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Abstract

In this paper, the authors investigated the intuitionistic random stability of a quadratic reciprocal func-
tional equation
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1 Introduction

The study of stability problem for functional equations goes back to a question raised by Ulam [44] concerning
the stability of group homomorphisms that affirmatively answered for Banach spaces by Hyers [24]. Hyers
Theorem was generalized by Aoki [3] for additive mappings and by Th.M. Rassias [37] for linear mappings
by considering an unbounded Cauchy difference. The paper by Rassias has provided a lot of influences in
the development of what we now call the generalized Hyers-Ulam stability or Hyers- Ulam-Rassias stability
of functional equations. J.M. Rassias [35] considered the Cauchy difference controlled by a product of differ-
ent powers of norm. Afterwards, Gavruta [21] generalized the Rassas’s theorem by using a general control
function. In 2008, a special case of Gavruta’s theorem for the unbounded Cauchy difference was obtained by
Ravi et al. [38] by considering the summation of both the sum and the product of two p-norms in the sprit of
Rassias approach. A large part of proofs in this topic used the direct method (of Hyers): the exact solution of
the functional equation is explicitly constructed as a limit of a sequence, starting from the given approximate
solution.

In 2003, V. Radu [11] proposed a new method, successively developed in [12H14], to obtaining the existence
of the exact solutions and the error estimations, based on the fixed point alternative.

The theory of random normed spaces (RN-spaces) is important as a generalization of the deterministic
result of linear normed spaces and also in the study of random operator equations. The RN-spaces may also
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provide us with the appropriate tools to study the geometry of nuclear physics and have important application
in quantum particle physics. Recently, ]. M. Rassias et al. [36] investigated the intuitionistic random stability
of the quartic functional equation and C. Park et al. [33] presented the Hyers-Ulam stability of the additive-
quadratic functional equation in intuitionistic random normed space.

In 2014, M. Arunkumar and S. Karthikeyan [5] introduced and investigated Hyers-Ulam stability of n-
dimensional reciprocal functional equation

20\ - f(x+tye) f(x =Ly
(%) g_zl(f(x+€yz)+f(x—€yz)) @y

which originates from n-consecutive terms of a harmonic progression in RN-space using direct and fixed point
methods.

Recently, Abasalt Bodaghi and Sang Og Kim [1] introduced new 2-dimensional quadratic reciprocal func-
tional equation

FEFW) [57() +57) +8VFTW)|
[2f(x) +2f(y +5\/T]

flx4+2y)+ f(2x+y) = (1.2)

1
It is easily verified that the quadratic reciprocal function f(x) = — is a solution of the functional equation

%2
(T2).
In this paper, the authors establish intuitionistic random norm stability of a quadratic reciprocal functional
equation (1.2) using direct and fixed point methods.

2 Preliminaries of Intuitionistic Random Normed Spaces

In this section, using the idea of intuitionistic random normed spaces introduced by Chang et al. [16], we
define the notion of intuitionistic random normed spaces as in [15} 22, 29,31}, 40-42].

Definition 2.1. A measure distribution function is a function y : R — [0, 1] which is left continuous, non-decreasing
on R, infierp(t) = 0 and sup;erp(t) = 1.

We will denote by D the family of all measure distribution functions and by H a special element of D
defined by

[0, ift<o,
H(t)_{ 1, ift>o0. @1)

If X is a nonempty set, then yt : X — D is called a probabilistic measure on X and y(x) is denoted by .

Definition 2.2. A non-measure distribution function is a function v : R — [0,1] which is right continuous, non-
decreasing on R, in fierv(t) = 0 and supierv(t) = 1.

We will denote by B the family of all non-measure distribution functions and by G a special element of B

defined by
[ 1, ift <0,
G(t) = { 0, ift>0. @2)

If X is a nonempty set, then v : X — B is called a probabilistic non-measure on X and v(x) is denoted by vy.

Lemma 2.1. [8,20] Consider the set L* and operation <p« defined by:
L* = {(xl,xz) : (x1,x2) € [0,1]% and x4+ x; < 1} ,

(x1,x2) <px (y1,¥2) © x1 <y, x2 > Y2, Y(x1,x2), (y1,42) €L

Then (L*, <p+) is a complete lattice.
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Definition 2.3. [8] An intuitionistic fuzzy set Ag,, in a universal set U is an object

Ay ={(Ca(u),na(u)juel}

forallu € U, Ca(u) € [0,1] and 5a (u) € [0,1] are called the membership degree and the non-membership degree,
respectively, of u in A, and, furthermore, they satisfy {a (u) +1, (u) < 1.

We denote its units by 0+ = (0,1) and 17+ = (1,0). Classically, a triangular norm « = T on [0,1] is
defined as an increasing, commutative, associative mapping T : [0,1]* — [0,1] satisfying T (1,x) = 1% x = x
for all x € [0,1]. A triangular conorm S = <) is defined as an increasing, commutative, associative mapping
S:[0,1)*> — [0,1] satisfying S (0,x) = 0Qx = x for all x € [0, 1].

Using the lattice (L*, <p+), these definitions can be straightforwardly extended.

Definition 2.4. [8] A triangular norm (t—norm) on L* is a mapping T : (L*)2 — L* satisfying the following condi-
tions:

(i) (V€ L*)(T(x,11+) = x) (boundary condition);

(i) (V(x 2) (T(x,y) = T(y,x)) (commutativity);

(iii) (V x,y,z) € (L*) ) (T(x,T(y,z)) = T(T(x,y),z)) (associativity);
(iv) ( x,x,y,y") € (L) ) (x <p=x" and y<p+ vy = T(x,y) <p- T(¥,y))
monotonzaty)
If (L*, <p+, T) is an Abelian topological monoid with unit 1y +, then T'is said to be a continuous t—norm.

Definition 2.5. [8] A continuous t—norms T on L* is said to be continuous t—representable if there exist a continuous
t—norm * and a continuous t—conorm <y on [0, 1] such that, for all x = (x1,x2),y = (y1,¥2) € L

T(x,y) = (x1*y1,%20y2) .

For example,
T(&l, b) = (albl, min {612 + by, 1})

and
M (a,b) = (min{ay, b1}, max{ay, bp})

foralla = (aj,a2), b = (by,bp) € L* are continuous ¢ —representable.
Now, we define a sequence T" recursively by T! = Tand

T (x(l),..., (”H)) (T” 1( xM ...,x(")),x(”+l)>, vn >2, x) e L.

Definition 2.6. [43] A negator on L* is any decreasing mapping N : L* — L* satisfying N : (0p+) = 11+ and
N(1p+) = 0. If N(N(x)) = x forall x € L*, then N is called an involutive negator. A negator on [0,1] is a
decreasing mapping N : [0,1] — [0,1] satisfying Py, (0) = 1and Py, (1) = 0. Ns denotes the standard negator on
[0, 1] defined by

Ny (x)=1—x, Vxel01].

Definition 2.7. [43] Let y and v be measure and non-measure distribution functions from X x (0, 4o0) to [0,1] such
that iy (t) +vx (t) < 1forall x € X and all t > 0. The triple (X, Py, T) is said to be an intuitionistic random
normed space (briefly IRN-space) if X is a vector space, T is a continuous t—representable and Py, is a mapping
X x (0,400) — L* satisfying the following conditions: for all x,y € X and t,s > 0,

(IRN1) Py, (x,0) = 0p;

(IRN2) Py, (x,t) =11+ if and onlyif x = 0;

(IRN3) Py, (ax,t) = Py, (x, |7t\) for all a #0;
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(IRN4) Puy (x+y,t+s) =1 T(Puy (x,£), Py (v,59)) -
In this case, Py, is called an intuitionistic random norm. Here, Py, (x,t) = (px (t) , vy (£)).

Example 2.1. [43] Let (X, || - ||) be a normed space. Let T (a,b) = (ay1,by, min (ay + by, 1)) foralla = (ay,a;),b =
(b1,by) € L* and y, v be measure and non-measure distribution functions defined by

t [
E [} el

Puo (%) = (px (), 0x (£)) = (

Then (X, Py, T) is an IRN-sapce.

),VteR+.

Definition 2.8. [43] A sequence {x,} in an IRN-space (X, Py, T) is called a Cauchy sequence if, for any ¢ > 0 and
t > 0, there exists ny € IN such that

Pyy (xp — xm, t) > L* (Ns(¢),¢), Vn, m > ny,

where Ng is the standard negator.

Pyuy .
Definition 2.9. [43] The sequence {x,} is said to be convergent to a point x € X (denoted by x, —= x) if
Py (xn —x,t) — 11+ asn — oo for every t > 0.

Definition 2.10. [43] An IRN-space (X, Py, T) is said to be complete if every Cauchy sequence in X is convergent to
apoint x € X.

Now, we use the following notation for a given mapping A : X = Y
FFW) [573) +57) + 8T W)|
[2£(x) +2f(y) +5V/ ) + fy }

Alxy) = f(x+2y) + f2x +y) —

3 Stability Results: Direct Method

In this section, the authors presented the generalized Ulam-Hyers stability of the functional equation (1.2) in
intuitionistic random normed spaces using direct method.

Theorem 3.1. Let X be a linear space and (Y, Py, T) be a complete IRN-space. Let f : X — Y be a mapping
with f(0) = 0 for which there are §,{ : X*> — D™, &(x,y) is denoted by &, and {(x,y) is denoted by {y,,
furthur, (Gx,y (t), Gxy (t)) is denoted by Pz - (x,y, t) with the property:

Py (A(x,y),t) >1+ P o (x,y,t) (3.1)
forall x,y € Xandall t > 0. If
XX i
T20P (50 a3 121) = 100 (32)

and
X x

31’ 31’
forall x € X and all t > 0, then there exists a unique quadratic reciprocal mapping R : X — Y satisfies the inequality

P.”/V (f(x) - R(x),t) =L Ti)ilpé,g (31 31 31 1 ) (3,4)

linty 0Pl ; ( 32”1‘) -1 (3.3)

forallx € Xandall t > 0.

Proof. Replacing (x,y) by (x,x) in (3.1), we get
P f(3x)—mt >p¢ Phs(x,x,t) (3.5)
j29% 32 7 L &g \Arty .
forall x € X and all t > 0. Replacing x by % in (3.5), we obtain

Pun (£ = 7 (5) ) 20 7oz (3500 66)
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forall x € X and all t > 0. Replacing x by 37 in (3.5)and using (IRN3), we have

1 x 1 X t X x
Hv (3271f (37) a 32(n+1)f (3n+1> ’ 32n> ZL PI@C (3n+1’ 3n+1’t) 3.7)
forall x € X and all t > 0. Using (IRN3) in (3.7), we arrive
1 X 1 X X 2
PF/V (32nf (37) o 32(n+1)f (3n+1> ’t) 2L P/ (3n+1’ 3n+1’3 ) (3.8)
that is,
1 X 1 x t x ny
PHrV <3an (37) - 32(n+l)f <3n+1) ’371) 2L Pérg (371—1—1’ 3n+1’3 ) (3‘9)
foralln € Nandallt > 0. As3 > 1/3+1/32 +...+ 1/3%, by the triangle inequality it follows
1 . x 1 1 _/x 1 x oy K=
o (01550 (3011 2 7 e (3 ) et (55 )
n=|
> T {11“ ( =3 )} (3.10)

1
forall x € X and all t > 0. In order to prove the convergence of the sequence { =it ( T ) } replacing x by

X . .
3 in (3.10), we obtain

P (g (3) st (s5) ) 20 P s st et} o

forallx € Xandallt > 0and all k,m > 0. Since the right hand-side of the inequality tends to 17+ as m tends to

1 1
infinity, the sequence { e —f (3%) } is a Cauchy sequence. Therefore, we may define R(x) = limn, 0 T f (%)
forall x € X.

Now, we prove that R satisfies (1.2). Replacing (x,y) by (3, %) in 1i we get

Pu <3inA(x 5) )—L Pog (55 20,3%") (3.12)

forall x,y € X and t > 0. Letting n — oo in the above inequality and using the definition of R(x), we see that
R satisfies (1.2) for all x,y € X.
Finally, to prove the uniqueness of the quadratic reciprocal function R subject to (3.4), let us assume

that there exists another quadratic reciprocal function S which satisfies 1) Obviously, we have R(%) =

3%R(x) and 5(31;4) = 32"5(x) forall x € X and n € IN. Hence, it follows from that
P (R(8) 5000 21 P (R () =5 (), 5)
1 (8(3) 1 ()53 2 (0 3)-5)- )
(0 (gt ) s e 2

forall x € X and t > 0. By letting n — oo in (3.4), we prove the uniqueness of R. This completes the proof. [J

From Theorem we obtain the following corollary concerning the Hyers-Ulam-Rassias and JMRassias
stabilities for the functional equation (I.2).

Corollary 3.1. Suppose that a function f : X — Y satisfies the inequality

ggg( ,t)
PR I (M EE -
wo (BEIE 210 7 (el Iyl 1) (313)
P (e (IxIFllyls + 1=l + 19112) )



298 John M. Rassias et al. / Ulam-Hyers Stability of Quadratic Reciprocal Functional Equation...

forall x,y € Xand t > 0, where €, s are constants with € > 0. Then there exists a unique quadratic reciprocal mapping
R : X — Y such that
P (J5let);

P,C,C WHJCHS >/ s< =2 or s> -2
P.M/V (f(x) - R(X), t) ZL* _P’g

(3.14)
g WHXHZSJ , s<—1 or s>—1;

P, ﬁ\m\zs,t , s<—=1or s>-1;

forall x € Xandall t > 0.

4 Stability Results: Fixed Point Method

In this section, the authors proved the generalized Ulam-Hyers stability of the functional equation (1.2) in
intuitionistic random normed spaces using fixed point method.
Now, we will recall the fundamental results in fixed point theory.

Theorem 4.2. (Banach’s contraction principle) Let (X, d) be a complete metric space and consider a mapping T’ : X —
X which is strictly contractive mapping, that is

(A1) d(I'x,Ty) < Ld(x,y) for some (Lipschitz constant) L < 1. Then,
(i) The mapping T has one and only fixed point x* = T'(x*);
(ii)The fixed point for each given element x* is globally attractive, that is

(A2) limy_ol™x = x*, for any starting point x € X;
(iii) One has the following estimation inequalities:

(A3) d(T"x,x*) < ﬁ d(T"x, T %),V n >0,V x € X;

(A4) d(x,x*) < 117 d(x,x*),V x € X.

Theorem 4.3. [30I(The alternative of fixed point) Suppose that for a complete generalized metric space (X, d) and a
strictly contractive mapping I' - X — X with Lipschitz constant L. Then, for each given element x € X, either
(B1) d(T"x, T x) =0 V n>0,
or
(B2) there exists a natural number ng such that:
(i) d(T"x, T 1x) < oo foralln > ng ;
(i) The sequence (I"x) is convergent to a fixed point y* of T
(iii) y* is the umqueﬁxed point of T in theset Y = {y € X : d(I"0x,y) < oo};
(iv) d(y*,y) < 21 d(y,Ty) forally €Y.

Using above fixed point theorems to prove the stability results, we define the following:
0; is a constant such that
-

QO={g|g:X—Y,g(0)=0}.

Theorem 4.4. Let X be a linear space and (Y, Py, T) be a complete IRN-space. Let f : X — Y be a mapping for which
there exist a function &, : X*> — D with the condition

if i=0;
if i=1;

W= W

and Q) is the set such that

X 142n,) _ 1.
T?ilpézg (31+n 3it+n’ 3 nt) =1 (4.1)

and
X X

limn—wopérg (37, 3

32"t) — 1, 4.2)
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and satisfying the functional inequality

Puy (A(x,y),t) >+ Prg (x,y,t), Vx,y € X, t > 0. (4.3)
If there exists L such that the function
X X
B 4.4
x — B(x) 33 (4.4)
has the property
P, (Léizﬁ(éix),r) =P, (B(x),1), Vx e X,t > 0. (4.5)
Then there exists a unique quadratic reciprocal function R : X — Y satisfying the functional equation and
[1-i
Puy (f(x) = R(x),t) >+ P;;‘,C (Hﬁ(x),t> ,Vxe X, t>0. (4.6)

Proof. Let d be a general metric on (), such that
d(g,h) = inf {K € (0,00)| Py (3(x) = h(x),7) 21+ Pog (KB(x),1), % € X, t > 0}

It is easy to see that (Q), d) is complete. Define I' : QO — Q by I'g(x) = 67¢(d;x), for all x € X. For g, € Q, we
have d(g,h) < K

= Py (8(x) —h(x),t) >+ Pe s (KB(x),1)

= Py (51‘28(5ix> - 5?h(5ix),t) >+ Peg <Kﬁ(5ix), (;)

= Py (Tg(x) = Th(x),t) >1+ Pe s (KLB(x),1)

= d(Tg(x),Th(x)) < KL

= d (Tg,Th) < Ld(g,h) (4.7)

for all g,h € Q). Therefore, I' is strictly contractive mapping on Q) with Lipschitz constant L. Replacing (x, )
by (x,x) in (4.3), we get

Py,v (f(3x) — f(gx),t) ZL* 13%,@ (x, X, t) (48)

forall x € X,t > 0. Using (IRN3) in (4.8), we arrive
t
Puy (9f(3x) — f(x),t) >1+ P/é,C (x, X, 9) 4.9)
forall x € X,t > 0, with the help of when i = 0, it follows from (@.8), we get

= Puy (9f(8x) = f(x),t) 21 Py (LB(x),1)
= d(Tf,f)<L=L'=1"" (4.10)

Replacing x by 3 in and using (IRN3), we obtain
1, /x X x
Py <f(x) - §f (5) /t) 2L P/g,g (gr g/f) (4.11)
forall x € X,t > 0, with the help of when i = 1, it follows from #.11) we get
1, /x
Py (f (x) —5f (5) ,t> >1+ Prp (B(x),1)
= d(f,Tf)<1=10="L"" 4.12)

forall x € X,t > 0. Then, from (4.10) and (4.12) we can conclude,

d(f,Tf) < L' < co.
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Now, from the fixed point alternative in both cases, it follows that there exists a fixed point R of I' in (2 such
that

lim P,,, (52"f( x) — R(x),t) 1, VxeXt>0. (4.13)

n—oo

Replacing (x,y) by (d;x,d;y) in (4.3), we arrive

t
Py (876, 8y),t) =10 Piyg <(5ix, 5y, 52n> (4.14)
1

forallx,y € Xand ¢t > 0.

By proceeding the same procedure as in the Theorem we can prove the function, R : X — Y satisfies
the functional equation (T.2).

By fixed point alternative, since R is unique fixed point of I' in the set

V= {f € Qld(f,Q) <o},
therefore, R is a unige function such that
Puy (f(x) = R(x),£) 21+ Peg (KB(x), 1) (4.15)
forallx € X,t > 0 and K > 0. Again using the fixed point alternative, we obtain

1
4(f,R) < = d(f,Tf)

Ll*i
<
= d(f,R) < 1T

1—i
= Py (F(x) ~ R(x),1) >L¥zfgg(f Lﬁ(x),t> (4.16)

forall x € X and t > 0. This completes the proof. O

From Theorem we obtain the following corollary concerning the stability for the functional equation

(1.2).
Corollary 4.2. Suppose that a function f : X — Y satisfies the inequality

Prg(et);

Py (e (l1x]l* +1lylI*) 1) ; @17)
g,g( ellx|[*[lyll*,t); ‘
Pr (e (11x I yl1° =+ [l + [|yl1%) ) ;

forall x,y € X and t > 0, where €, s are constants with € > 0. Then there exists a unique quadratic reciprocal mapping
R: X — Y such that

P]A,l/ (A(x/ ]/)/ t) ZL*

Pee ([5let);
P,C,C WHJCHS >/ s< =2 or s> —2;

P, —R b)) >« 4.18
wo S0 =)0 2004y el ) <=1 or s> -1, 19

PZ;‘,C ﬁ”ﬂ\zs,f , s< =1 or s>-1

forallx € Xandall t > 0.
Proof. Setting
([ +1lylF) . £) 5

(

(

(el|x[[*[ly[I* £);

(e (LYl + x>+ 1ly[1%) . £) 5

P’g,g(xr]/rt) = P/
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forall x,y € X and t > 0. Then,

ko sk b}
Fc,g(‘sz‘”%(gzk>—

Thus, (¢.1) is holds. But we have B(x) =

P,@,C (512 ﬁ (51

Hence,

forall x € X and t > 0. Now,

Pog (3Bo),t) =

T A

R

6,5_§k>;
e (105l + 1051 )

el fyIF i )
1

ROR

P (e (letlPletyl -+ 1o+ 15k1) 2 ) s

~2kp) .
Pez (€9 )

—(24s)k
P (e (lxlls + [yll) 67 2 t);
—(2+2s)k
P, (el 22 o
242 k

Peg (€ (I[P ||yr|s+||xy|25+|\y||zs) )

— 11+ as k — oo;
— 1« as k — oo;
— 11+ as k — oo;
— 1« as k — oo.

( 3 3) has the property

»x),t) > P’M (B(x),t), Vxe X, t>0.
g(e,t);x . e
é(‘f(’gs +50) )

=1 w3 13

S

S
,t);
H XIS x 2s
€ x|, )

[%][2t)

3¢ x|, t)

"))

A ERl N
W ~
5 =
e

Wm
wm

‘"’w‘m

SRR AR SRR R
N
™
W

L

o (Fer) Pz (97 t)

g(ésa o) %g@fa?ﬂ 2t
¢ (5010l 1) ; N P (el 1)
g(325 Sl )i | P (G

&L
&L
&L

Sk

|
'TLWTL
~
N N N N
> o,
S, S S S
+ ™
«  ~
™ =
/—\\\/
s =
- ~
N——

St
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forall x € X and t > 0. Now, from (4.6), we prove the following cases:
Case:1 L =32ifi = 0;

Pus (F6) = R0\ 1) 210 Pog (B0t ) =P (et )
Case2 L =372ifi=1;
Pus (6) = R0\ 1) 210 g (2 B00,21) = Pog (geot)

Case:3 L =32 fors < —2ifi =0;

35+2 18
Puo () = RO0,0) 21 Pog (1 gzl ) = P (12aerallvlE ).

Case:dd L=352fors > —2ifi=1;

Py (f(x) = R(x),t) 1+ P, ((1_;2> ﬁ(x)||x||s,t> — 7, <3S+128€_1||x||5,t) .

Case:5 L =352 fors < —1ifi =0;

3ZS+2€ 2 9¢ 2
Pas (£0) = R0 210 Pog ( (1gm5z ) IR ) = P (1—azmallvl e

Case:6 L =32 2fors> —1ifi=1;

Pas (6) = R0 1) 200 P ((gs ) B@IIEE) = P (aeia — It )

Hence complete the proof. O
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