of the functional equation (1.1) for
odd case using fixed point method.

2.1 Additive Stability Results

Theorem 2.1. Let D f : X → Y be a mapping for which there exist a function α : X4 → [0, ∞) with the condition

lim
k→∞

1
µk

i
α
(

µk
i x, µk

i y, µk
i u, µk

i v
)
= 0 (2.1)

where µi = 2 if i = 0 and µi =
1
2 if i = 1, such that the functional inequality with

‖D f (x, y, u, v)‖ ≤ α(x, y, u, v) (2.2)

for all x, y, u, v ∈ X. If there exists L = L(i) < 1 such that the function

u→ Φ(u) = β
(u

2
,

u
2

,
u
2

,
u
2

)
, (2.3)

has the property

Φ(u) = L
1
µi

Φ (µiu) (2.4)
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where β(u, u, u, u) = 4α(u, u, u, u) + α(2u, u, 2u, u) for all x ∈ X. Then there exists a unique additive mapping
A : X → Y satisfying the functional equation (1.1) and

‖ f (2u, 2u)− 8 f (u, u)− A(u, u) ‖≤ L1−i

1− L
Φ(u) (2.5)

for all u ∈ X.

Proof. Consider the set
Ω = {p/p : X → Y, p(0) = 0}

and introduce the generalized metric on Ω,

d(p, q) = inf{K ∈ (0, ∞) :‖ p(u)− q(u) ‖≤ KΦ(u), u ∈ X}.

It is easy to see that (Ω, d) is complete.
Define T : Ω→ Ω by

Tp(u) =
1
µi

p(µiu),

for all u ∈ X. Now p, q ∈ Ω, we have

d(p, q) ≤ K ⇒‖ p(u)− q(u) ‖≤ KΦ(u), ∀u ∈ X.

⇒
∥∥∥∥ 1

µi
p(µiu)−

1
µi

q(µiu)
∥∥∥∥ ≤ 1

µi
KΦ(µiu), ∀u ∈ X,

⇒
∥∥∥∥ 1

µi
p(µiu)−

1
µi

q(µiu)
∥∥∥∥ ≤ LKΦ(u), ∀u ∈ X,

⇒‖ Tp(u)− Tq(u) ‖≤ LKΦ(u), ∀u ∈ X,

⇒ d(p, q) ≤ LK.

This implies d(Tp, Tq) ≤ Ld(p, q), for all p, q ∈ Ω . i.e., T is a strictly contractive mapping on Ω with Lipschitz
constant L.
Replacing (x, y, u, v) by (u, u, u, u) in (2.2), we get

‖ f (3u, 3u)− 4 f (2u, 2u) + 5 f (u, u)‖ ≤ ‖α(u, u, u, u)‖ (2.6)

for all u ∈ X. Replacing (x, y, u, v) by (2u, u, 2u, u) in (2.2), we obtain

‖ f (4u, 4u)− 4 f (3u, 3u) + 6 f (2u, 2u)− 4 f (u, u)‖ ≤ ‖α(2u, u, 2u, u)‖ (2.7)

for all u ∈ X. Now, from (2.6) and (2.7), we have

‖ f (4u, 4u)− 10 f (2u, 2u) + 16 f (u, u)‖
≤ 4 ‖ f (3u, 3u)− 4 f (2u, 2u) + 5 f (u, u)‖+ ‖ f (4u, 4u)− 4 f (3u, 3u) + 6 f (2u, 2u)− 4 f (u, u)‖
≤ 4α(u, u, u, u) + α(2u, u, 2u, u) (2.8)

for all u ∈ X. From (2.8), we arrive

‖ f (4u, 4u)− 10 f (2u, 2u) + 16 f (u, u)‖ ≤ β(u, u, u, u) (2.9)

where β(u, u, u, u) = 4α(u, u, u, u) + α(2u, u, 2u, u) for all u ∈ X. It is easy from (2.9) that

‖ f (4u, 4u)− 8 f (2u, 2u)− 2 ( f (2u, 2u)− 8 f (u, u))‖ ≤ β(u, u, u, u) (2.10)

for all u ∈ X. Let a : X → Y be a mapping defined by a(u, u) = f (2u, 2u)− 8 f (u, u). From (2.10), we conclude
that

‖a(2u, 2u)− 2a(u, u)‖ ≤ β(u, u, u, u) (2.11)
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for all u ∈ X. From (2.11), we arrive∥∥∥∥ a(2u, 2u)
2

− a(u, u)
∥∥∥∥ ≤ 1

2
β(u, u, u, u) (2.12)

for all u ∈ X. Using (2.3) and (2.4) for the case i = 0 it reduces to∥∥∥∥ a(2u, 2u)
2

− a(u, u)
∥∥∥∥ ≤ LΦ(u)

for all u ∈ X,
i.e., d( f , T f ) ≤ L ≤ L1 < ∞.

Again replacing u =
u
2

in (2.11), we get∥∥∥a(u, u)− 2a
(u

2
,

u
2

)∥∥∥ ≤ β
(u

2
,

u
2

,
u
2

,
u
2

)
(2.13)

for all u ∈ X. Using (2.3) and (2.4) for the case i = 1 it reduces to∥∥∥a(u, u)− 2a
(u

2
,

u
2

)∥∥∥ ≤ Φ(u)

for all u ∈ X,
i.e., d( f , T f ) ≤ 1 ≤ L0 < ∞.

In both cases, we arrive
d( f , T f ) ≤ L1−i.

Therefore, (A1) holds. By (A2), it follows that there exists a fixed point A of T in Ω such that

A(u, u) = lim
k→∞

1
µk

i

(
f (µk+1

i u, µk+1
i u)− 8 f (µk

i u, µk
i u)
)

(2.14)

for all u ∈ X.
To prove A : X → Y is additive. Replacing (x, y, u, v) by

(
µk

i x, µk
i y, µk

i u, µk
i v
)

in (2.2) and dividing by µk
i , it

follows from (2.1) that

‖A(x, y, u, v)‖ = lim
k→∞

∥∥∥D f (µk
i x, µk

i y, µk
i u, µk

i v)
∥∥∥

µk
i

≤ lim
k→∞

α(µk
i x, µk

i y, µk
i u, µk

i v)
µk

i
= 0

for all x, y, u, v ∈ X. i.e., A satisfies the functional equation (1.1).
By (A3), A is the unique fixed point of T in the set ∆ = {A ∈ Ω : d( f , A) < ∞}, A is the unique function

such that
‖ f (2u, 2u)− 8 f (u, u)− A(u, u)‖ ≤ KΦ(u)

for all u ∈ X and K > 0. Finally by (A4), we obtain

d( f , A) ≤ 1
1− L

d( f , T f )

this implies

d( f , A) ≤ L1−i

1− L
which yields

‖ f (2u, 2u)− 8 f (u, u)− A(u, u) ‖≤ L1−i

1− L
Φ(u)

for all u ∈ X. This completes the proof.

The following corollary is an immediate consequence of Theorem 2.1 concerning the stability of (1.1).
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Corollary 2.1. Let D f : X → Y be a mapping and there exits real numbers λ and s such that

‖D f (x, y, u, v)‖ ≤


λ,
λ (||x||s + ||y||s + ||u||s + ||v||s) , s 6= 1;
λ (||x||s||y||s||u||s||v||s) , s 6= 1

4 ;
λ
{
||x||s||y||s||u||s||v||s + ||x||4s + ||y||4s + ||u||4s + ||v||4s} , s 6= 1

4 ;

(2.15)

for all x, y, u, v ∈ X, then there exists a unique additive function A : X → Y such that

‖ f (2u, 2u)− 8 f (u, u)− A(u, u)‖ ≤



5λ,(
18 + 2s+1) λ||u||s

|2− 2s| ,

(4 + 4s) λ||u||4s

|2− 24s| ,(
22 + 4s + 24s+1) λ||u||4s

|2− 24s| .

(2.16)

for all u ∈ X.

Proof. Setting

α(x, y, u, v) =


λ;
λ (||x||s + ||y||s + ||u||s + ||v||s) ;
λ (||x||s||y||s||u||s||v||s) ;
λ
{
||x||s||y||s||u||s||v||s + ||x||4s + ||y||4s + ||u||4s + ||v||4s} ;

for all x, y, u, v ∈ X. Now,

α(µk
i x, µk

i y, µk
i u, µk

i u)
µk

i
=


λµ−k

i ;

λµ
k(s−1)
i (||x||s + ||y||s + ||u||s + ||v||s);

λµ
k(4s−1)
i (||x||s||y||s||u||s||v||s);

λµ
k(4s−1)
i

{
||x||s||y||s||u||s||v||s + ||x||4s + ||y||4s + ||u||4s + ||v||4s

}
;

=


→ 0 as k→ ∞;
→ 0 as k→ ∞;
→ 0 as k→ ∞;
→ 0 as k→ ∞.

Thus, (2.1) is holds.
But we have Φ(u) = β

(u
2

,
u
2

,
u
2

,
u
2

)
has the property Φ(u) = L · 1

µi
Φ (µiu) for all u ∈ X. Hence,

Φ(u) = β
(u

2
,

u
2

,
u
2

,
u
2

)
=



5λ,(
18 + 2s+1) λ

2s ||u||s;
(4 + 4s) λ

24s ||u||4s;(
22 + 4s + 24s+1) λ

24s ||u||4s.

Now,

1
µi

Φ(µiu) =



5λ

µi
;(

18 + 2s+1) λ

µi2s (||µiu||s);
(4 + 4s) λ

µi24s

(
||µiu||4s

)
;(

22 + 4s + 24s+1) λ

µi24s

(
||µiu||4s

)
;

=



µ−1
i Φ(u);

µs−1
i Φ(u);

µ4s−1
i Φ(u);

µ4s−1
i Φ(u).
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From (2.5), we prove the following cases:
Case:1 L = 2−1 if i = 0;

‖ f (2u, 2u)− 8 f (u, u)− A(u, u)‖ ≤ λ

((
2−1)1−0

1− 2(−1)

)
= 5λ.

Case:2 L = 21 if i = 1,

‖ f (2u, 2u)− 8 f (u, u)− A(u, u)‖ ≤ λ

((
21)1−1

1− 21

)
= −5λ.

Case:3 L = 2s−1 for s < 1 if i = 0,

‖ f (2u, 2u)− 8 f (u, u)− A(u, u)‖ ≤
(
18 + 2s+1) λ

2s


(

2(s−1)
)1−0

1− 2(s−1)

 ||u||s = (
18 + 2s+1) λ

2− 2s ||u||s.

Case:4 L = 21−s for s > 1 if i = 1,

‖ f (2u, 2u)− 8 f (u, u)− A(u, u)‖ ≤
(
18 + 2s+1) λ

2s


(

2(1−s)
)1−1

1− 2(1−s)

 ||u||s = (
18 + 2s+1) λ

2s − 2
||u||s.

Case:5 L = 24s−1 for s < 1
4 if i = 0,

‖ f (2u, 2u)− 8 f (u, u)− A(u, u)‖ ≤ (4 + 4s) λ

24s


(

2(4s−1)
)1−0

1− 2(4s−1)

 ||u||4s =
(4 + 4s) λ

2− 24s ||u||
4s.

Case:6 L = 21−4s for s > 1
4 if i = 1,

‖ f (2u, 2u)− 8 f (u, u)− A(u, u)‖ ≤ (4 + 4s) λ

24s


(

2(1−4s)
)1−0

1− 2(1−4s)

 ||u||4s =
(4 + 4s) λ

24s − 2
||u||4s.

This completes the proof.

2.2 Cubic Stability Results

Theorem 2.2. Let D f : X → Y be a mapping for which there exist a function α : X4 → [0, ∞) with the condition

lim
k→∞

1
µ3k

i
α
(

µk
i x, µk

i y, µk
i u, µk

i v
)
= 0 (2.17)

where µi = 2 if i = 0 and µi =
1
2 if i = 1, such that the functional inequality with

‖D f (x, y, u, v)‖ ≤ α(x, y, u, v) (2.18)

for all x, y, u, v ∈ X. If there exists L = L(i) < 1 such that the function

u→ Φ(u) = β
(u

2
,

u
2

,
u
2

,
u
2

)
, (2.19)

has the property

Φ(u) = L
1

µ3
i

Φ (µiu) (2.20)

where β(u, u, u, u) = 4α(u, u, u, u) + α(2u, u, 2u, u) for all x ∈ X. Then there exists a unique cubic mapping C : X →
Y satisfying the functional equation (1.1) and

‖ f (2u, 2u)− 2 f (u, u)− C(u, u) ‖≤ L1−i

1− L
Φ(u) (2.21)

for all u ∈ X.
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Proof. Consider the set
Ω = {p/p : X → Y, p(0) = 0}

and introduce the generalized metric on Ω,

d(p, q) = inf{K ∈ (0, ∞) :‖ p(u)− q(u) ‖≤ KΦ(u), u ∈ X}.

It is easy to see that (Ω, d) is complete.
Define T : Ω→ Ω by

Tp(u) =
1

µ3
i

p(µiu),

for all u ∈ X. Now p, q ∈ Ω, we have

d(p, q) ≤ K ⇒‖ p(u)− q(u) ‖≤ KΦ(u), ∀u ∈ X.

⇒
∥∥∥∥∥ 1

µ3
i

p(µiu)−
1

µ3
i

q(µiu)

∥∥∥∥∥ ≤ 1
µ3

i
KΦ(µiu), ∀u ∈ X,

⇒
∥∥∥∥∥ 1

µ3
i

p(µiu)−
1

µ3
i

q(µiu)

∥∥∥∥∥ ≤ LKΦ(u), ∀u ∈ X,

⇒‖ Tp(u)− Tq(u) ‖≤ LKΦ(u), ∀u ∈ X,

⇒ d(p, q) ≤ LK.

This implies d(Tp, Tq) ≤ Ld(p, q), for all p, q ∈ Ω . i.e., T is a strictly contractive mapping on Ω with Lipschitz
constant L.
It is easy from (2.9) that

‖ f (4u, 4u)− 2 f (2u, 2u)− 8 ( f (2u, 2u)− 2 f (u, u))‖ ≤ β(u, u, u, u) (2.22)

for all u ∈ X. Let c : X → Y be a mapping defined by c(u, u) = f (2u, 2u)− 2 f (u, u). From (2.22), we conclude
that

‖c(2u, 2u)− 8c(u, u)‖ ≤ β(u, u, u, u) (2.23)

for all u ∈ X. From (2.23), we arrive∥∥∥∥ c(2u, 2u)
8

− c(u, u)
∥∥∥∥ ≤ 1

8
β(u, u, u, u) (2.24)

for all u ∈ X. Using (2.19) and (2.20) for the case i = 0 it reduces to∥∥∥∥ c(2u, 2u)
8

− c(u, u)
∥∥∥∥ ≤ LΦ(u)

for all u ∈ X,
i.e., d( f , T f ) ≤ L ≤ L1 < ∞.

Again replacing u =
u
2

in (2.23), we get∥∥∥c(u, u)− 8c
(u

2
,

u
2

)∥∥∥ ≤ β
(u

2
,

u
2

,
u
2

,
u
2

)
(2.25)

for all u ∈ X. Using (2.19) and (2.20) for the case i = 1 it reduces to∥∥∥c(u, u)− 8c
(u

2
,

u
2

)∥∥∥ ≤ Φ(u)

for all u ∈ X,
i.e., d( f , T f ) ≤ 1 ≤ L0 < ∞.

In both cases, we arrive
d( f , T f ) ≤ L1−i.
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Therefore, (A1) holds. By (A2), it follows that there exists a fixed point C of T in Ω such that

C(u, u) = lim
k→∞

1
µ3k

i

(
f (µk+1

i u, µk+1
i u)− 2 f (µk

i u, µk
i u)
)

(2.26)

for all u ∈ X.
To prove C : X → Y is cubic. Replacing (x, y, u, v) by

(
µk

i x, µk
i y, µk

i u, µk
i v
)

in (2.18) and dividing by µ3k
i , it

follows from (2.17) that

‖C(x, y, u, v)‖ = lim
k→∞

∥∥∥D f (µk
i x, µk

i y, µk
i u, µk

i v)
∥∥∥

µ3k
i

≤ lim
k→∞

α(µk
i x, µk

i y, µk
i u, µk

i v)
µ3k

i
= 0

for all x, y, u, v ∈ X. i.e., C satisfies the functional equation (1.1).
By (A3), C is the unique fixed point of T in the set ∆ = {C ∈ Ω : d( f , C) < ∞}, C is the unique function

such that
‖ f (2u, 2u)− 2 f (u, u)− C(u, u)‖ ≤ KΦ(u)

for all u ∈ X and K > 0. Finally by (A4), we obtain

d( f , C) ≤ 1
1− L

d( f , T f )

this implies

d( f , C) ≤ L1−i

1− L
which yields

‖ f (2u, 2u)− 2 f (u, u)− C(u, u) ‖≤ L1−i

1− L
Φ(u)

for all u ∈ X. This completes the proof.

The following corollary is an immediate consequence of Theorem 2.2 concerning the stability of (1.1).

Corollary 2.2. Let D f : X → Y be a mapping and there exits real numbers λ and s such that

‖D f (x, y, u, v)‖ ≤


λ,
λ (||x||s + ||y||s + ||u||s + ||v||s) , s 6= 3;
λ (||x||s||y||s||u||s||v||s) , s 6= 3

4 ;
λ
{
||x||s||y||s||u||s||v||s + ||x||4s + ||y||4s + ||u||4s + ||v||4s} , s 6= 3

4 ;

(2.27)

for all x, y, u, v ∈ X, then there exists a unique cubic function A : X → Y such that

‖ f (2u, 2u)− 8 f (u, u)− A(u, u)‖ ≤



5λ

7
,(

18 + 2s+1) λ||u||s

|23 − 2s| ,

(4 + 4s) λ||u||4s

|23 − 24s| ,(
22 + 4s + 24s+1) λ||u||4s

|23 − 24s| .

(2.28)

for all u ∈ X.

Proof. Setting

α(x, y, u, v) =


λ;
λ (||x||s + ||y||s + ||u||s + ||v||s) ;
λ (||x||s||y||s||u||s||v||s) ;
λ
{
||x||s||y||s||u||s||v||s + ||x||4s + ||y||4s + ||u||4s + ||v||4s} ;
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for all x, y, u, v ∈ X. Now,

α(µk
i x, µk

i y, µk
i u, µk

i u)
µ3k

i
=


λµ−3k

i ;

λµ
k(s−3)
i (||x||s + ||y||s + ||u||s + ||v||s);

λµ
k(4s−3)
i (||x||s||y||s||u||s||v||s);

λµ
k(4s−3)
i

{
||x||s||y||s||u||s||v||s + ||x||4s + ||y||4s + ||u||4s + ||v||4s

}
;

=


→ 0 as k→ ∞;
→ 0 as k→ ∞;
→ 0 as k→ ∞;
→ 0 as k→ ∞.

Thus, (2.17) is holds.
But we have Φ(u) = β

(u
2

,
u
2

,
u
2

,
u
2

)
has the property Φ(u) = L · 1

µ3
i

Φ (µiu) for all u ∈ X. Hence

Φ(u) = β
(u

2
,

u
2

,
u
2

,
u
2

)
=



5λ,(
18 + 2s+1) λ

2s ||u||s;
(4 + 4s) λ

24s ||u||4s;(
22 + 4s + 24s+1) λ

24s ||u||4s.

Now,

1
µ3

i
Φ(µiu) =



5λ

µ3
i

;(
18 + 2s+1) λ

µ3
i 2s (||µiu||s);

(4 + 4s) λ

µ3
i 24s

(
||µiu||4s

)
;(

22 + 4s + 24s+1) λ

µ3
i 24s

(
||µiu||4s

)
;

=



µ−3
i Φ(u);

µs−3
i Φ(u);

µ4s−3
i Φ(u);

µ4s−3
i Φ(u).

From (2.21), we prove the following cases:
Case:1 L = 2−3 if i = 0;

‖ f (2u, 2u)− 2 f (u, u)− C(u, u)‖ ≤ 5λ

((
2−3)1−0

1− 2(−3)

)
=

5λ

7
.

Case:2 L = 23 if i = 1,

‖ f (2u, 2u)− 2 f (u, u)− C(u, u)‖ ≤ 5λ

((
23)1−1

1− 23

)
=
−5λ

7
.

Case:3 L = 2s−3 for s < 3 if i = 0,

‖ f (2u, 2u)− 2 f (u, u)− C(u, u)‖ ≤
(
18 + 2s+1) λ

2s


(

2(s−3)
)1−0

1− 2(s−3)

 ||u||s = (
18 + 2s+1) λ

23 − 2s ||u||s.

Case:4 L = 23−s for s > 3 if i = 1,

‖ f (2u, 2u)− 2 f (u, u)− C(u, u)‖ ≤
(
18 + 2s+1) λ

2s


(

2(3−s)
)1−1

1− 2(3−s)

 ||u||s = (
18 + 2s+1) λ

2s − 23 ||u||s.
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Case:5 L = 24s−3 for s < 3
4 if i = 0,

‖ f (2u, 2u)− 2 f (u, u)− C(u, u)‖ ≤ (4 + 4s) λ

24s


(

2(4s−3)
)1−0

1− 2(4s−3)

 ||u||4s =
(4 + 4s) λ

23 − 24s ||u||
4s.

Case:6 L = 23−4s for s > 3
4 if i = 1,

‖ f (2u, 2u)− 2 f (u, u)− C(u, u)‖ ≤ (4 + 4s) λ

24s


(

2(3−4s)
)1−0

1− 2(3−4s)

 ||u||4s =
(4 + 4s) λ

24s − 23 ||u||
4s.

This finishes the proof.

2.3 Additive-Cubic Mixed Stability Results

Theorem 2.3. Let D f : X → Y be a mapping for which there exist a function α : X4 → [0, ∞) with the condition
given in (2.1) and (2.17) respectively, such that the functional inequality

‖D f (x, y, u, v)‖ ≤ α(x, y, u, v) (2.29)

for all x, y, u, v ∈ X. If there exists L = L(i) < 1 such that the function

u→ Φ(u) = β
(u

2
,

u
2

,
u
2

,
u
2

)
, (2.30)

has the property (2.4) and (2.20), then there exists a unique 2-variable additive function A : X → Y and a unique
2-variable cubic function C : X → Y satisfying the functional equation (1.1) and

‖ f (u, u)− A(u, u)− C(u, u) ‖≤ L1−i

1− L
Φ(u) (2.31)

for all u ∈ X.

Proof. By Theorems 2.1 and 2.2, there exists a unique 2-variable additive function A1 : X → Y and a unique
2-variable cubic function C1 : X → Y such that

‖ f (2u, 2u)− 8 f (u, u)− A1(u, u)‖ ≤ L1−i

1− L
Φ(u) (2.32)

for all u ∈ X and

‖ f (2u, 2u)− 2 f (u, u)− C1(u, u)‖ ≤ L1−i

1− L
Φ(u) (2.33)

for all u ∈ X. Now, from (2.32) and (2.33) that∥∥∥∥ f (u, u) +
1
6

A1(u, u)− 1
6

C1(u, u)
∥∥∥∥ =

∥∥∥∥{− f (2u, 2u)
6

+
8
6

f (u, u) +
1
6

A1(u, u)
}

+

{
f (2u, 2u)

6
− 2

6
f (u, u)− 1

6
C1(u, u)

}∥∥∥∥
≤ 1

6
‖{− f (2u, 2u) + 8 f (u, u) + A1(u, u)}

+ { f (2u, 2u)− 2 f (u, u)− C1(u, u)}‖

≤ 1
6

{
L1−i

1− L
Φ(u) +

L1−i

1− L
Φ(u)

}
for all u ∈ X. Thus we obtain (2.31) by defining A(u, u) = −1

6 A1(u, u) and C(u, u) = 1
6 C1(u, u), where A(u, u)

and C(u, u) are defined in (2.14) and (2.26) respectively, for all u ∈ X.
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The following corollary is an immediate consequence of Theorem 2.3 concerning the stability of (1.1).

Corollary 2.3. Let D f : X → Y be a mapping and there exits real numbers λ and s such that

‖D f (x, y, u, v)‖ ≤


λ,
λ (||x||s + ||y||s + ||u||s + ||v||s) , s 6= 1, 3;
λ (||x||s||y||s||u||s||v||s) , s 6= 1

4 , 3
4 ;

λ
{
||x||s||y||s||u||s||v||s + ||x||4s + ||y||4s + ||u||4s + ||v||4s} , s 6= 1

4 , 3
4 ;

(2.34)

for all x, y, u, v ∈ X, then there exists a unique 2-variable additive function A : X → Y and a unique 2-variable cubic
function C : X → Y such that

‖ f (u, u)− A(u, u)− C(u, u)‖ ≤



20λ

21
;(

18 + 2s+1)
6

(
1

|2− 2s| +
1

|23 − 2s|

)
λ||u||s;

(4 + 4s)

6

(
1

|2− 24s| +
1

|23 − 24s|

)
λ||u||4s;(

22 + 4s + 24s+1)
6

(
1

|2− 24s| +
1

|23 − 24s|

)
λ||u||4s;

(2.35)

for all u ∈ X.

3 Stability Results: Even Case

In this section, the authors given the generalized Ulam-Hyers stability of the functional equation (1.1) for even
case using fixed point method.

3.1 Quadratic Stability Results

Theorem 3.4. Let D f : X → Y be a mapping for which there exist a function α : X4 → [0, ∞) with the condition

lim
k→∞

1
µ2k

i
α
(

µk
i x, µk

i y, µk
i u, µk

i v
)
= 0 (3.1)

where µi = 2 if i = 0 and µi =
1
2 if i = 1, such that the functional inequality with

‖D f (x, y, u, v)‖ ≤ α(x, y, u, v) (3.2)

for all x, y, u, v ∈ X. If there exists L = L(i) < 1 such that the function

u→ Φ(u) = β
(u

2
,

u
2

,
u
2

,
u
2

)
, (3.3)

has the property

Φ(u) = L
1

µ2
i

Φ (µiu) (3.4)

where β(u, u, u, u) = 4α(u, u, u, u) + α(2u, u, 2u, u) for all u ∈ X. Then there exists a unique 2-variable quadratic
mapping Q2 : X → Y satisfying the functional equation (1.1) and

‖ f (2u, 2u)− 16 f (u, u)−Q2(u, u) ‖≤ L1−i

1− L
Φ(u) (3.5)

for all u ∈ X.

Proof. Consider the set
Ω = {p/p : X → Y, p(0) = 0}

and introduce the generalized metric on Ω,

d(p, q) = inf{K ∈ (0, ∞) :‖ p(u)− q(u) ‖≤ KΦ(u), u ∈ X}.
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It is easy to see that (Ω, d) is complete.
Define T : Ω→ Ω by

Tp(u) =
1

µ2
i

p(µiu),

for all u ∈ X. Now p, q ∈ Ω, we have

d(p, q) ≤ K ⇒‖ p(u)− q(u) ‖≤ KΦ(u), ∀u ∈ X.

⇒
∥∥∥∥∥ 1

µ2
i

p(µiu)−
1

µ2
i

q(µiu)

∥∥∥∥∥ ≤ 1
µ2

i
KΦ(µiu), ∀u ∈ X,

⇒
∥∥∥∥∥ 1

µ2
i

p(µiu)−
1

µ2
i

q(µiu)

∥∥∥∥∥ ≤ LKΦ(u), ∀u ∈ X,

⇒‖ Tp(u)− Tq(u) ‖≤ LKΦ(u), ∀u ∈ X,

⇒ d(p, q) ≤ LK.

This implies d(Tp, Tq) ≤ Ld(p, q), for all p, q ∈ Ω . i.e., T is a strictly contractive mapping on Ω with Lipschitz
constant L.
Replacing (x, y, u, v) by (u, u, u, u) in (3.2) and using evenness of f , we get

‖ f (3u, 3u)− 6 f (2u, 2u) + 15 f (u, u)‖ ≤ ‖α(u, u, u, u)‖ (3.6)

for all u ∈ X. Replacing (x, y, u, v) by (2u, u, 2u, u) in (3.2), we obtain

‖ f (4u, 4u)− 4 f (3u, 3u) + 4 f (2u, 2u) + 4 f (u, u)‖ ≤ ‖α(2u, u, 2u, u)‖ (3.7)

for all u ∈ X. Now, from (3.6) and (3.7), we have

‖ f (4u, 4u)− 20 f (2u, 2u) + 64 f (u, u)‖
≤ 4 ‖ f (3u, 3u)− 6 f (2u, 2u) + 15 f (u, u)‖+ ‖ f (4u, 4u)− 4 f (3u, 3u) + 4 f (2u, 2u) + 4 f (u, u)‖
≤ 4α(u, u, u, u) + α(2u, u, 2u, u) (3.8)

for all u ∈ X. From (3.8), we arrive

‖ f (4u, 4u)− 20 f (2u, 2u) + 64 f (u, u)‖ ≤ β(u, u, u, u) (3.9)

where β(u, u, u, u) = 4α(u, u, u, u) + α(2u, u, 2u, u) for all u ∈ X. It is easy from (3.9) that

‖ f (4u, 4u)− 16 f (2u, 2u)− 4 ( f (2u, 2u)− 16 f (u, u))‖ ≤ β(u, u, u, u) (3.10)

for all u ∈ X. Let q2 : X → Y be a mapping defined by q2(u, u) = f (2u, 2u) − 16 f (u, u). From (3.10), we
conclude that

‖q2(2u, 2u)− 4q2(u, u)‖ ≤ β(u, u, u, u) (3.11)

for all u ∈ X. From (3.11), we arrive∥∥∥∥ q2(2u, 2u)
4

− q2(u, u)
∥∥∥∥ ≤ 1

4
β(u, u, u, u) (3.12)

for all u ∈ X. Using (3.3) and (3.4) for the case i = 0 it reduces to∥∥∥∥ q2(2u, 2u)
4

− q2(u, u)
∥∥∥∥ ≤ LΦ(u)

for all u ∈ X,
i.e., d( f , T f ) ≤ L ≤ L1 < ∞.

Again replacing u =
u
2

in (3.11), we get∥∥∥q2(u, u)− 4q2

(u
2

,
u
2

)∥∥∥ ≤ β
(u

2
,

u
2

,
u
2

,
u
2

)
(3.13)
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for all u ∈ X. Using (3.3) and (3.4) for the case i = 1 it reduces to∥∥∥q2(u, u)− 4q2

(u
2

,
u
2

)∥∥∥ ≤ Φ(u)

for all u ∈ X,
i.e., d( f , T f ) ≤ 1 ≤ L0 < ∞.

In both cases, we arrive
d( f , T f ) ≤ L1−i.

Therefore, (A1) holds. By (A2), it follows that there exists a fixed point Q2 of T in Ω such that

Q2(u, u) = lim
k→∞

1
µ2k

i

(
f (µk+1

i u, µk+1
i u)− 16 f (µk

i u, µk
i u)
)

(3.14)

for all u ∈ X.
To prove Q2 : X → Y is quadratic. Replacing (x, y, u, v) by

(
µk

i x, µk
i y, µk

i u, µk
i v
)

in (3.2) and dividing by

µ2k
i , it follows from (3.1) that

‖Q2(x, y, u, v)‖ = lim
k→∞

∥∥∥D f (µk
i x, µk

i y, µk
i u, µk

i v)
∥∥∥

µ2k
i

≤ lim
k→∞

α(µk
i x, µk

i y, µk
i u, µk

i v)
µ2k

i
= 0

for all x, y, u, v ∈ X. i.e., Q2 satisfies the functional equation (1.1).
By (A3), Q2 is the unique fixed point of T in the set ∆ = {Q2 ∈ Ω : d( f , Q2) < ∞}, Q2 is the unique

function such that
‖ f (2u, 2u)− 16 f (u, u)−Q2(u, u)‖ ≤ KΦ(u)

for all u ∈ X and K > 0. Finally by (A4), we obtain

d( f , Q2) ≤
1

1− L
d( f , T f )

this implies

d( f , Q2) ≤
L1−i

1− L
which yields

‖ f (2u, 2u)− 16 f (u, u)−Q2(u, u) ‖≤ L1−i

1− L
Φ(u)

for all u ∈ X. This finishes the proof.

The following corollary is an immediate consequence of Theorem 3.4 concerning the stability of (1.1).

Corollary 3.4. Let D f : X → Y be a mapping and there exits real numbers λ and s such that

‖D f (x, y, u, v)‖ ≤


λ,
λ (||x||s + ||y||s + ||u||s + ||v||s) , s 6= 2;
λ (||x||s||y||s||u||s||v||s) , s 6= 1

2 ;
λ
{
||x||s||y||s||u||s||v||s + ||x||4s + ||y||4s + ||u||4s + ||v||4s} , s 6= 1

2 ;

(3.15)

for all x, y, u, v ∈ X, then there exists a unique 2-variable quadratic function Q2 : X → Y such that

‖ f (2u, 2u)− 16 f (u, u)−Q2(u, u)‖ ≤



5λ

3
,(

18 + 2s+1) λ||u||s

|22 − 2s| ,

(4 + 4s) λ||u||4s

|22 − 24s| ,(
22 + 4s + 24s+1) λ||u||4s

|22 − 24s| .

(3.16)

for all u ∈ X.
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Proof. Setting

α(x, y, u, v) =


λ;
λ (||x||s + ||y||s + ||u||s + ||v||s) ;
λ (||x||s||y||s||u||s||v||s) ;
λ
{
||x||s||y||s||u||s||v||s + ||x||4s + ||y||4s + ||u||4s + ||v||4s} ;

for all x, y, u, v ∈ X. Now,

α(µk
i x, µk

i y, µk
i u, µk

i u)
µ2k

i
=


λµ−2k

i ;

λµ
k(s−2)
i (||x||s + ||y||s + ||u||s + ||v||s);

λµ
k(4s−2)
i (||x||s||y||s||u||s||v||s);

λµ
k(4s−2)
i

{
||x||s||y||s||u||s||v||s + ||x||4s + ||y||4s + ||u||4s + ||v||4s

}
;

=


→ 0 as k→ ∞;
→ 0 as k→ ∞;
→ 0 as k→ ∞;
→ 0 as k→ ∞.

Thus, (3.1) is holds.
But we have Φ(u) = β

(u
2

,
u
2

,
u
2

,
u
2

)
has the property Φ(u) = L · 1

µ2
i

Φ (µiu) for all u ∈ X. Hence,

Φ(u) = β
(u

2
,

u
2

,
u
2

,
u
2

)
=



5λ,(
18 + 2s+1) λ

2s ||u||s;
(4 + 4s) λ

24s ||u||4s;(
22 + 4s + 24s+1) λ

24s ||u||4s.

Now,

1
µ2

i
Φ(µiu) =



5λ

µi
;(

18 + 2s+1) λ

µ2
i 2s (||µiu||s);

(4 + 4s) λ

µ2
i 24s

(
||µiu||4s

)
;(

22 + 4s + 24s+1) λ

µ2
i 24s

(
||µiu||4s

)
;

=



µ−2
i Φ(u);

µs−2
i Φ(u);

µ4s−2
i Φ(u);

µ4s−2
i Φ(u).

From (3.5), we prove the following cases:
Case:1 L = 2−2 if i = 0;

‖ f (2u, 2u)− 16 f (u, u)−Q2(u, u)‖ ≤ λ

((
2−2)1−0

1− 2(−2)

)
=

5λ

3
.

Case:2 L = 21 if i = 1,

‖ f (2u, 2u)− 16 f (u, u)−Q2(u, u)‖ ≤ λ

((
22)1−1

1− 22

)
=
−5λ

3
.

Case:3 L = 2s−2 for s < 2 if i = 0,

‖ f (2u, 2u)− 16 f (u, u)−Q2(u, u)‖ ≤
(
18 + 2s+1) λ

2s


(

2(s−2)
)1−0

1− 2(s−2)

 ||u||s = (
18 + 2s+1) λ

22 − 2s ||u||s.
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Case:4 L = 22−s for s > 2 if i = 1,

‖ f (2u, 2u)− 16 f (u, u)−Q2(u, u)‖ ≤
(
18 + 2s+1) λ

2s


(

2(2−s)
)1−1

1− 2(2−s)

 ||u||s = (
18 + 2s+1) λ

2s − 22 ||u||s.

Case:5 L = 24s−2 for s < 1
2 if i = 0,

‖ f (2u, 2u)− 16 f (u, u)−Q2(u, u)‖ ≤ (4 + 4s) λ

24s


(

2(4s−2)
)1−0

1− 2(4s−2)

 ||u||4s =
(4 + 4s) λ

22 − 24s ||u||
4s.

Case:6 L = 22−4s for s > 2
4 if i = 1,

‖ f (2u, 2u)− 16 f (u, u)−Q2(u, u)‖ ≤ (4 + 4s) λ

24s


(

2(2−4s)
)1−0

2− 2(1−4s)

 ||u||4s =
(4 + 4s) λ

24s − 22 ||u||
4s.

This completes the proof.

3.2 Quartic Stability Results

Theorem 3.5. Let D f : X → Y be a mapping for which there exist a function α : X4 → [0, ∞) with the condition

lim
k→∞

1
µ4k

i
α
(

µk
i x, µk

i y, µk
i u, µk

i v
)
= 0 (3.17)

where µi = 2 if i = 0 and µi =
1
2 if i = 1, such that the functional inequality with

‖D f (x, y, u, v)‖ ≤ α(x, y, u, v) (3.18)

for all x, y, u, v ∈ X. If there exists L = L(i) < 1 such that the function

u→ Φ(u) = β
(u

2
,

u
2

,
u
2

,
u
2

)
, (3.19)

has the property

Φ(u) = L
1

µ4
i

Φ (µiu) (3.20)

where β(u, u, u, u) = 4α(u, u, u, u) + α(2u, u, 2u, u) for all x ∈ X. Then there exists a unique 2-variable quartic
mapping Q4 : X → Y satisfying the functional equation (1.1) and

‖ f (2u, 2u)− 4 f (u, u)−Q4(u, u) ‖≤ L1−i

1− L
Φ(u) (3.21)

for all u ∈ X.

Proof. Consider the set
Ω = {p/p : X → Y, p(0) = 0}

and introduce the generalized metric on Ω,

d(p, q) = inf{K ∈ (0, ∞) :‖ p(u)− q(u) ‖≤ KΦ(u), u ∈ X}.

It is easy to see that (Ω, d) is complete.
Define T : Ω→ Ω by

Tp(u) =
1

µ4
i

p(µiu),
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for all u ∈ X. Now p, q ∈ Ω, we have

d(p, q) ≤ K ⇒‖ p(u)− q(u) ‖≤ KΦ(u), ∀u ∈ X.

⇒
∥∥∥∥∥ 1

µ4
i

p(µiu)−
1

µ4
i

q(µiu)

∥∥∥∥∥ ≤ 1
µ4

i
KΦ(µiu), ∀u ∈ X,

⇒
∥∥∥∥∥ 1

µ4
i

p(µiu)−
1

µ4
i

q(µiu)

∥∥∥∥∥ ≤ LKΦ(u), ∀u ∈ X,

⇒‖ Tp(u)− Tq(u) ‖≤ LKΦ(u), ∀u ∈ X,

⇒ d(p, q) ≤ LK.

This implies d(Tp, Tq) ≤ Ld(p, q), for all p, q ∈ Ω . i.e., T is a strictly contractive mapping on Ω with Lipschitz
constant L.
It is easy from (3.9) that

‖ f (4u, 4u)− 4 f (2u, 2u)− 16 ( f (2u, 2u)− 4 f (u, u))‖ ≤ β(u, u, u, u) (3.22)

for all u ∈ X. Let q4 : X → Y be a mapping defined by q4(u, u) = f (2u, 2u) − 4 f (u, u). From (3.22), we
conclude that

‖q4(2u, 2u)− 16q4(u, u)‖ ≤ β(u, u, u, u) (3.23)

for all u ∈ X. From (3.23), we arrive∥∥∥∥ q4(2u, 2u)
16

− q4(u, u)
∥∥∥∥ ≤ 1

16
β(u, u, u, u) (3.24)

for all u ∈ X. Using (3.19) and (3.20) for the case i = 0 it reduces to∥∥∥∥ q4(2u, 2u)
16

− q4(u, u)
∥∥∥∥ ≤ LΦ(u)

for all u ∈ X,
i.e., d( f , T f ) ≤ L ≤ L1 < ∞.

Again replacing u =
u
2

in (3.23), we get∥∥∥q4(u, u)− 16q4

(u
2

,
u
2

)∥∥∥ ≤ β
(u

2
,

u
2

,
u
2

,
u
2

)
(3.25)

for all u ∈ X. Using (3.19) and (3.20) for the case i = 1 it reduces to∥∥∥q4(u, u)− 8q4

(u
2

,
u
2

)∥∥∥ ≤ Φ(u)

for all u ∈ X,
i.e., d( f , T f ) ≤ 1 ≤ L0 < ∞.

In both cases, we arrive
d( f , T f ) ≤ L1−i.

Therefore, (A1) holds. By (A2), it follows that there exists a fixed point Q4 of T in Ω such that

Q4(u, u) = lim
k→∞

1
µ4k

i

(
f (µk+1

i u, µk+1
i u)− 4 f (µk

i u, µk
i u)
)

(3.26)

for all u ∈ X.
To prove Q4 : X → Y is quartic. Replacing (x, y, u, v) by

(
µk

i x, µk
i y, µk

i u, µk
i v
)

in (3.18) and dividing by µ4k
i ,

it follows from (3.17) that

‖Q4(x, y, u, v)‖ = lim
k→∞

∥∥∥D f (µk
i x, µk

i y, µk
i u, µk

i v)
∥∥∥

µ4k
i

≤ lim
k→∞

α(µk
i x, µk

i y, µk
i u, µk

i v)
µ4k

i
= 0
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for all x, y, u, v ∈ X. i.e., Q4 satisfies the functional equation (1.1).
By (A3), Q4 is the unique fixed point of T in the set ∆ = {Q4 ∈ Ω : d( f , Q4) < ∞}, Q4 is the unique

function such that
‖ f (2u, 2u)− 4 f (u, u)−Q4(u, u)‖ ≤ KΦ(u)

for all u ∈ X and K > 0. Finally by (A4), we obtain

d( f , Q4) ≤
1

1− L
d( f , T f )

this implies

d( f , Q4) ≤
L1−i

1− L
which yields

‖ f (2u, 2u)− 4 f (u, u)−Q4(u, u) ‖≤ L1−i

1− L
Φ(u)

for all u ∈ X. This completes the proof.

The following corollary is an immediate consequence of Theorem 3.5 concerning the stability of (1.1).

Corollary 3.5. Let D f : X → Y be a mapping and there exits real numbers λ and s such that

‖D f (x, y, u, v)‖ ≤


λ,
λ (||x||s + ||y||s + ||u||s + ||v||s) , s 6= 4;
λ (||x||s||y||s||u||s||v||s) , s 6= 1;
λ
{
||x||s||y||s||u||s||v||s + ||x||4s + ||y||4s + ||u||4s + ||v||4s} , s 6= 1;

(3.27)

for all x, y, u, v ∈ X, then there exists a unique 2-variable quartic function A : X → Y such that

‖ f (2u, 2u)− 4 f (u, u)−Q4(u, u)‖ ≤



5λ

15
,(

18 + 2s+1) λ||u||s

|24 − 2s| ,

(4 + 4s) λ||u||4s

|24 − 24s| ,(
22 + 4s + 24s+1) λ||u||4s

|24 − 24s| .

(3.28)

for all u ∈ X.

Proof. Setting

α(x, y, u, v) =


λ;
λ (||x||s + ||y||s + ||u||s + ||v||s) ;
λ (||x||s||y||s||u||s||v||s) ;
λ
{
||x||s||y||s||u||s||v||s + ||x||4s + ||y||4s + ||u||4s + ||v||4s} ;

for all x, y, u, v ∈ X. Now,

α(µk
i x, µk

i y, µk
i u, µk

i u)
µ4k

i
=


λµ−4k

i ;

λµ
k(s−4)
i (||x||s + ||y||s + ||u||s + ||v||s);

λµ
k(4s−4)
i (||x||s||y||s||u||s||v||s);

λµ
k(4s−4)
i

{
||x||s||y||s||u||s||v||s + ||x||4s + ||y||4s + ||u||4s + ||v||4s

}
;

=


→ 0 as k→ ∞;
→ 0 as k→ ∞;
→ 0 as k→ ∞;
→ 0 as k→ ∞.

Thus, (3.17) is holds.



258 M. Arunkumar et al. / Stability of 2-Variable Additive-Quadratic-Cubic-Quartic...

But we have Φ(u) = β
(u

2
,

u
2

,
u
2

,
u
2

)
has the property Φ(u) = L · 1

µ4
i

Φ (µiu) for all u ∈ X. Hence

Φ(u) = β
(u

2
,

u
2

,
u
2

,
u
2

)
=



5λ,(
18 + 2s+1) λ

2s ||u||s;
(4 + 4s) λ

24s ||u||4s;(
22 + 4s + 24s+1) λ

24s ||u||4s.

Now,

1
µ4

i
Φ(µiu) =



5λ

µ4
i

;(
18 + 2s+1) λ

µ4
i 2s (||µiu||s);

(4 + 4s) λ

µ4
i 24s

(
||µiu||4s

)
;(

22 + 4s + 24s+1) λ

µ4
i 24s

(
||µiu||4s

)
;

=



µ−4
i Φ(u);

µs−4
i Φ(u);

µ4s−4
i Φ(u);

µ4s−4
i Φ(u).

From (3.21), we prove the following cases:
Case:1 L = 2−4 if i = 0;

‖ f (2u, 2u)− 4 f (u, u)−Q4(u, u)‖ ≤ 5λ

((
2−4)1−0

1− 2(−4)

)
=

5λ

16
.

Case:2 L = 24 if i = 1,

‖ f (2u, 2u)− 4 f (u, u)−Q4(u, u)‖ ≤ 5λ

((
24)1−1

1− 24

)
=
−5λ

16
.

Case:3 L = 2s−4 for s < 4 if i = 0,

‖ f (2u, 2u)− 4 f (u, u)−Q4(u, u)‖ ≤
(
18 + 2s+1) λ

2s


(

2(s−4)
)1−0

1− 2(s−4)

 ||u||s = (
18 + 2s+1) λ

24 − 2s ||u||s.

Case:4 L = 24−s for s > 3 if i = 1,

‖ f (2u, 2u)− 4 f (u, u)−Q4(u, u)‖ ≤
(
18 + 2s+1) λ

2s


(

2(4−s)
)1−1

1− 2(4−s)

 ||u||s = (
18 + 2s+1) λ

2s − 24 ||u||s.

Case:5 L = 24s−4 for s < 1 if i = 0,

‖ f (2u, 2u)− 4 f (u, u)−Q4(u, u)‖ ≤ (4 + 4s) λ

24s


(

2(4s−4)
)1−0

1− 2(4s−4)

 ||u||4s =
(4 + 4s) λ

24 − 24s ||u||
4s.

Case:6 L = 24−4s for s > 1 if i = 1,

‖ f (2u, 2u)− 4 f (u, u)−Q4(u, u)‖ ≤ (4 + 4s) λ

24s


(

2(4−4s)
)1−0

1− 2(4−4s)

 ||u||4s =
(4 + 4s) λ

24s − 24 ||u||
4s.

This finishes the proof.
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3.3 Quadratic-Quartic Mixed Stability Results

Theorem 3.6. Let D f : X → Y be a mapping for which there exist a function α : X4 → [0, ∞) with the condition
given in (3.1) and (3.17) respectively, such that the functional inequality

‖D f (x, y, u, v)‖ ≤ α(x, y, u, v) (3.29)

for all x, y, u, v ∈ X. If there exists L = L(i) < 1 such that the function

u→ Φ(u) = β
(u

2
,

u
2

,
u
2

,
u
2

)
, (3.30)

has the property (3.4) and (3.20), then there exists a unique 2-variable quadratic function Q2 : X → Y and a unique
2-variable quartic function Q4 : X → Y satisfying the functional equation (1.1) and

‖ f (u, u)−Q2(u, u)−Q4(u, u) ‖≤ L1−i

1− L
Φ(u) (3.31)

for all u ∈ X.

Proof. By Theorems 3.4 and 3.5, there exists a unique 2-variable quadratic function Q21 : X → Y and a unique
2-variable quartic function Q41 : X → Y such that∥∥ f (2u, 2u)− 16 f (u, u)−Q21(u, u)

∥∥ ≤ L1−i

1− L
Φ(u) (3.32)

for all u ∈ X and ∥∥ f (2u, 2u)− 4 f (u, u)−Q41(u, u)
∥∥ ≤ L1−i

1− L
Φ(u) (3.33)

for all u ∈ X. Now, from (3.32) and (3.33) that∥∥∥∥ f (u, u) +
1

12
Q21(u, u)− 1

12
Q41(u, u)

∥∥∥∥ =

∥∥∥∥{− f (2u, 2u)
12

+
16
12

f (u, u) +
1
12

Q21(u, u)
}

+

{
f (2u, 2u)

12
− 4

12
f (u, u)− 1

12
Q41(u, u)

}∥∥∥∥
≤ 1

12

∥∥{ f (2u, 2u)− 16 f (u, u)−Q21(u, u)
}

+
{

f (2u, 2u)− 4 f (u, u)−Q41(u, u)
}∥∥

≤ 1
12

{
L1−i

1− L
Φ(u) +

L1−i

1− L
Φ(u)

}
for all u ∈ X. Thus we obtain (3.31) by defining Q2(u, u) = −1

12 Q21(u, u) and Q4(u, u) = 1
12 Q41(u, u), where

Q2(u, u) and Q4(u, u) are defined in (3.14) and (3.26) respectively, for all u ∈ X.

The following corollary is an immediate consequence of Theorem 3.6 concerning the stability of (1.1).

Corollary 3.6. Let D f : X → Y be a mapping and there exits real numbers λ and s such that

‖D f (x, y, u, v)‖ ≤


λ,
λ (||x||s + ||y||s + ||u||s + ||v||s) , s 6= 2, 4;
λ (||x||s||y||s||u||s||v||s) , s 6= 1

2 , 1;
λ
{
||x||s||y||s||u||s||v||s + ||x||4s + ||y||4s + ||u||4s + ||v||4s} , s 6= 1

2 , 1;

(3.34)

for all x, y, u, v ∈ X, then there exists a unique 2-variable quadratic function Q2 : X → Y and a unique 2-variable
quartic function Q4 : X → Y such that

‖ f (u, u)−Q2(u, u)−Q4(u, u)‖ ≤



λ

18
;(

18 + 2s+1)
6

(
1

|22 − 2s| +
1

|24 − 2s|

)
λ||u||s;

(4 + 4s)

12

(
1

|22 − 24s| +
1

|24 − 24s|

)
λ||u||4s;(

22 + 4s + 24s+1)
12

(
1

|22 − 24s| +
1

|24 − 24s|

)
λ||u||4s;

(3.35)

for all u ∈ X.
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4 Additive-Quadratic-Cubic-Quartic Mixed Stability Results

In this section, the authors proved the additive-quadratic-cubic-quartic mixed stability of the functional equa-
tion (1.1) using fixed point method.

Theorem 4.7. Let j = ±1. Let D f : X2 → Y be a mapping for which there exist a function α : X4 → [0, ∞) with the
condition given in (2.1), (2.17), (3.1) and (3.17) respectively, such that the functional inequality

‖D f (x, y, u, v)‖ ≤ α(x, y, u, v) (4.1)

for all x, y, u, v ∈ X. Then there exists a unique 2-variable additive mapping A(u, u) : X2 → Y, a unique 2-variable
quadratic mapping Q2(u, u) : X2 → Y, a unique 2-variable cubic mapping C(u, u) : X2 → Y and a unique 2-variable
quartic mapping Q4(u, u) : X2 → Ysatisfying the functional equation (1.1) and

‖g(u, u)− A(u, u)−Q2(u, u)− C(u, u)−Q4(u, u)‖ L1−i

1− L
(
ΦAC(u) + ΦQ2Q4(u)

)
(4.2)

for all u ∈ X, where ΦAC(u) and ΦQ2Q4(u) are defined by

ΦAC(u) =
1
6
[Φ(u) + Φ(−u)] (4.3)

ΦQ2Q4(u) =
1

12
[Φ(u) + Φ(−u)] (4.4)

respectively, for all u ∈ X.

Proof. Let fo(u, u) =
1
2
( f (u, u)− f (−u,−u)) for all u ∈ X. Then fo(0, 0) = 0 and fo(−u,−u) = − fo(u, u) for

all u ∈ X. Hence

‖D fo(x, y, u, v)‖ ≤ 1
2
{α(x, y, u, v) + α(−x,−y,−u,−v)} (4.5)

for all x, y, u, v ∈ X. By Theorem 2.3, there exists a unique 2-variable additive function A(u, u) : X2 → Y and
a unique 2-variable cubic function C(u, u) : X2 → Y such that

‖ fo(u, u)− A(u, u)− C(u, u)‖ ≤ 1
2

{
1
3

L1−i

1− L
Φ(u) +

1
3

L1−i

1− L
Φ(−u)

}
≤ 1

6
L1−i

1− L
{Φ(u) + Φ(−u)} , (4.6)

for all u ∈ X. Also, let fe(u, u) =
1
2
( f (u, u) + f (−u,−u)) for all u ∈ X. Then fe(0, 0) = 0 and fe(−u,−u) =

fe(u, u) for all u ∈ X. Hence

‖D fe(x, y, u, v)‖ ≤ 1
2
{α(x, y, u, v) + α(−x,−y,−u,−v)} (4.7)

for all x, y, u, v ∈ X. By Theorem 3.6, there exists a unique 2-variable quadratic mapping Q2(u, u) : X2 → Y
and a unique 2-variable quartic mapping Q4(u, u) : X2 → Y such that

‖ fe(u, u)−Q2(u, u)−Q4(u, u)‖ ≤≤ 1
2

{
1
6

L1−i

1− L
Φ(u) +

1
6

L1−i

1− L
Φ(u−)

}
≤ 1

12
L1−i

1− L
{Φ(u) + Φ(−u)} , (4.8)

for all u ∈ X. Define

f (u, u) = fo(u, u) + fe(u, u) (4.9)
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for all u ∈ X. Now from (4.6), (4.8) and (4.9)

‖ f (u, u)− A(u, u)−Q2(u, u)− C(u, u)−Q4(u, u)‖
= ‖ fo(u, u) + fe(u, u)− A(u, u)−Q2(u, u)− C(u, u)−Q4(u, u)‖
≤ ‖ fo(u, u)− A(u, u)− C(u, u)‖+ ‖ fe(u, u)−Q2(u, u)−Q4(u, u)‖

≤ 1
6

L1−i

1− L
{Φ(u) + Φ(−u)}+ 1

12
L1−i

1− L
{Φ(u) + Φ(−u)}

≤ L1−i

1− L
{

ΦAC(u) + ΦQ2Q4(u)
}

(4.10)

for all u ∈ X. This finishes the proof.

The following corollary is an immediate consequence of Theorem 4.7, using Corollaries 2.3 and 3.6 con-
cerning stability of (1.1).

Corollary 4.7. Let D f : X2 → Y be a mapping and there exits real numbers λ and s such that

‖D f (x, y, u, v)‖

≤


λ,
λ {||x||s + ||y||s + ||u||s + ||v||s} , s 6= 1, 2, 3, 4;
λ||x||s||y||s||u||s||v||s, s 6= 1

4 , 1
2 , 3

4 , 1;
λ
{
||x||s||y||s||u||s||v||s +

{
||x||4s + ||y||4s + ||u||4s + ||v||4s}} , s 6= 1

4 , 1
2 , 3

4 , 1;

(4.11)

for all x, y, u, v ∈ X, then there exists a unique 2-variable additive mapping A(u, u) : X2 → Y, a unique 2-variable
quadratic mapping Q2(u, u) : X2 → Y, a unique 2-variable cubic mapping C(u, u) : X2 → Y and a unique 2-variable
quartic mapping Q4(u, u) : X2 → Y such that

‖ f (u, u)− A(u, u)−Q2(u, u)− C(u, u)−Q4(u, u)‖

≤



5ρ

6

(
1 +

1
7
+

1
2 · 3 +

1
2 · 15

)
,

(18 + 2s+1)

6

(
1

|2− 2s| +
1

|8− 2s| +
1

2|4− 2s| +
1

2|16− 2s|

)
ρ||u||s,

(4 + 22s)

6

(
1

|2− 24s| +
1

|8− 24s| +
1

2|4− 24s| +
1

2|16− 24s|

)
ρ||u||4s

(22 + 22s + 24s+1)

6

(
1

|2− 24s| +
1

|8− 24s| +
1

2|4− 24s| +
1

2|16− 24s|

)
ρ||u||4s

(4.12)

for all u ∈ X.
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[10] L. Cădariu and V. Radu, On the stability of the Cauchy functional equation: a fixed point approach, in
Iteration theory (ECIT ’02), 43–52, Grazer Math. Ber., 346, Karl-Franzens-Univ. Graz, Graz.

[11] S. Czerwik, On the stability of the quadratic mappings in normed spaces, Abh. Math. Sem. Univ Ham-
burg., 62 (1992), 59-64.

[12] J. B. Diaz and B. Margolis, A fixed point theorem of the alternative, for contractions on a generalized
complete metric space, Bulletin of the American Mathematical Society, vol. 74, 1968, 305–309.

[13] P. Gavruta, A generalization of the Hyers-Ulam-Rassias stability of approximately additive mappings,
Journal of Mathematical Analysis and Applications, vol. 184, no. 3, 1994, 431–436.

[14] M. Eshaghi Gordji and H. Khodaie, Solution and stability of generalized mixed type cubic, quadratic
and additive functional equation in quasi-Banach spaces, arxiv: 0812. 2939v1 Math FA, 15 Dec 2008.

[15] M. Eshaghi Gordji, A. Ebadian and S. Zolfaghari, Stability of a functional equation deriving from cubic
and quartic functions,Abstr Appl Anal, 2008, 17 (Article ID 801904) .

[16] M. Eshaghi Gordji, N.Ghobadipour, J. M. Rassias, Fuzzy stability of additive-quadratic functional Equa-
tions, arXiv:0903.0842v1 [math.FA] 4 Mar 2009.

[17] M. Eshaghi Gordji, M. Bavand Savadkouhi and Choonkil Park, Quadratic-Quartic Functional
Equations in RN-Spaces, J. of Inequalities and Applications, Vol. 2009, Article ID 868423, 14 pages,
doi:10.1155/2009/868423.

[18] M. Eshaghi Gordji, Stability of an additive-quadratic functional equation of two variables in F-spaces,J.
Nonlinear Sci Appl. 2, (2009) , 251–259.

[19] M. Eshaghi Gordji and H. Khodaei, Solution and stability of generalized mixed type cubic, quadratic
and additive functional equation in quasi-Banach spaces, Nonlinear Anal TMA. 71, 5629–5643 (2009).
doi:10.1016/j.na.2009.04.052.

[20] M. Eshaghi Gordji, S. Kaboli-Gharetapeh, C. Park and S. Zolfaghri, Stability of an additive-cubic-quartic
functional equation,Adv Differ Equ, 2009, 20 (2009). Article ID 395693

[21] M. Eshaghi Gordji, S. Kaboli Gharetapeh, JM. Rassias and S. Zolfaghari, Solution and stability of
a mixed type additive, quadratic and cubic functional equation, Adv Differ Equ,2009, 17. (Article ID
826130).

[22] M. Eshaghi Gordji and M. B. Savadkouhi, Stability of a mixed type cubic-quartic functional equation in
non-Archimedean spaces, Applied Mathematics Letters, vol. 23, no. 10, pp. 1198–1202, 2010.

[23] M. Eshaghi Gordji, H. Khodaei and J.M. Rassias, Fixed point methods for the stability of general
quadratic functional equation,Fixed Point Theory, 12, no. 1, (2011), 71-82.

[24] D. H. Hyers, On the stability of the linear functional equation, Proceedings of the National Academy of
Sciences of the United States of America, vol. 27, pp. 222–224, 1941.

[25] D. H. Hyers and Th. M. Rassias, Approximate homomrophism, Aequationes Math., 44 (1992), 125-153.



M. Arunkumar et al. / Stability of 2-Variable Additive-Quadratic-Cubic-Quartic... 263

[26] D. H. Hyers, G. Isac and Th. M. Rassias, Stability of functional equations in several variables, Birkhauser
Basel, 1998.

[27] D. H. Hyers, G. Isac and Th. M. Rassias, On the asymptotically of Hyers Ulam stability of mappings,
Proc. Amer. Math. Soc., 126 (1998), 425-430.

[28] Sun Sook Jin and Yang-Hi Lee, A Fixed Point Approach to the Stability of the Cauchy Additive and
Quadratic Type Functional Equation, J. of Applied Mathematics, doi:10.1155/2011/817079, 16 pages.

[29] Sun Sook Jin and Yang Hi Lee, Fuzzy Stability of a Quadratic-Additive Functional Equation, Interna-
tional J. of Mathematics and Mathematical Sciences, doi:10.1155/2011/504802, 16 pages

[30] K.W. Jun and H.M. Kim, On the Hyers-Ulam-Rassias stability of a generalized quadratic and additive
type functional equation,Bull. Korean Math. Soc. 42 (2005), 133-148.

[31] K.W. Jun and H.M. Kim, Ulam stability problem for a mixed type of cubic and additive functional
equation,Bull Belg Math Soc simon Stevin. 13, 271–285 (2006).

[32] Pl. Kannappan, Functional Equations and Inequalities with Applications, Springer Monographs in
Mathematics, 2009.

[33] H.M. Kim, On the stability problem for a mixed type of quartic and quadratic functional equation,J. of
Mathematical Analysis and Applications 324, 358–372 (2006).

[34] D. Mihet and V. Radu, On the stability of the additive Cauchy functional equation in random normed
spaces, J. of Mathematical Analysis and Applications, vol. 343, no. 1, pp. 567–572, 2008.

[35] A. Najati and G. Z. Eskandani, Stability of a mixed additive and cubic functional equation in quasi-
Banach spaces, J. of Mathematical Analysis and Applications, vol. 342, no. 2, pp. 1318–1331, 2008.

[36] A. Najati and M.B. Moghimi, On the stability of a quadratic and additive functional equation, J. Math.
Anal. Appl. 337 (2008), 399-415.

[37] C. Park, Fixed points and the stability of an AQCQ-functional equation in non-archimedean normed
spaces, Abstract and Applied Analysis, vol. 2010, Article ID 849543, 15 pages, 2010.

[38] C. Park, Orthogonal Stability of an Additive-Quadratic Functional Equation, Fixed Point Theory and
Applications, 2011 2011:66.

[39] V. Radu, The fixed point alternative and the stability of functional equations, Fixed Point Theory, vol. 4,
no. 1, pp. 91–96, 2003.

[40] J. M. Rassias, On approximation of approximately linear mappings by linear mappings, J. of Functional
Analysis, vol. 46, no. 1, pp. 126–130, 1982.

[41] J. M. Rassias, Solution of a problem of Ulam, J. of Approximation Theory, vol. 57, no. 3, pp. 268–273, 1989.

[42] J. M. Rassias, Solution of the Ulam stability problem for quartic mappings,Glasnik Matematicki. Serija III,
vol. 34, no. 2, pp. 243–252, 1999.

[43] J.M. Rassias, K.Ravi, M.Arunkumar and B.V.Senthil Kumar, Ulam Stability of Mixed type Cubic and
Additive functional equation, Functional Ulam Notions (F.U.N) Nova Science Publishers, 2010, Chapter 13,
149 - 175.

[44] Th. M. Rassias, On the stability of the linear mapping in Banach spaces,Proceedings of the American
Mathematical Society, vol. 72 (1978), no. 2, pp. 297–300.

[45] Th. M. Rassias, The problem of S. M. Ulam for approximately multiplicative mappings, J. Math. Anal.
Appl., 246(2000), 352-378.

[46] Th. M. Rassias, On the stability of functional equations in Banach spaces, J. Math. Anal. Appl., 251(2000),
264-284.



264 M. Arunkumar et al. / Stability of 2-Variable Additive-Quadratic-Cubic-Quartic...

[47] K. Ravi, M. Arunkumar, and J. M. Rassias, Ulam stability for the orthogonally general Euler- Lagrange
type functional equation, International Journal of Mathematics and Statistics, vol. 3, no. A08, pp. 36–46,
2008.

[48] K. Ravi, J. M. Rassias, M. Arunkumar and R. Kodandan, Stability of a generalized mixed type additive,
quadratic, cubic and quartic functional equation, Journal of Inequalities in Pure and Applied Mathematics,
vol. 10 (2009), no. 4, article 114, 1–29.

[49] S. M. Ulam, A Collection of Mathematical Problems, vol. 8 of Interscience Tracts in Pure and Applied
Mathematics, Interscience Publishers, place City London, country-regionUK, 1960.

[50] T. Z. Xu, J. M. Rassias and W. X. Xu, Intuitionistic fuzzy stability of a general mixed additive-cubic
equation,Journal of Mathematical Physics, vol. 51 (2010), no. 6, 21 pages.

[51] T.Z. Xu, J.M. Rassias and W.X. Xu, Generalized Ulam-Hyers stability of a general mixed AQCQ-
functional equation in multi-Banach spaces: a fixed point approach, Eur. J. Pure Appl. Math. 3 (2010),
no. 6, 1032- 1047.

[52] T.Z. Xu, J.M Rassias and W.X. Xu, A fixed point approach to the stability of a general mixed AQCQ-
functional equation in non-Archimedean normed spaces, Discrete Dyn. Nat. Soc. 2010, Art. ID 812545, 24
pages.

Received: June 10, 2016; Accepted: December 20, 2016

UNIVERSITY PRESS

Website: http://www.malayajournal.org/


	Introduction and Preliminaries
	Stability Results: Odd Case
	Additive Stability Results
	Cubic Stability Results
	Additive-Cubic Mixed Stability Results

	Stability Results: Even Case
	Quadratic Stability Results
	Quartic Stability Results
	Quadratic-Quartic Mixed Stability Results

	Additive-Quadratic-Cubic-Quartic Mixed Stability Results

