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Abstract

In this paper, the authors proved the generalized Ulam-Hyers stability of 2-variable Additive-Quadratic-
Cubic-Quartic functional equation

fx+2y,u+20)+ f(x —2y,u —2v) =4f (x +y,u+v) —4f(x —y,u —v) —6f(x,u) + f(2y,2v)
+f(=2y,~20) = 4f(y,0) — 4f (~y, —0)
using fixed point method.
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1 Introduction and Preliminaries

Under what condition is there a homomorphism near an approximately homomorphism between a group
and a metric group? This is called the stability problem of functional equations which was first raised by S. M.
Ulam [49] in 1940. In next year, D. H. Hyers [24] answers the problem of Ulam under the assumption that the
groups are Banach spaces. A generalized version of the theorem of Hyers for approximately linear mappings
was given by T. Aoki [2] and Th. M. Rassias [44], respectively. The terminology Hyers- Ulam-Rassias stability
originates from this historical background. Since then, a great deal of work has been done by a number of
authors (for instance, [11},[13} 25} [40-42], 45|, [47]).

The stability of mixed type functional equations have been extensively investigated by a number of math-
ematicians in referenes (see [3-5] 14422}, 28-31), 13338, 143 48], 50H52]]). In 2003, V. Radu [39] introduced a new
method, successively developed in ([7HI0]), to obtaining the existence of the exact solutions and the error
estimations, based on the fixed point alternative.

Now we will recall the fundamental results in fixed point theory.

Theorem 1.1. (Banach’s contraction principle) Let (X,d) be a complete metric space and consider a mapping T : X —
X which is strictly contractive mapping, that is

(A1) d(Tx, Ty) < Ld(x,y) for some (Lipschitz constant) L < 1. Then,
(i) The mapping T has one and only fixed point x* = T(x*);
(ii)The fixed point for each given element x* is globally attractive, that is
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(A2) limy 0o T"x = x*, for any starting point x € X;
(iii) One has the following estimation inequalities:

(A3) d(T"x,x*) < 1 d(T"x, T"*'x),V n >0,V x € X;

(A4) d(x,x*) < 117 d(x,x*),V x € X.

Theorem 1.2. [12(The alternative of fixed point) Suppose that for a complete generalized metric space (X, d) and a
strictly contractive mapping T : X — X with Lipschitz constant L. Then, for each given element x € X, either

(B1) d(T'x, T"lx) =0 V n>0,

or

(B2) there exists a natural number ng such that:

(i) d(T"x, T 'x) < oo foralln > ng ;

(zz)The sequence (T"x) is convergent to a fixed point y* of T

(iii) y* is the unzqueﬁxed point of T intheset Y = {y € X : d(T™x,y) < oo};

(iv) d(y*,y) < 1= d(y, Ty) forally €Y.

Recently, M. Arunkumar et al. introduced and investigated the general solution and generalized Ulam-
Hyers stability of 2-Variable AQCQ Functional equation

flx+2y,u+20)+ f(x —2y,u—2v) =4f(x+y,u+v) —4f(x —y,u —v) —6f(x,u) + f(2y,2v)
+f(=2y, —20) — 4f(y,v) — 4f(~y, —0) (1.1)

using direct method.

In this paper, the authors proved the generalized Ulam-Hyers stability of 2-variable Additive-Quadratic-
Cubic-Quartic functional equation using fixed point method.

Through out this paper, let X be a normed space and Y be a Banach space respectively. Define a mapping
Df: X — Yby

Df(x,y,u,v) = f(x+2y,u+2v)+ f(x —2y,u —2v) —4f(x+y,u+v) +4f(x —y,u—v) +6f(x,u)
= f(2y,20) = f(=2y, =20) + 4f(y,v) + 4f(~y, —v)

forall x,y,u,v € X.

2 Stability Results: Odd Case

In this section, the authors presented the generalized Ulam-Hyers stability of the functional equation (I.1)) for
odd case using fixed point method.

2.1 Additive Stability Results

Theorem 2.1. Let Df : X — Y be a mapping for which there exist a function a : X* — [0, 00) with the condition

1
lim - (mx HiY, i, ) 21
1

k—c0
where y; =2ifi = 0and y; = % ifi = 1, such that the functional inequality with
ID f(x,y,u,0)|| < a(x,y,u,0) 22
forall x,y,u,v € X. If there exists L = L(i) < 1 such that the function

U uu u) (2.3)

u—edu)=2 (E'E’E'E ,
has the property
1
®(u) = L@ (1) 2.4)

1
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where B(u,u,u,u) = 4a(u, u,u,u) + a(2u, u,2u,u) for all x € X. Then there exists a unique additive mapping
A : X — Y satisfying the functional equation and

| £(2u,2u) — 8F (1) — Al ) ||< f:

D(u) (2.5)
forallu € X.

Proof. Consider the set
Q={p/p:X—=Y, p(0) =0}

and introduce the generalized metric on (),
d(p,q) = inf{K & (0,c0) :|| p(u) —q(u) [|< KP(u),u € X}.

It is easy to see that (0}, d) is complete.
Define T : O — Q by

forallu € X. Now p,q € Q), we have

d(p,q) < K=| p(u) —gq(u) < K®(u),Yu € X.

1 1 1
= Hﬂ(imﬂ - ;q(ﬂiu) < ;KCD(,uiu),Vu €X,

< LK®(u),Vu € X,

1 1
= ||— iu) — — iu
H%P(% ) ylﬂ(ﬂ )
=|| Tp(u) — Tq(u) ||< LK®(u),Vu € X,
=d(p,q) < LK.

This implies d(Tp, Tq) < Ld(p,q), forall p,q € Q3. i.e,, T is a strictly contractive mapping on Q) with Lipschitz
constant L.

Replacing (x,y,u,v) by (u, u,u,u) in , we get
Ilf (Bu,3u) —4f(2u,2u) +5f (u, u)|| < ||a(u,u, u,u)| (2.6)
for all u € X. Replacing (x,y, u,v) by (2u, u,2u,u) in (2.2), we obtain
| f(4u,4u) —4f(Bu,3u) + 6f(2u,2u) —4f (u, u)|| < ||a(2u, u,2u, u)|| 2.7)
for all # € X. Now, from and (2.7), we have

| f(4u,4u) — 10f (2u,2u) + 16f (u, u)||
< 4||f(Bu,3u) —4f(2u,2u) +5f (w,u)|| + || f(4u,4u) — 4f (3u, 3u) + 6 f (2u,2u) — 4f (u, u)||
< da(u,u,u,u)+a(u,u,2u,u) (2.8

for all u € X. From , we arrive
| f(4u,4u) —10f (2u,2u) + 16 f (u, u)|| < B(u,u, u,u) (2.9
where B(u, u, u,u) = 4a(u, u,u,u) + «(2u,u,2u,u) for all u € X. It is easy from that
Ilf (4u,4u) —8f(2u,2u) — 2 (f(2u,2u) — 8f (u,u))|| < B(u,u, u,u) (2.10)

forallu € X. Leta : X — Y be a mapping defined by a(u, u) = f(2u,2u) — 8 (u, u). From (2.10), we conclude
that

lla(2u,2u) — 2a(u, u)|| < B(u,u,u,u) (2.11)
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for all u € X. From (2.11), we arrive

a(2u,2u)

1
< —
> < zﬁ(u,u,u,u)

—a(u,u)

for all u € X. Using and (2.4) for the case i = 0 it reduces to

a(2u,2u)

7 —a(u,u)

< LO(u)

forallu € X,
ie, d(f,Tf)<L<L!<oco.

Again replacing u = g in (2.11), we get

-0 (3 5)] <8 (5555

for all u € X. Using (2.3) and (2.4) for the case i = 1 it reduces to

ot -2 (3. 2)] < ot

forallu € X,
ie, d(f,Tf)<1<L°< .

In both cases, we arrive '
a(f,Tf) < LI~

Therefore, (A1) holds. By (A2), it follows that there exists a fixed point A of T in Q) such that

. 1
A(u,u) = lim — (f(.“i‘(ﬂuz Hf“”) - Sf(l*;{”/ .”i'(“))

(2.12)

(2.13)

(2.14)

k—o0 yf
forallu € X.
To prove A : X — Y is additive. Replacing (x,y, u,v) by (pti-‘x, uky, uku, ;ti»‘v) in and dividing by uF, it
follows from that
P Gk ey b, )|
|A(x,y,u,0)| = lim v
k—o0 H;
< lim 2SIV HD)
k—co M

forall x,y,u,v € X. i.e., A satisfies the functional equation (1.1).

By (A3), A is the unique fixed point of T in the set A = {A € Q) : d(f, A) < oo}, A is the unique function

such that
1f(2u,2u) — 8f (u,u) — A(u,u)|| < KP(u)

forall u € X and K > 0. Finally by (A4), we obtain

1
d(f, A) < 7= d(f, Tf)

this implies

Ll*i
<
which yields
Ll*i
| £(2u,20) ~ 8f(w,u) ~ Al u) [|< 2 a(w)

for all u € X. This completes the proof.

The following corollary is an immediate consequence of Theorem [2.T|concerning the stability of (T.T).
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Corollary 2.1. Let Df : X — Y be a mapping and there exits real numbers A and s such that

A,
A (x4 [yl 1° 4 [ull® + [[o]]*), s# 1
Df(x,y,u,0)| < (2.15)
e T P ¢
ALyl PO+ 1% 4+ 1yl 2+ Tul[* + (ol [*}, s # 3
orall x,y,u,v € X, then there exists a unigue additive function A : X — Y such that
Y q
57,
(18 +2°71) Al Jul]?
|2 — 25| '
| F(2u,2u) = 8 (u,u) — Al )] < { (4+4°) AlJul[* (2.16)
|2 — 245 !
(22+43+24s+1) /\||u||4s
|2 — 245

forallu € X.

Proof. Setting

A;

A ]F+ yl1° 4 [l [° 4+ [[o]]%);

APyl el [*[10] 1) 5

AL By Bl BTl A+ [ 4 [yl ]| 4 o]}

a(x,y,u,v) =

forall x,y,u,v € X. Now,

Ayfk
2(9:1) s s s s
a(pufx, iy, pu, piu) )\Vms_l)(\\x\\ + ylI° + [[ull” + [lo][°);
uk Al ([ [y 1 el P[] );

k(4s—1
A oLy 1l ol + (el + 1yl 1+ el

— 0as k — oo
—0as k — oo
—0as k — oo
—0as k — oo.

Thus, is holds.
But we have ®(u) = B (g, g, %, g) has the property ®(u) = L- % ® (p;u) for all u € X. Hence,
547,
(18+25+1)A|| I
Ml
U uuu $
(D(u):,B Yy s 4+4S A
(2 2'2 2) %Huws;
(22445 28T AL
L a1
Now,
5A _
]/l‘; Hi 1(1)(”)/'
1
18+251) A _
1 (P,QS)(H}WHS); H @ (u);
—®(pu) = 4 2 =
, +4)A
Hi (%245) (||l4iu||4s)/' pE1o(u);
(22+4° +2%11) A .
o (pall*); (o1 (u),
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From (2.5), we prove the following cases:
Case:l L =2"1ifi =0;

—1,1-0
Hf@%mﬁ—gﬂ%u)—AWJQH§A<fi;;w>_5A

Case2 L =2lifi=1,

1-1
uumm>8ﬂmwAw»m3A<@” ):m.

Case:3 L=2"lfors < 1ifi=0,

18 +25t1) A (18 +25F1
120, 20) — 8 () — AGwu)| < LEFZT) [T i LTI
2 22
Case:dd L=21%fors >1ifi=1,
18 + 25t A (18 25+1
| f(2u,2u) — 8f(u,u) — A(u,u)|| < ( +23 ) ) Hs— + (8+27)A [ul]°.
Case:5 L =2%"lfors < % ifi=0,
(4s 1
44457 (4+4
(20, 20) — 8 a,0) — A(w )| < EEE) (%1) e = G2 A
Case:6 L =21"% fors > % ifi=1,
l 4s
44452 (44 4°
121, 20) ~8f () — A, )| < EEE) e )“ B
This completes the proof. O

2.2 Cubic Stability Results

Theorem 2.2. Let Df : X — Y be a mapping for which there exist a function a : X* — [0, 00) with the condition

1
lim —ra (mx Hiy, uiu, ) (2.17)
—00 y

where y; =2ifi = 0and y; = % if i = 1, such that the functional inequality with

D f(x,y,u,0)| <alx,y,u,v) (2.18)
forall x,y,u,v € X. If there exists L = L(i) < 1 such that the function
uuuou
u—du)=p (5, 5775 E) , (2.19)
has the property
1
®(u) = L—5P (piu) (2.20)

i
where B(u, u, u,u) = 4a(u,u, u,u) + a(2u, u,2u, u) forall x € X. Then there exists a unique cubic mapping C : X —
Y satisfying the functional equation and

Ll*i

| £(2u,2) = 2f () — Clat0) || < =

(1) (2.21)

forallu € X.
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Proof. Consider the set
Q={p/p:X—=Y, p(0) =0}

and introduce the generalized metric on (),

d(p,q) = inf{K € (0,00) :|| p(u) — q(u) [|< KP(u), u € X}.

It is easy to see that (Q),d) is complete.
Define T : 3 — Q) by
1
Tp(u) = —sp(piu),
i
forallu € X. Now p,q € ), we have

d(p,q) <K=| p(u) —q(u) [|< K®(u),Vu € X.

j ‘

1 1
ﬁp(ﬂi”) - ;q(ﬂiu)

1 1 1

1 1
—p(uiu) — —q(piu)
u u

1 1

é ‘

=| Tp(u) — Tq(u) ||< LK®(u),Vu € X,

=d(p,q) < LK.

1
< EKCI)(yiu),Vu €X,

< LK®(u),Vu € X,

247

This implies d(Tp, Tq) < Ld(p,q), forall p,q € Q). i.e,, T is a strictly contractive mapping on () with Lipschitz

constant L.
It is easy from (2.9) that

| (e, 40e) — 2 (20, 2u) — 8 (£ (20, 20) — 2 (1, u))|| < Blut,u, 1, u)

(2.22)

forallu € X. Letc: X — Y be a mapping defined by c(u, u) = f(2u,2u) — 2f (u, u). From (2.22), we conclude

that
lc(2u,2u) — 8c(u,u)|| < B(u, u,u,u)
for all u € X. From (2.23), we arrive

c(2u,2u)
8

for all u € X. Using (2.19) and (2.20) for the case i = 0 it reduces to

—c(u,u)|| < %ﬁ(u, uw,u,u)

c(2u,2u)

5 —c(u,u)|| < LO(u)

forallu € X,
ie, d(f,Tf)<L<L!<oco.

Again replacing u = g in (2.23), we get

et —se (3:3)[ <#(3:5:22)

for all u € X. Using (2.19) and (2.20) for the case i = 1 it reduces to

e (3.2)] = ot

forallu € X,
ie, d(f,Tf)<1<L0< co.

In both cases, we arrive

d(f,Tf) < L'

(2.23)

(2.24)

(2.25)



248 M. Arunkumar et al. / Stability of 2-Variable Additive-Quadratic-Cubic-Quartic...

Therefore, (A1) holds. By (A2), it follows that there exists a fixed point C of T in Q) such that

. 1
C(u,u) = kl;n;o e (f(‘ui.‘*lu, pE ) — 2f (uku, yfu)) (2.26)
i

forallu € X.
To prove C : X — Y is cubic. Replacing (x,y,u,v) by (yfx, yfy, ‘u;‘u, yfv) in (2.18) and dividing by y?k, it
follows from that

||k by, it k)|
ICCx, yu,0)|| = lim %
Hi
ok, ply, gk, ko)
S Jim e =0

forall x,y,u,v € X. i.e., C satisfies the functional equation (1.1).
By (A3), C is the unique fixed point of T in the set A = {C € Q : d(f,C) < oo}, C is the unique function
such that
1f (2u,2u) = 2f (u,u) = C(u,u)|| < K®(u)

forall u € X and K > 0. Finally by (A4), we obtain

(f,C) < T d(f,Tf)

this implies

[1-i
<
which yields
L1
| F(2u,20) ~2f(,0) ~ Clu,u) || < = ()
for all u € X. This completes the proof. O

The following corollary is an immediate consequence of Theorem 2.2 concerning the stability of (1.T).

Corollary 2.2. Let Df : X — Y be a mapping and there exits real numbers A and s such that

A,
A+ Myl + [[ul* + o] *), s # 3
Df(x,y,u,v)| < (2.27)
IDFCy w28 oyl ol ) S
ALl 1yl el Bl 4 1% 4 1yl 1%+ Tul [+ [lof|*}, s # %
orall x,y,u,v € X, then there exists a unigue cubic function A : X — Y such that
f y q
@
7 7
(18 +25T1) Allul*
P
Ilf(2u,2u) — 8f(u,u) — A(u,u)|| < (44 45) A[ul|* (2.28)
|23_24s| ’
(22 + 45 4 245F1) A |%
|23_24s| :

forallu € X.

Proof. Setting

A

A+ [y + [ul[* +[[o] %) ;

ANyl [l [0l %) ;

ALl F el o] 5+ x| 4 1yl 4 [l % + (o] [*}

a(x,y,u,v) =
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forall x,y,u,v € X. Now,

a(pfx, iy, phu, pfu) Aui(;_3(\\x\\s+HyIIS+IIuHS+HvHS);
ui Ml“ & (P Hyl el ol )
Vi {||x||5||y||5||u\\Sllvlls+|IX||4S+|\1/||4S+||u||4s+||0||4s};

—0as k — oo
—0as k — oo
—0as k — oo;
— 0as k — oo.

Thus, is holds.
But we have ®(u) = B (%, g, %, g) has the property ®(u) = L- % ® (p;u) for all u € X. Hence
51,
(18+2S+1)A|| I
- U ;
U u uu 8
q)(”):ﬁ(E’E’E’E): (4+4) ||
(22+45+24S+1)/\ 4s
e [ ue] |
2
Now,
50 .
B i P (u);
1
18 +25F1) A
| o o)
“1,[3(1)(%”) - (4+4 )A 4s\. - 45—3
z S (i) WD (u);
1
22445 424511 )
EEEL T ) Lo
1

From (2.21), we prove the following cases:
Case:l L =273ifi = 0;

—3,1-0
1f(2u,2u) = 2f (u,u) — C(u,u)|| <51 (%) _ %

Case2 L =23ifi =1,

1-1
If(2u,2u) — 2f (u,u) — C(u,u)|| < 57 <(123_) pE ) - _;A'

Case:3 L=23fors < 3ifi =0,

(18 +25%1) A (2(573)) o

S_(8_|_25+1)
- L | e = S

1f(2u,2u) = 2f (u,u) = C(u,u)|| < [fuel "

Case:d L =235 fors > 3ifi =1,

1-1
(184212 [ (2679) (18 + 251 A

— _ L
I 211, 20) = 2f ) — Cu, )| < = e | Il —

[fae]I°-
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Case:5 L =2%3fors < 2ifi =0,

1-0
(4+4S))\ (2(4573)) || H4S_ (4+4S) || H4S

||f(21/l, 2”) - Zf(u/u) - C(”’”)H < 24s 1— 2(45—3) - 23 _24s

Case:6 L =23 % fors > % ifi=1,

1-0
(4+4S))\ (2(3745)) ||uH4S_ (4+4s) || H4s'

||f(2u' Zu) - 2f(uru) - C(uru)” < 74s 1 _ 2(3—4s) T 245 _ 93

This finishes the proof. O

2.3 Additive-Cubic Mixed Stability Results

Theorem 2.3. Let Df : X — Y be a mapping for which there exist a function a : X* — [0,00) with the condition
given in 2.1) and @.17) respectively, such that the functional inequality

1D f(x,y,u,0)| < alx,y,u0) (2.29)

forall x,y,u,v € X. If there exists L = L(i) < 1 such that the function

o =p(545)

has the property and , then there exists a unique 2-variable additive function A : X — Y and a unique
2-variable cubic function C : X — Y satisfying the functional equation and

(2.30)

Ll—i

I ) = A, 0) = Clu) | € 7=

() (2.31)

forallu € X.

Proof. By Theorems [2.1]and 2.2} there exists a unique 2-variable additive function A; : X — Y and a unique
2-variable cubic function C; : X — Y such that

1—i
1 (22, 20) — 8f (1,0) — As (1w, 0)]| < {5 P(w) 232)
forall u € X and
12,20 = 2£(1,1)  Cy ()| < () 2.33)

for all u € X. Now, from (2.32)) and ( - that

:H{_f(2u62u)+ Sf(u, )+2A1(u,u)}

# {L22 2t~ Gertun ||

< 2 I (20, 20) +8f () + An ()}

+{f(2u,2u) = 2f (u,u) — Cy(u,u) }|

1 Ll*i Ll*i
<-lZ o ~ 9
<t {i=rom + o)}

1A1<u,u> - £Cilww)

Hf(u,u)+6

A

forall u € X. Thus we obtain (2.31) by defining A(u, u) = %' Ay (u,u) and C(u,u) = 1Cy(u,u), where A(u,u)
and C(u, u) are defined in (2.14) and (2.26) respectively, for all u € X. O
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The following corollary is an immediate consequence of Theorem [2.3|concerning the stability of (1.1).

Corollary 2.3. Let Df : X — Y be a mapping and there exits real numbers A and s such that

A,

A+ I+ [l + [elF) ALY
Df(x,y,u,v)|| < (2.34)
1D7G o= Al il Pl ), ALY

APl Pl ol [+l =+l + ol 1,5 2 3

forall x,y,u,v € X, then there exists a unique 2-variable additive function A : X — Y and a unique 2-variable cubic
function C : X — Y such that

201
(2118;-2S+1) 1 1

. <|2_25| " |23_25|) Alfal[5

If ) = A, u) = Clu,u) | < 4 (44 47) + )Alluu“-

6 \[2—2%]  [23-2%] ’

(22445 + 2411 ( t 1 )/\||u||4s'

6 2—-2%] |23 —2% '

(2.35)

forallu € X.

3 Stability Results: Even Case

In this section, the authors given the generalized Ulam-Hyers stability of the functional equation (1.1) for even
case using fixed point method.

3.1 Quadratic Stability Results

Theorem 3.4. Let Df : X — Y be a mapping for which there exist a function a : X* — [0, 00) with the condition

. 1
fim e (b, by, wbu, ko) = 0 (3.1)
where y; =2ifi = 0and y; = % if i = 1, such that the functional inequality with

ID f(x,y,u,0)|| < a(x,y,u,0) (32)

forall x,y,u,v € X. If there exists L = L(i) < 1 such that the function

U uuu
u— CD(”) = IB (E/ E/ E/ E) ’ (33)
has the property
1
®(u) = L (i) (3.4)

Hi
where B(u,u,u,u) = 4a(u,u,u,u) + a(2u,u,2u,u) for all u € X. Then there exists a unique 2-variable quadratic
mapping Qa : X — Y satisfying the functional equation and

| f(2u,2u) —16f (1, u) — Q2 (u,u) ||<

D(u) (3.5)
forallu € X.

Proof. Consider the set
Q={p/p:X—=Y, p(0) =0}

and introduce the generalized metric on (),

d(p,q) = inf{K € (0,00) :f| p(u) — q(u) [|< KP(u),u € X}.
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It is easy to see that (), d) is complete.
Define T : O — Q by
1
Tp(u) = —p(uiu),
Hi
forall u € X. Now p,q € (), we have

d(p.q) < K= p(u) —q(u) | < KP(u),Vu € X.

é ’

1
< ?ch(yiu),Vu e X,

1

1 1
—p(pin) — —q(piu)
‘MZPV ygq Hi

1 1

= ’ < LK®(u),Vu € X,

1 1
— p(uiu) — —q(pu)
i M

=| Tp(u) — Tq(u) ||< LK®(u),Vu € X,
=d(p,q) < LK.

This implies d(Tp, Tq) < Ld(p,q), forall p,q € Q). i.e.,, T is a strictly contractive mapping on () with Lipschitz
constant L.
Replacing (x,y, u,v) by (u, u,u, u) in and using evenness of f, we get

|| f(Bu,3u) —6f(2u,2u) + 15f (w, u)|| < ||a(u, e, u,u)|| (3.6)
for all u € X. Replacing (x,y, u,v) by (2u, u,2u,u) in , we obtain
I|f(4u,4u) — 4f(3u,3u) +4f(2u,2u) + 4f (u,u)|| < ||a(2u,u,2u, u)|| (3.7)
for all u € X. Now, from and (3.7), we have

| f(4u, 4u) — 20f (2u, 2u) + 64 f (u, u)|]
< 4||f(Bu,3u) —6f(2u,2u) + 15f (u,u)|| + || f (4u, 4u) — 4f (3u, 3u) + 4f (2u,2u) +4f (u, u)|]
< da(u,u,u,u)+a(u,u,2u,u) (3.8)

for all u € X. From (3.8), we arrive
|| f (41, 4u) — 20f (2u, 2u) + 64f (u,u)|| < B(u,u, u,u) (3.9)
where B(u, u, u,u) = 4a(u, u, u,u) + a(2u,u,2u,u) for all u € X. Itis easy from that
| f(4u,4u) —16f(2u,2u) — 4 (f (2u,2u) — 16f (u, u))|| < B(u, u,u, u) (3.10)

forall u € X. Let go : X — Y be a mapping defined by go(u, u) = f(2u,2u) — 16f(u, u). From (3.10), we
conclude that

192(2u, 2u) — g2 (u, u)|| < B(u, u,u,u) (3.11)
for all u € X. From (3.11)), we arrive
‘ 112(2%,2@ —q(u,u)|| < iﬁ(u, u,u,u) (3.12)

forall u € X. Using and for the case i = 0 it reduces to

q2(2u, 2u)

1 —q2(u,u)|| < LO(u)

forallu € X,
ie, d(f,Tf)<L<L!<oco.

Again replacing u = g in (3.11), we get

4

e a0 ()| < (3.2 019

N =
N =
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forall u € X. Using and for the case i = 1 it reduces to

o (3.2)] < 30

forallu € X,
ie, d(f,Tf)<1<L°<co.

In both cases, we arrive 4
d(f, Tf) < L'
Therefore, (A1) holds. By (A2), it follows that there exists a fixed point Q; of T in ) such that

1
Qa(u, ) = lim — ((F(uf™ M, 1) = 16f (b, k)
—r 00 ‘Z,{

forallu € X.

253

(3.14)

To prove Q; : X — Y is quadratic. Replacing (x,y,u,v) by (yzx 1i ky, yl u, yl ) and dividing by

2k, k, it follows from (3.1) that

. HDf(Vf‘x,ptfy,yffu,yfv)H
oste ) = pim 120
1
k k k k
< tim A0y, p o)
k—o0 ]’liZk

forall x,y,u,v € X. i.e., Qy satisfies the functional equation (I.1).

By (A3), Q; is the unique fixed point of T in the set A = {Q, € Q : d(f,Qz) < o0}, Qy is the unique

function such that
[1f(2u,2u) = 16f (u, u) — Qa(u,u)|| < KD (u)
forall u € X and K > 0. Finally by (A4), we obtain

d(f,Q2) < 7d(f Tf)

this implies
Ll i
—L

d(f,Q2) < 7
which yields

| f(2u,2u) —16f(u,u) — Qa(u,u) ||<
for all u € X. This finishes the proof.

The following corollary is an immediate consequence of Theorem [3.4|concerning the stability of (I.1).

Corollary 3.4. Let Df : X — Y be a mapping and there exits real numbers A and s such that

A,
Al + Nyl + el + el ). 42
Df(x,y,u,v)|| <
IDF Gy @< 5 el el oll5), st
A Ll BTy BTl olls + 1l + 11 + [l + o]}, s % 1

forall x,y,u,v € X, then there exists a unique 2-variable quadratic function Qo : X — Y such that
5A

?/
(18 +25T1) Al|ul[*

2 _9s /
I1f (2u,2u) — 16f (1, u) — Qa(u,u)| < (4+A|1%)/\||2u|||45

|22_24s| 4
(22+4s+24s+1) M|”||4S
|22_24s| '

forallu € X.

(3.16)
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Proof. Setting

A

A+ [y + [ul[* + (][ %) ;

ANyl [l [0l %) ;

ALl Tyl el B0l 4 1% 4 Tyl =+ [ul[* + [fo][*}

a(x,y,u,v) =

forall x,y,u,v € X. Now,

A,
k(s—2
(b, by, b, k)| AT ([ [yl Tl + (ol P);
uk B Mg(f_?(IIXIISIIyIISIIu\\Sllv\ls);
A2 L 9y ¥ ol + ][ 4 1y 11 + [l + [[o]|* };

—0as k — oo
— 0as k — oo
—0as k — oo;
— 0as k — oo.

Thus, is holds.
But we have ®(u) = B (%, %, g, %) has the property ®(u) =L - # ® (p;u) for all u € X. Hence,
57,
(18+2$+1)A|| I
A2 )
uuuu 3
CD(M):’B Yy e 4+4s A
(2 272 2) %Hu““;
(22445 28T AL
e
Now,
5A
. -2
’ —cd(u ;
Eli s+1) & ( )
18 42 A
1 B 2 luloy; 1 20(u);
—P(uiu) = (4+ZZfS)/\ =
2
g S () K2 (u);
1
22 +4° 2% A
2T () | w2t
1

From (3.5), we prove the following cases:
Case:l L =2"2ifi =0;

_2\1-0
1F(20,20) — 16 (1, 1) — Qalat, )] < A (f_;“)) 3

Case2 L =21ifi =1,

1-1
(22) —5A
Il f(2u,2u) — 16f(u, u) — Qa(u, u)|| §)\( T | =3
Case:3 L=2"2fors < 2ifi =0,
1-0
18+25+1y A [ (2077 18 +25+1) A
| f(2u,2u) —16f(u,u) — Qa(u,u)| < ( s ) (1_2(5)2) [ul|* = %H”HS
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Case:d L =225 fors >2ifi =1,

1-1
2—s)
18+25+1) A [ (20 18 +25F1) A
12,20 ~ 165 1, ) — Qaar )] < L5527 (1 _2(2)_3> e = L2 e,
Case:5 L =2%"2fors < % ifi=0,
1-0
(4s—2)
44450 [ (2 4+4)A
1£(2u,20) ~ 16 (1) ~ Qafu, )| < EE L) <1 . 2(45)2) e = XA o
Case:6 L =224 fors > 2ifi=1,
1-0
(2—4s)
4447 [ (2 448
||f(21/l, 214) — 16f(u/ Ll) - QZ(u/ M)H < ( 24S ) (2 _ 2(1245) ||1/l||45 = ﬁ“u'#s.
This completes the proof. O

3.2 Quartic Stability Results

Theorem 3.5. Let Df : X — Y be a mapping for which there exist a function a : X* — [0, 00) with the condition

. 1
lim —za (yfx, iy, uku, yf»‘v) =0 (3.17)

k—o0 W
where p; = 2 ifi = 0and y; = % if i = 1, such that the functional inequality with
ID f(x,y,u,0)|| < alx,y,u,0) (3.18)

forall x,y,u,v € X. If there exists L = L(i) < 1 such that the function

uuuu
u— du) =p (E’ > E) , (3.19)
has the property
1
O(u) = L5 P (piu) (3.20)

Hi
where B(u,u,u,u) = 4a(u,u,u,u) + a(2u,u,2u,u) for all x € X. Then there exists a unique 2-variable quartic
mapping Qq : X — Y satisfying the functional equation and

Ll—i

| f(2u,20) — 4F () — Qs ) < 1

(u) (3.21)

forallu € X.

Proof. Consider the set
Q={p/p:X—=7Y, p(0) =0}

and introduce the generalized metric on (),
d(p,q) = inf{K € (0,00) :|| p(u) — q(u) ||< KP(u),u € X}.

It is easy to see that (Q),d) is complete.
Define T : 3 — Q by

Tp(u) = < plpaw),

1
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forallu € X. Now p,q € ), we have
d(p,q) <K= p(u) —qu) |< K®(u),Vu € X.

1
< —4Kd>(yiu),‘7u € X,

i

i |

1 1
—p(uin) — —q(pin)
p p

i i
1 1

= || =g p(pin) — —q(piu)
| ‘M?P 1 ;1;1 1
=| Tp(u) — Tq(u) ||< LK®(u),Vu € X,
=d(p,q) < LK.

< LK®(u),Vu € X,

This implies d(Tp, Tq) < Ld(p,q), forall p,q € Q. i.e., T is a strictly contractive mapping on Q) with Lipschitz
constant L.
It is easy from that

| f(4u,4u) —4f(2u,2u) — 16 (f (2u,2u) —4f (u,u))|| < B(u, u,u,u) (3.22)

forall u € X. Letqs : X — Y be a mapping defined by q4(u,u) = f(2u,2u) — 4f(u,u). From (3.22), we
conclude that

s (210, 2u) — 1643 (1, )1| < Bl 1, 1) (323
for all u € X. From (3.23), we arrive
qa(2u,2u) o1
’ T ga(u,u)|| < 16ﬁ(u, u,u,u) (3.24)
for all u € X. Using (3.19) and (3.20) for the case i = 0 it reduces to
| 222 )| < Lot

forallu € X,
ie, d(f,Tf)<L<L'< oo

Again replacing u = % in (3.23), we get
uououu
Jouto0 =160 (5,3) | < £ (533:3) (329
for all u € X. Using (3.19) and (3.20) for the case i = 1 it reduces to

tu a0 (3. 2)] < ot

forallu € X,
ie, d(f,Tf)<1<L 0 < o0

In both cases, we arrive ‘
d(f, Tf) < L'
Therefore, (A1) holds. By (A2), it follows that there exists a fixed point Q4 of T in Q) such that

Q4(u,u)—klggo;(f(uf“u W) — 4f (ufu, pfu)) (3.26)

forallu € X.
To prove Q4 : X — Y is quartic. Replacing (x,y, u, v) by (yi.‘x, yi-‘y, yfu, yﬁ‘v) in (3.18) and dividing by y?k,
it follows from (3.17) that

oty s )|
1Qa(x, 1, 0)]| = lim T
1
k k k k
< lim YY)

k—ro0 ’u?k
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forall x,y,u,v € X. i.e., Q4 satisfies the functional equation (L.1).
By (A3), Qq is the unique fixed point of T in the set A = {Qs € Q : d(f,Q4) < o0}, Q4 is the unique
function such that

1f (20, 2u) = 4f (u,u) — Qa(u, u)[| < Kd(u)
forall u € X and K > 0. Finally by (A4), we obtain

d(f,Qq) < 7d(f Tf)

this implies
1-i

a(f,Qu) < 1

which yields

1—i
| (2, 20) = 4f (0, 0) = Qalow,0) 1< T

for all u € X. This completes the proof. O

D(u)

The following corollary is an immediate consequence of Theorem [3.5]concerning the stability of (L.T).

Corollary 3.5. Let Df : X — Y be a mapping and there exits real numbers A and s such that

A,
A (x4 [yl + [ul* +[loll*), s# 4
Df(x,y,u,v)|| < (3.27)
e T P =
ALl By Pl ol + 1=l 4 [y [1% 4+ ul® + ol ), s # 1
forall x,y,u,v € X, then there exists a unique 2-variable quartic function A : X — Y such that
54
15’
(18 +2571) Affulf®
o]
ILf(2u,2u) —4f(u,u) — Qa(u, u)|| < (4+45) Al |u]|* (3.28)
|24724s|
(22+4s +24s+1) )t||u||45
|24_24s| ’

forallu € X.

Proof. Setting

A;

A+ 11+l + [lolle)
a(x,y,u,v) =
oy 190 = 0 X (el =yl ] o] )

ALl By Pl Bl + Tl + Tyl + [Jul* + ol[*}

forall x,y,u,v € X. Now,

)L],l74k
k 4
ey ) _ | A (I P+ 1+ ol
ut A Pl Pl o)
A Ly P11+ D1+ 1yl 1% + [ + o )

—0as k — oo
—0as k — oo;
—0as k — oo;
— 0as k — oo.

Thus, (3.17) is holds.
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But we have ®(u) = B (g, g, %, g) has the property ®(u) =L - # ® (pu) for all u € X. Hence
5A,
(18+2S+1)A ul
| [ull;
U uuu s
@ = —_ = = — =
(1) ﬁ(z’z’z’z) (4+4) |ul*;
(22+45+245+1)A 1
s ][
Now,
51 »
e pi @(u);
1
18 +25t1) A
1 U202 (e ()
—P(piu) = (4 Jr'ziis)/\ =
4 4s.
" Sz (lelt®) pE e (w);
1
22+ 4% 28t A
LT () Ut
1

From (3.21), we prove the following cases:
Case:l L =2"%ifi = 0;

_4\1-0
£ (20, 2u) — 4f (u,u) — Qa(u,u)|| <57 <(2>4)> =

1—2(

Case2 L =2%ifi =1,

50
16’

1-1
LF(2u,20) — &F (u,10) — Qa(u, )| < 51 (@4) ) _ 54

1-2¢4

Case:3 L=2"%fors <4ifi=0,

(18 +25%1) A (2(574))1 '
| f(2u,2u) — 4f (u,u) — Qa(u,u)|| < > 2D [[u] [ =
Case:d L =2%*%fors >3ifi=1,
1-1
(4-s)
(82712 [ (247) :
12, 20) — 4 1, = Q)| < |l
Case:5 L=2%4fors<1ifi=0,
1-0
(4s—4)
4147 [ (2 .
| f(2u,2u) —4f (u,u) — Qa(u,u)|| < ( ots ) (l _2(45)_4) ) |u||* =
Case:6 L =2*%fors > 1ifi=1,
1-0
(4—4s)
ara)a [(2479) .
1721, 20) — 4 o, = Q)| < ST | XL Nl

This finishes the proof.

_ (18+25tH)A

16

(1827 A s
e

25_24 ||u||s'
(4+4) 4s
P TRl
(4+4) 4s
= g or |ull™
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3.3 Quadratic-Quartic Mixed Stability Results

Theorem 3.6. Let Df : X — Y be a mapping for which there exist a function o : X* — [0, 00) with the condition
given in and respectively, such that the functional inequality

ID f(x,y,u,0)|| < a(x,y,u,0) (3.29)

forall x,y,u,v € X. If there exists L = L(i) < 1 such that the function
uuuu
w0 =p(35503)
has the property and , then there exists a unique 2-variable quadratic function Q, : X — Y and a unique
2-variable quartic function Q4 : X — Y satisfying the functional equation and
[1-i

(3.30)

1 (1) = Qa(u,u) = Qa(u,u) || < D (u) (3.31)
forallu € X.

Proof. By Theorems[3.4and [3.5] there exists a unique 2-variable quadratic function Q;, : X — Y and a unique
2-variable quartic function Qy4, : X — Y such that

1—i
| f(2u,2u) — 16 f (u, u) — Qo (u,u)|| < 1L_ LCID(u) (3.32)
forallu € X and
1—i
1 e, 20) 4 () — Qu, (,0)| < T D(w) (339)

for all u € X. Now, from (3.32) and (3.33) that

‘f(w) + %Qzl(u,u) Qi ()| = H{_f(2u2u> 16

T+ g )+ 350 0}

. {f<2122> - 1‘i2 (1) — 112@41<”'”)}H

12 14 f (2, 2u) — 16 (u, 1) — Qo (u,11)}
+ {f(2u,2u) — 4f (u,u) — Qq, (u,u) }|

<1 { L™ oy + L dD(u)}

—12 |1-L 1-L
for all u € X. Thus we obtain 1i by defining Qo (u,u) = T}Qz, (u,u) and Qa(u,u) = 15Qu, (1, u), where
Qo(u,u) and Q4(u, u) are defined in (3.14) and (3.26) respectively, for all u € X. O

The following corollary is an immediate consequence of Theorem [3.6|concerning the stability of (1.1).

Corollary 3.6. Let Df : X — Y be a mapping and there exits real numbers A and s such that

A
A1+ [y [+ [l [+ [[o]F) s#2,4
Df(x,y,u,0)| < (334)
e T P £ #
AL E Tl PILE A+ 11 Iyl + ull® + floll*}, s # 5,1
forall x,y,u,v € X, then there exists a unique 2-variable quadratic function Qp : X — Y and a unique 2-variable

quartic function Qq : X — Y such that
A

7

1?8 25+l
+ 1 1
( ) 5 + 1 AMlull*;
6 |22 — 25| |24 — 2]

Hf(”l”) - QZ(”/”) - Q4(”,u)|| < (4+4S) 1
12 |22_24s| |24_24s|
(224 4° +2%11) ( 1o, 1 )Au||4s'
12 |22_24s| |24_24s|

(3.35)

n )A||u||4s;

~

forallu € X.
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4 Additive-Quadratic-Cubic-Quartic Mixed Stability Results

In this section, the authors proved the additive-quadratic-cubic-quartic mixed stability of the functional equa-
tion (L.1) using fixed point method.

Theorem 4.7. Let j = +1. Let Df : X?> — Y be a mapping for which there exist a function a : X* — [0, 00) with the

condition given in 2.1), 2.17), and respectively, such that the functional inequality
HDf(x,y,u,v)H S “(x/]//u,U> (41)

forall x,y,u,v € X. Then there exists a unique 2-variable additive mapping A(u,u) : X*> — Y, a unique 2-variable
quadratic mapping Qa(u, u) : X*> — Y, a unique 2-variable cubic mapping C(u,u) : X> — Y and a unique 2-variable
quartic mapping Qq(u, u) : X*> — Ysatisfying the functional equation and

1—i
llg(u,u) — A(u,u) — Qo(u,u) — C(u,u) — Qq(u,u)|| 1L_ i (@ac(u) +Po,0, (1)) 4.2)
forall u € X, where ® sc(u) and g, 0, (1) are defined by
() = ¢ [@(u) + B(~u) 3)
Py, (1) = 73 [(u) + D(—u)] (@4

respectively, for all u € X.

Proof. Let fo(u,u) =
all u € X. Hence

% (f(u,u) — f(—u,—u)) forall u € X. Then f,(0,0) = 0and fo(—u, —u) = —f,(u, u) for

D (e, ,0) | < 5 (e, y,0,0) + 2~ —y, —1, ~0)) @5)

forall x,y,u,v € X. By Theorem there exists a unique 2-variable additive function A(u, u) : X? 5 Y and
a unique 2-variable cubic function C(u, u) : X*> — Y such that

1—i 1—i
ol = A - Cluw)] < 3 {30+ L o)}

1—i
1L
—61—-L

{®(u) +D(—u)}, (4.6)

for all u € X. Also, let f,(u,u) =
fe(u,u) for all u € X. Hence

(f(u,u) + f(—u,—u)) for all u € X. Then f.(0,0) = 0 and f,(—u, —u) =

NI~

Dy, 0)] < 5 {w(x,y,0,0) + (=5, —y, —0,—0)} @7)

forall x,y,u,v € X. By Theorem there exists a unique 2-variable quadratic mapping Qy(u,u) : X*> — Y
and a unique 2-variable quartic mapping Q4(u, u) : X?> — Y such that

1—i 1-i
1) = Qali ) = QaCo, ) <2 5 { 1= @00 + g7l
1—i
= %f_ﬁ {O(u) +o(-u)}, (4.8)

for all u € X. Define

flu,u) = folu,u) + fe(u,u) (4.9)
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forall u € X. Now from (4.6), and
[1f () = A, u) = Qa(u,u) = Clu, u) = Qa(u,u)|

= | fo(u, u) + fe(u,u) — A(u,u) — Qa(u,u) — C(u,u) — Qq(u, u)||
< || fo(u,u) = A(u,u) — C(u,u)[| + || fe(u, u) — Qa(u, u) — Qualu, u)||
L o)+ @)} + o5 L (@) + @)
Sgiop il Wit o (P +e(-uw)}
1—i
= 1L {q)AC +CDQ2Q4 (u)} (4'10)
for all u € X. This finishes the proof. O

The following corollary is an immediate consequence of Theorem using Corollaries 2.3] and [3.6] con-
cerning stability of (1.1).

Corollary 4.7. Let Df : X2 — Y be a mapping and there exits real numbers A and s such that

IDf(x,y,u,0)|
A,
AL+ [yl + [ful |+ [lol[*} s#1,2,3,4; 11)
Ml 1 [l P[0, s# L3l
ALl Byl Plol + {xl* + lyll* + ul* + ol *} ), s # 33,51

for all x,y,u,v € X, then there exists a unique 2-variable additive mapping A(u,u) : X*> — Y, a unique 2-variable
quadratic mapping Qa(u,u) : X*> — Y, a unique 2-variable cubic mapping C(u,u) : X> — Y and a unique 2-variable
quartic mapping Qq(u,u) : X*> — Y such that

1f () = Au,u) = Qa(u, u) = Cu,u) = Qu(u, u)|

S0y 1, 1 1
6 7 2.3 2-15
(18 + 211 1 1 1 1 .
< 6 22| 52| 2 —2] 2162 pllull*, i
=) (4+2%) LSRR SN SR 1 ]| :
6 228 T8 28| " 2ja—28] " 216 2% ) P
(22 + 2% 4 245+ 1 1 1 1 4
6 225 825 225 ame—zs ) Pl
forallu € X.
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